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Abstract

We study the structure of the C*-algebra generated by Toeplitz operators with
piece-wise continuous symbols, putting a special emphasis to Toeplitz operators with
unbounded symbols. We show that none of a finite sum of finite products of the initial
generators is a compact perturbation of a Toeplitz operator. At the same time the
uniform closure of the set of such sum of products contains a huge amount of Toeplitz
operators with bounded and unbounded symbols drastically different from symbols of
the initial generators.

1 Preliminaries

In the paper we continue the detailed study of the C*-algebra generated by Toeplitz operators
T, with piece-wise continuous symbols a acting on the Bergman space A%*(D) on the unit
disk D in C, which was initiated in [4, 6].

We start by recalling of the necessary definitions and results of [4].

Let D be the unit disk on the complex plane and v = 9D be its boundary. Consider the
space Lo(ID) with the standard Lebesgue plane measure dv(z) = dzdy, z = x + iy € D, and
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its Bergman subspace A?(ID) which consists of all functions analytic in D. It is well known
that the orthogonal Bergman projection B of Ly(D) onto A?(D) has the form

1 / ¢(¢) dv(¢)
mJp (1= 2()?
Given a function a € L., the Toeplitz operator T, with symbol a is defined as follows

T.: ¢ € A2(D) — Bl(ay) € A*(D).

(Bp)(z) =

As was already mentioned in [6], considering Toeplitz operators with piece-wise contin-
uous symbols, it turns out that both the curves supporting symbol discontinuities and the
number of such curves meeting at a boundary point of discontinuity do not play actually
any essential role for the Toeplitz operator algebra studied. We can start from very different
sets of symbols and obtain exactly the same operator algebra as a result. Thus, without loss
of generality, we will use the same setup as in [4].

We fix a finite number of distinct points T' = {t1, ..., t,,} on the boundary v of the unit
disk D, and let

§ = min{|t, — t;|, 1}.
I}gglﬂk il, 1}

Denote by ¢y, k = 1,...,m, the part of the radius of D starting at ¢; and having length ¢/3;
and let £ = |J;", fx. We denote by PC(D,T) the set (algebra) of all functions piece-wise
continuous on D which are continuous in D\ £ and have one-sided limit values at every point
of L. In particular, every function a € PC(ID,T) has at each point ¢; € T two (different, in
general) limit values:
_ - - . n - - :
a (tg) = a(ty —0) = 'yat—l}tlg,lt—ﬁk a(t) and a"(tx) = a(ty +0) = vat—l}tlg,ltHk a(t),

where the signs 4+ correspond to the standard orientation of the boundary v of D.

For each k = 1, ..., m, we denote by xx = xx(2) the characteristic function of the half-disk
obtained by cutting D by the diameter passing through ¢, € T, and such that x; (t) = 1,
and thus x; (tx) = 0.

In [4] we define the functions vy = vi(z), k = 1,...,m, as follows. For each k = 1,...,m,
we introduce two neighborhoods of the point #:

— ) — J
Vé:{zeD:|z—tk|<6} and I/}g”:{ze]l]):|z—tk|<§},
and fix a continuous function vy = v4(2) : D — [0, 1] such that

vk’?,; =1, kg = 0.



But in this paper we need to make the functions vy, = vi(z) more specific. For each k =
1, ...,m, introduce the Mobius transformation

,tk—Z
Z )
Z—l—tk

ag(z) = (1.1)
which maps the unit disk D onto the upper half-plane II, sending the point ¢; to 0 and the
opposite point —t; to co. We assume now that each vy = v(2) is a C*°-function and that
the function vg(ay, '(2)) = Uk (r) depends only on 7, the radial part of a point z = re € II.

We denote by 7 (PC(D,T)) the C*-algebra generated by all Toeplitz operators T, whose
symbols a belong to PC(ID, T). It is well known that this algebra is irreducible and contains
the entire ideal K of all compact on A%(ID) operators.

Recall that the main reason caused a quite complicated structure of 7 (PC(D,T)) was
that the semi-commutator [T,,Ty) = T,Ty — Ta, for a, b € PC(D,T), is not compact in
general (while the commutator [T, T,| = T,T, — T,T, is always compact).

This implies that the algebra 7 (PC(D,T)), apart of its initial generators 7T, with a €
PC(D,T), contains all elements of the form

Z H To. (1.2)

k=1 j=1

and the uniform limits of sequences of such elements.

In what follows we will need the description of the (Fredholm) symbol algebra
Sym 7 (PC(D,T)) = T(PC(D,T))/K of the algebra 7 (PC(D,T)), which we now proceed
to characterize.

Let 7 be the boundary ~, cut at the points ¢, € T. The pair of points of ¥ which
correspond to the point t, € T', k =1, ..., m, will be denoted by ¢, — 0 and t; + 0, following
the positive orientation of v. Let X = | [[" | A be the disjoint union of segments Ay = [0, 1];..
Denote by I' the union 7 U X with the following point identification

t, — 0 = 0y, t, +0 =1,
where t, =0 € 7, 05, and 1, are the boundary points of Ay, k=1, ...,m.

Theorem 1.1 ([7, 8, 9]) The symbol algebra Sym T(PC(D,T)) = T(PC(D,T))/K of the
algebra T (PC(D,T)) is isomorphic and isometric to the algebra C(I'). The homomorphism

sym : T(PC(D,T)) — Sym7 (PC(D,T)) = C(T')



is generated by the mapping of generators of T (PC(D,T))

sym T, — 4 U0 tey
e a(ty —0)(1 —x) + a(ty + 0)z, z€[0,1]; ’
where t, €T, k=1,2,....m
The following results were, in particular, obtained in [4].

Theorem 1.2 Each operator A € T(PC(D,T)) admits the canonical representations

A - TSA + Z T’kaA,k?(TXk)Tvk + K

k=1

= TSA + ZTkaA,k(TXk) + K’

k=1

= Tt Z fAvk(TXk)T“k + K",
k=1

where uy,(2) = vp(2)%; K, K', K" are compact operators,

far(x) = (symA)|a,, x € [0, 1], k=1,...,m,
sa(t) = (sym A)(t) = Y vp(D)[far(0)(1 = xa(8)) + Far(D)xu(t)], (1.3)

We mention that s4(¢) is a function continuous on v and that s4(tx) = 0 for all ¢, € T

Next two theorems characterize Toeplitz operators with bounded measurable symbols in
the algebra 7 (PC(D,T)).

Theorem 1.3 An operator A € T(PC(D,T)) is a compact perturbation of a Toeplitz ope-
rator if and only if each operator far(Ty,), k=1,...,m, is a Toeplitz operator.

Theorem 1.4 Let A=T,+ K € T(PC(E T)), thus, for each k = 1,...,m, the operator

far(Ty,) is Toeplitz, i.e., far(Ty,) = Ta,, for some ay € Loo(D). Then the symbol a of the
operator T, is as follows

a(z) = salz) + Y an(2)vi(2),



where s4(z) is given by (1.3).
The functions far(x), x € [0,1], and the symbols ay(z) of the Toeplitz operators T,, =
far(Ty,), k=1,...,m, are connected by the formula

2 _ _ ™ - %
fAk(w):Q%ln(l x) ln:v/ ak(e)(l x) .
0

(1—2z)—2x x

where G,(0) = ax(ay, ' (e?)), where 0 is the angular part of z = re? € 11, and oy is given
by (1.1).

Anticipating and motivating a further study we give an example showing how monstrous
the symbols of Toeplitz operators from 7 (PC(ID,T)) can be .

EXAMPLE 1.5 Consider the algebra 7 (PC(D,Ty)) for the special case of the discontinuity
set Ty = {t1,t2}, where ty = —t;. Then the Toeplitz operator

X1v

TXl = Ts —|— T % + T(l—xz)vg + K,
where s(z) is a function continuous on D whose restriction on 7 coincides with

x1(t) = xa(®)vi(t) — (1= xa(t)v3(t) = xa(8)(1 — vi(t) — v3 (1))

and K is a compact operator, obviously belongs to the algebra 7 (PC(D,Tp)). And thus
for each function f(z) € C[0,1] the operator f(7},) belongs to the algebra 7(PC(D,T})) as
well.

Introduce the space Lo(IT), with the usual Lebesgue plane measure, and its Bergman
subspace A?(IT) which consists of all functions analytic in II. For each t; € T, the operator

2 (n(2)) (1.4)

(Vi) (2) = NCETAL

is obviously the unitary operator both from Ly(IT) onto Ly(D), and from A%(II) onto A?*(ID),
and its inverse (and adjoint) has the form

(Vi) (w) = — 2it’f)2 o (o (w))

(w+1

It is obvious that
VT, Vit =Ty,



where x is the characteristic function of the right quarter-plane in II, and that this unitary
equivalence implies that

f(Ty,) = Vk_lf(TX+)Vk (1.5)
Now for t; € Tp, let ap(z) be a function on the unit disk such that

ao(0) = ag(agt(e)) = (sin )" sin(sin §) ~,

where 0 < <1 and a > 0.
By Example 6.4 of [4] the Toeplitz operator T, is bounded on A?(IT) and belongs to the
algebra generated by T, Moreover for the function

20

folz) = 2—1;2 {1l — ) —lnz /ﬂ(sine)_ﬂ sin(sin #) ™ (1 — x) N do,
0

T (1—-2)—=x x

which belongs to C[0,1] and obeys the property fo(0) = fo(1) = 0, we have that T3, =
fo(Ty,). Thus the Toeplitz operator

TaO - f0<TX1> - fO( X+)V1 Vl_lTﬁovl

belongs to the algebra 7 (PC(D, Ty)).

We note that the symbol ag(z) is quite horrible, being unbounded and oscillating near
every point of v\ 7" and having quite a complicated angular behavior approaching the points
of T. At the same time the (Fredholm) symbol of the operator T;, has quite a respectable
form:

0, tey
symT,, =< fo(z), x e Ay =10,1]
fol—2x), € Ay=10,1]

We describe now some results of [10] which we will use in the paper.
Passing to polar coordinates on the upper half-plane II we have

Loy(IT) = Ly(Ry, rdr) @ La([0,7],df) := La(Ry, rdr) @ Ly(0, 7).
We introduce two operators: the unitary operator
U=M®I: Ly(Ry,rdr) ® Ly(0,7) — Lo(R) ® Lo(0, ),

where the Mellin transform M : Ly(R,, rdr) — Ly(R) is given by

(My)(A r(r

=

6



and the isometric imbedding Rp : Lo(R) — AT C Ly(R x [0, 7]), which is given by

(Rof)(A,0) = f(N) - 2 o~ (0.

1 — e—27r)\

The adjoint operator R : La(R x [0,7]) — Lo(R) has the form

(Rov)(\) =4/ 1 _m/ (X, 0) e dp.

Now the operator R = R{U maps the space Lo(Il) onto Ly(R), and its restriction
Rl : A2(IT) — Lo(R)
is an isometric isomorphism. The adjoint operator
R* = U*Ry : Ly(R) — A*(TT) C Ly(T)

is an isometric isomorphism of Ly(R) onto the Bergman subspace A*(II) of the space Lo(IT).
We have

RR* =1: Ly(R) — Ly(R)  and  R'R= Bp: Lyo(Il) — A*(II),

where By is the orthogonal Bergman projection of Ly(IT) onto A?(IT).

Denote by H(L1(0,7)) the space of all functions homogeneous of zero order on the upper
half-plane whose restrictions onto the upper half of the unit circle (angle parameterized by
6 € (0,7)) belong to Ly(0,7). Writing a = a(f) we will often mean both a function from
L1(0,7) and its homogeneous extention on the upper half-plane.

Theorem 1.6 ([10]) Let a = a(f) € H(Ly(0,7)) such that the Toeplitz operator T, is
bounded. Then T,, acting on A*(I1), is unitary equivalent to the multiplication operator
Yol = RT,R*, acting on Ly(R). The function ~v,(X) is given by

2 s
Ya(A) = —)\/ a(f) e d, AeR. (1.6)
0

1— 67277/\

In particular, for a = x, (#), we have (see [6])

1

Py A ER, (1.7)

Tx+ ()‘) -



and
Ty, = R, (MR

We mention as well, see for details [6], that the C*-algebra with identity 7, generated by
the Toeplitz operator T}, is isomorphic and isomorphic to C'(R), and that this isomorphism
is generated by the assignment

Ty — e (V)

In particular this implies that for every Toeplitz operator T,, with a = a(0) € H(L,(0, 7))
in the algebra 7, the corresponding function v,(\), given by (1.6), must belong to C(R),
where R = R U {£00} is the two point compactification of R.

We note that for general symbols ¢ = ¢(r, §) the Toeplitz operator T, is no longer unitary
equivalent to a multiplication operator. The operator RT.R* now has a much more compli-
cated structure: it turns out to be a pseudodifferential operator with a certain compount (or
double) symbol. The next theorem clarifies this statement for bounded symbols of a special
and important case: ¢ = ¢(r,6) = a(f)v(r). The case of unbounded a(f) will be treated in
Theorem 2.4.

Theorem 1.7 Given a bounded symbol a(0)v(r), the Toeplitz operator T,, acting on A*(II)
is unitary equivalent to the pseudodifferential operator Ay = RT,,R*, acting on Ly(R). The
operator Ai is given by

AN = 5= [ @€ [ @ ey, 2 e (1.9

where its compound symbol ay(x,y,&) has the form

(o €) = ol (57 ) 76

1 — e m(@ty) 2 2y
e g (19)

with

and v(€) = v(e™®).
PrROOF. We have

(ALf)(N) = (RTuenm R f)(A) =
= ((RR")Ra(0)v(r)R"
= (Rpa(0)(M @ I)v(r

(@)o(r)(R*R)R"f)(A)
(Ra(@)o(r)R*f)(A)
NN

(R(R"R)a
(RR *) JA) =
)M ® 1) Ro

8



_ / 2/\_27rA /7T e—()\—i)e 6)do / ik,
l1—e R,

2x

o— 1
/27T / 1 _ 6727ra
/ —z)\ / ia— 1 dov
V2 JRr, \/ 2m

2\ 20 T
. —(Aa)d
\/]_ _ 6—27r/\ \/]_ _ 6—27ra /O € a(e)de
The last integral gives

™ 1 — —m(Ata) A
/ e~ (Ata)o a(0)df = e - Ya ( i a) 7
0

A+« 2

e (a+i)9da

and thus we have

(A )N = (RTa(a NN

_ /d / (V. a) (“‘Y) o(r) -1 f () day,

1 — e ™A ta) 2\ 20
(A @) = A+« \/1 — e2mA \/1 — e~ 2ma’

Changing variables, A = z, & =y, and r = e~¢, we finally have

W)@ = 5 [ de [ e O s aer

where

with

(o€ = el (T3 6)

where c(z,y) is given by (1.10), and 9(§) = v(e ).

(1.10)

2 Semi-commutators involving unbounded symbols

The following classical semi-commutator property

T,,T,) = T,Ty, — T € K, forall a € Lyo(D), b€ C(D),



played an essential role in [4]. The question on compactness of the semicommutator for
unbounded a is quite delicate and does not have any universal answer. At the next two
examples we show that the compactness result does not valid for general, and even special,
unbounded symbols a and arbitrary b € C(ID). At the same time we will prove it for a certain
special and important for us case of unbounded symbols a and a special chose of b € C(D).

The first example is a minor modification of Example 7 from [3], to which we address for
further details.

EXAMPLE 2.1 Let
a(z) =a(r) = (1 =) Fsin(l —r*)™™ € L (D)
and _
b(z) = b(r) = (1 —r*)*sin(1 — r*)"* € C(D)

where z = re?, 0 < € < 3 < 1. Then both T, and T}, are bounded and compact.
The product ab has the form

(A=) (1=t B cos2(1 — 1)
a(r)b(r) = 5 —~ 5 = c1(r) — ea(r).

Then the operator 7T, is unbounded, while the operator 7., is compact. That is, the operator
T is not bounded, and the (unbounded) semi-commutator is not compact.

In what follows we will deal with the class of unbounded symbols which, considered in
the upper half-plane setting, are the functions a() € H(L,(0,7)), where z = re? € II, for
which the corresponding Toeplitz operators T, are bounded.

The second example shows that even for such specific symbols a(f) the semi-commutator
is not compact for each b(z) € C(II).

EXAMPLE 2.2 Let
a(z) = a(f) = 0P sinh™

and
b(z) = w(r) 6 sinh~,

where z = re??, 0 <e < <1, a >0, and w(r) is a [0, 1]-valued C*- function such that

O, re [O, 51]
w(r)y=< 1, r € [ds, 0] ,
0, re [547+OO]

10



and 0 < 01 < 0y < 03 < 0y < +00.
The operator T, is bounded by results of Example 6.3 of [4]; the operator T} is bounded
as well because of b(z) € C(II). The product ab has the form

a(0)b(2) = U)(TQ)H_ B w(r)f~ 2cos 20—« () — es(2),

where 0 = —¢ € (0,1).

The Toeplitz operator T, is bounded by Theorem 2.4. To prove that the semi-commuta-
tor [T,,T},) is not compact, it is sufficient to show, for example, that the operator T, is
unbounded. Let as(0) = 6%, then

2\ " -0 ,—2)0 (2>\)5 2 -0, —u
’}/aé()\):m/o 0 e d@zm ; u ’e “du.

It is clear that if A — +o00 than we have the asymptotics

Vas (A) = CO)‘6 +o(1), (2.1)
87% (A) _ 6—1
an = dcoA’ " + o(1), (2.2)

where ¢y = 2°T(1 — §).
We will use now the representation (1.8) for the operator A; = RT,, R*. Denoting
_ I N
e —y) = 5 [ B
R

T or
where w(¢) = w(e™%), we have

x 4+

(4@ = [ et (32) @t - sty

where the function ¢(z,y) is given by (1.9).
We show now that the operator A; is unbounded on Ly(R). Introduce the family of

functions
oly) = e 2 yel =[rg—¢e/2,20+¢/2
@0 0, yeR\L )

where € = e(z0) = z3°/%. Tt is clear that | faoll o) = 1.
Let x € I.; denoting

x 4+

K(o) = o (52 ) 0l =)

11



we have

x0+6/2
(A f2o) (2) =s*”/ K (e, y)dy
To—€/2
xo+e/2
= PR (z ) + 51/2/ (K(z,y) — K(z,2))dy = L(z) + D(x).

ro—e/2

When 2y — +o0, for the first summand we have
Li(z) = 1-7g,(x)-@(0)-&"?(x)
— @(0)c (fi gty 0(1)> = @(0)eq (x35/4 + 0(1)> . (2.3)

As w(&) > 0, we have that w(0) > 0.
Now for the second summand we have

0K

)] < < sp | T ).

yele

Both functions g—;(x, y) and %—f(z — y) are uniformly bounded on z. The former is bounded

by Theorem 4.2, while the latter is bounded as the Fourier transform of a function with a
compact support. Thus we have that
T+yY
Yas 5 .

Ma
| Lo()] < const £¥” sup (‘ as (x +y) ‘ )
Asymptotics (2.1) and (2.2) imply that for zyp — +o00 we have

yEIe ay 2

_ 3/2
|I5(2)] < const %/%2% < const (950 5/2) ) = const xg/4. (2.4)
Comparing (2.3) and (2.4), for sufficiently large xy and = € I., we have that

[(A1 foo)(z)| > % wgm‘

1/2
w(0)] ¢ 2 rrote/2
||A1f:c0||L2(R) Z <(%x35/4) / dx
To—€/2

1/2
> const (xgd/z . 5(m0)> = const xg/Q.

Thus

This obviously yields unboundedness of the operator Ay, which in turn implies unbounded-
ness of T,b.

12



Now as a special choice of functions continuous on D we select any vi.(z), k = 1,2, ..., m,
considered in the upper half-plane setting as a function v = v(r), where z = re?? € II,
as introduced in Section 1. That is, v is a [0, 1]-valued C'*°-function such that for some
0 < 61 < dy < 400, we have

o 1, re [0,51]
v(r) = { 0, 7€ [0y, +00] ° (2:5)

Our aim is to prove that for each a(f) € H(L1(0, 7)), for which the corresponding Toeplitz
operator T, is bounded, the semi-commutator 7,7, — T, is compact. To do this we first
represent the operators T,T, and T, in the form of pseudodifferential operators with certain
compound (or double) symbols and then use the next result, which can be found, for example,
in [5, Theorem 4.2 and Theorem 4.4].

Denote by V(R) the set of all absolutely continuous functions on R of bounded total
variation, and by C,(R?, V(R)) the set of all functions a : R? x R — C such that u +— a(u, -)
is a bounded continuous V' (R)-valued function on R%. Then, for a € Cy(R?, V(R)), we define

cmf(a) = max{||a(u + Au, ) —alu,-)||c: Au € R2, |Aul| < 1} ,

and denote by £ the subset of all functions in Cy(R2, V(R)) such that the V(R)-valued
function u — a(u, -) is uniformly continuous on R? and the following conditions hold,

lim em&(a)=0 and lim sup ||a(u, ) — a"(u, )|y =0, (2.6)
lluf|—oo |h|—0 yer2

where a"(u,-) = a(u, & + h), for all (u,§) € R? x R.

Theorem 2.3 ([5]) If 8?85@(%?/,5) € Co(Rx R,V (R)) for all k,j =0,1,2, then the pseu-
dodifferential operator A with compound symbol a(z,y,&) defined on functions f € C§(R)
by the iterated integral

(AN@) = 5 [ de [ aloy )y, @ e R 2.7

extends to a bounded linear operator on every Lebesgue space Ly(R), p € (1,00).
If 8285@(% y, &) € ES for all k,j = 0,1,2, then the pseudodifferential operator (2.7) with
compound symbol

T(l‘,y,f) - CL(.Z', yvé-) - a(:v,m,f)

is compact on every Lebesgue space L,(R), p € (1,00).

13



Considering semicommutators, we prove first that for our selection of symbols a(f) and
v(r) the Toeplitz operator Ty, is bounded.

Theorem 2.4 For each a(f) € H(L1(0,7)) such that the Toeplitz operator T, is bounded
and the [0, 1]-valued C*°-function v = v(r) of the form (2.5), the Toeplitz operator Ty, is
bounded on A*(II).

Proor. We mention first that the boundedness of T, is equivalent (by Theorem 1.6) to
the boundedness of the corresponding function

2\ T Y
A R.
Ya(A) - 27r)\/0 a(f)e e, A€

The C*°-functions with compact support in R, obviously form a dense set in Ly(R, ). Taking
any such function f we consider

AN =57 [ &€ [ @ ey, a e

where the compound symbol a(z,y, £) has the form

(o €) = el (S5 7

1— et 2x 2y
C(Ia y) - T+ y 1— 6_27m 1 — G_Qﬂ,ya

and v(¢) = v(e™%). We note that c(x,z) = 1.

The boundedness of the operator A; follows from Theorem 2.3, Theorems 4.1 - 4.4, and
the fact that v(§) is a C*°-function with a compact support.

By the calculations of Theorem 1.7 we have that T,, = R*A;R. Thus the Toeplitz
operator T, is bounded on A?(II). O

with

Now we are ready to prove that the semicommutator 7,7, — T, is compact.

Theorem 2.5 For each a(0) € H(L,(0,7)) such that the Toeplitz operator T, is bounded
and the [0, 1]-valued C*°-function v = v(r) of the form (2.5), the semicommutator T, T, —T,,
18 compact.

14



Proor. Calculation analogous to that of Theorem 1.7 yield
(Asf)(z) = RT,T,R*f = (RaR")(RvR")f
1 ‘
— @) (ReR)f = o [ de [ a0 @iy, c R,
T JR R

with
QQ(l’, Y, 5) = C(Q?, y) 7&(1.) ?}/(g)v
where c(z,y) is given by (1.9), and v(§) = v(e™%).
Thus the operator R*(T,, — T,T,)R = A; — Ay can be represented as a difference of two
pseudodifferential operators having the compound symbols

Tl(xay7§) = a’l(xay7€)_al(xvm7€)

= el (75 2) 7O )76

and

Tz(iﬂ,y,f) = ag(m,y,ﬁ)—ag(x,x,ﬁ)
= c(2,y) Va(2) V(§) — Ya(w) D(E).

The compactness of each of the last pseudodifferential operators easily follows from Theorem
2.3, Theorems 4.1 - 4.4, and the fact that v(§) is a C'*°-function with a compact support.
Indeed, the above property of v(§) guarantees that both a;(z,y,§) and as(x,y, &), as well
as their two consecutive derivatives on & satisfy the second property in (2.6); while the
properties

3kd1 2
lim ~(x,y) =0, for k=1,2,
el (z,y)
where d(z,y) = ¢(x,y) Va4 (“jgﬂ) and dy(x,y) = c(z,y) va(x) imply the first equqlity in (2.6).

OJ

The above result leads directly to the following extension (of the sufficient part) of The-
orem 1.3.

Corollary 2.6 Let the operator A € T(PC(D,T)) be such that in its canonical representa-
tion

A = TSA + ZTkaA7k(TXk>Tvk + K

k=1
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all operators far(Ty,) are Toeplitz with possibly unbounded symbols ai, k = 1,...,m, cor-
respondingly. Then A = T, + K4 is a compact perturbation of the Toeplitz operator T,,
where

alz) = 5a(2)+ > ar(2)e (),
where sa(z) is given by (1.3).

We note that Corollary 2.6 immediately unhides via property (1.5) many Toeplitz op-
erators in 7 (PC(D,T)) having unbounded symbols. Indeed, recall in this connection the
following result ([4, Theorem 6.2]).

For any L;-symbol a(f) € H(L1(0,7)) we define the following averaging functions, cor-
responding to the endpoints of [0, 7],

and ,
P = [ crVwdn,  DP®)= [ DE D
0 T—0

for each p = 2,3, ....

Next statement gives the conditions on some regular behavior of L;-symbols near end-
points 0 and 7 guaranteeing that the corresponding Toeplitz operators is a certain continuous
function of T}, , and thus belong to the algebra 7.

Theorem 2.7 Let a(f) € H(L,(0,7)) and for some p,q € N,

lim 6~?C»(9) = ¢, (€ C) and lim =7 D\?(9) = d, (€ C). (2.8)

6—0 O—m

Then v,(\) € C(R), and thus T, € T,.

The conditions (2.8) are obviously satisfied, with p = ¢ = 1, for example, for any function
a(@) € H(Ly(0,7)) which has limits at the endpoints of [0, 7]. Of course, the existence of
symbol limits at the endpoints by no means is necessary for the Toeplitz operator T, to be an
element of 7. As Example 1.5 shows, the corresponding symbol can even be unbounded near
each of the endpoints 0 and m. Many further particular symbols can be given, for example,
by combining polynomial growth with logarithmic and itterated logarithmic growth, then by
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considering linear combinations of different symbols, etc. The following symbol may serve
as an illustrative example,

a(f) = Z cpf P I 0~ sin (07 I 67) |
k=1
where ¢, € C,0< e <1, >0, M eR, up e R, k=1,....n.

We mention especially that when speaking about a compact perturbation of a Toeplitz
operator, say T,, one should always remember that the coset T, + K contains many Toeplitz
operators of the form 7T,,; for which the Toeplitz operator T} is compact; and that all
such operators have the same image sym 7, = sym T, in the (Fredholm) symbol algebra
Sym 7 (PC(D,T)). At the same time the properties of the functions a and a + k can be
extremely different. Indeed, even having as nice as possible a, say a € C(D), one can always
add, for example, the function

k(z) = (1= ) Psin(1 =) + (1= r)xo(z), = =re".

where the first summand is taken from Example 2.1 and @ is the set of all points z =
11 +iry € D with rational r1 and 75. This converts the initial symbol a to the symbol a + k,
which does not have a limit at every point of D, and moreover is unbounded near every point
of the boundary.

That is, whenspeaking about the representation A = T, + K it is preferable to have a
symbol a with less unnecessary singularities. It seems that the option given by Theorem 1.4
and Corollary 2.6 may be optimal in this respect.

3 Toeplitz or not Toeplitz

The key question in the description of Toeplitz operators in 7 (PC(D,T)) is whether the
operators of the form f(T,), where f(z) € C[0,1] and k = 1,2, ..., m, are Toeplitz or not.
By (1.5) this question is reduces to the following question in the upper half-plane setting:
given f(x) € C[0, 1], whether the operator f(7),) is Toeplitz or not. The last questions is in
turn equivalent to: whether the function v(\) € C(R), which is connected with f(z) € C0, 1]

by (see (1.7))
1A =f (ﬁ) :

admits the representation (1.6) for some a(f) € L,(0, ), i.e.,

Y(A) = va(N) = 12@%/ a(@) e 9dh,  NeR. (3.1)
- 0
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The statements of the next theorem are necessary for the existence of the above repre-
sentation for a given function y(\) € C(R).

Theorem 3.1 Let a(0) € L1(0,7). Then the function v,(X\) is analytic in the whole complex
plane with the exception of the points A\, = in, where n = +1,+£2, ..., where v,(\) has simple
poles. Moreover, for any fized and sufficiently small 0 the function v,(\) admits on the set

C\ |J Ku(8), where K,(6)={AeC: [x—in|<d},
z\{o}

the following estimate
[7a(A)] < const [A],

where const depends on 9.

Proor. The function
Ba(N) :/ a(@) e dp, \=x+ 1y,
0

is obviously analytic in C, and for large |A\| admits the estimate

1Ba(M)] < /07r la(0)] e~ dg.

Thus for z > 0 we have
1Ba(M)] < [|a(0) |y,

while for x < 0 we have

|Ba(M)]

IN

627r:1:/ ‘CL(0>| 6296(7r70) do
0

= o [ a®)]do < e a(o)]
0

The theorem statements now follow from

2\
Va()‘) = mﬂa(k)

O

To give a sufficient condition for the representation (3.1) we start with some definitions
(see [1] for details).
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An entire function () is called a function of exponential type if it obeys an estimate
p(V)] < AePPY,

where the positive constants A and B do not depend on A € C. The infimum of all constants
B for which this estimate holds is called the type of the function ().

We denote by L] the set of all functions of exponential type less than or equal than o
whose restrictions to R belong to Ly(R).

An analytic function on the upper half-plane ¢(\) is said to belong to the Hardy space
H?*(R) if

sup/ lp(x + iy)|*dr < co.
y>0 JR

The proof of the next theorem can be found, for example, in [1, Theorem 1.4].

Theorem 3.2 Let p(z2) € L3 N H*(R). Then there exists a function a(0) € Ly(0,27) such
that

2
o(z) = / a(0) e do, reC.
0

As Ly(0,27) C Ly(0,27), the theorem can be used as a sufficient condition for the
existence of representation (3.1). Indeed, given a function y(\), introduce

() 1 —¢im= 12
z)=1 —— .
14 z " 2

If this function ¢(2) belongs to £L3™ N H?(R) then v()\) does admit representation (3.1). That
is, there a function a(f) € L1(0, 27) such that v(\) = 7,(\) and

T, = Ry(MR = [(T,),

where

Theorem 3.3 Let
pa)=> aa®,  a, £0,

be a polynomial of degree n > 2 with complex coefficients. Then the bounded operator p(T., )
18 not a Toeplitz operator.
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PRrROOF. The operator p(T,, ) belongs to the algebra generated by all Toeplitz operators
on the upper half-plane with homogeneous L..-symbols a(f) of zero order. Thus by [2]
the operator p(7), ) being Toeplitz must have a symbol which belongs to H(L;(0,7)). The
corresponding function y(\), that is, such that p(7,,) = R*y(A)R, obviously has the form

1
YA =p (1 (V) =p <—e“ - 1) :
But this function has poles of order n at the points A, = i(2n — 1), where n € Z. Thus
by Theorem 3.1 there is no function a(6) € H(L,(0,7)) for which the representation (3.1)
holds. 0J

Corollary 3.4 Let A be an operator of the algebra T (PC(D,T)) having the form

P 4
A= Z H Ta.s

i=1 j=1

where all a; ; € PC(D,T). Then A is a compact perturbation of a Toeplitz operator if and
only if A is a compact perturbation of one of the initial generators of T(PC(D,T)), which
is a Toeplitz operator T, with a € PC(D,T).

Proor. By Corollary 4.3 of [4], or Theorem 1.2 of this paper, the operator A admits the
canonical representation

P 4 m
A= Z HT‘IM = TsA + ZTvkpA,k<Txk)Tvk + KA;

i=1 j=1 k=1

where s4 = s4(2) € C(D), par = pax(z), k = 1,...,m, are some polynomials, and K4
is a compact operator. Thus by Theorem 1.3, A is a compact perturbation of a Toeplitz
operator if and only if each p4.(7),), ¥ = 1,...,m, is a Toeplitz operator, or by (1.5) if
and only if each pay(Ty,), K = 1,...,m, is a Toeplitz operator. By Theorem 3.3 the last
statement is equivalent to the fact that the degree of each polynomial p4x(z), k = 1,...,m,
must be lessthen or equal to one, which in turn is equivalent to the fact that A is a compact
perturbation of a Toeplitz operator T, with a € PC(D, T). O

We summarize now the results obtained on Toeplitz operators of the algebra T (PC(D, T)).
By its construction, the C*-algebra 7 (PC(D,T')) consists of its initial generators, Toeplitz
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operators T, with symbols a € PC(D,T), then of all elements of the form

P4
2 117

i=1 j=1

forming thus a nonclosed algebra, and finally of all elements of the uniform closure of the
nonclosed algebra. The information on Toeplitz operators is as follows.

All initial generators are Toeplitz operators.

None of the elements of the nonclosed algebra which does not reduce to a compact
perturbation of an initial generator can be (a compact perturbation of) a Toeplitz
operator. Thus at this stage we have not increased the quantity of Toeplitz operators.

The uniform closure of the nonclosed algebra contains a huge amount of Toeplitz
operators, with bounded and even unbounded symbols, which are drastically different
from the initial generators. All these Toeplitz operators are uniform limits of sequences
of non-Toeplitz operators.

The uniform closure, apart of Toeplitz operators, contains much more non-Toeplitz
operators (this is a consequence of Theorem 3.1).

At the same time each operator in the C*-algebra 7 (PC(DD, T')) admits a very transparent
canonical representation (given in Theorem 1.2).

4

Appendix: Technical statements

We prove here of several statements whose results were used in Theorems 2.4 and 2.5.
We start with some properties of the function (see (1.9))

1 — e 7@ty 2 2y
C(Z’,y)— Qf‘i‘y \/1—627@\/1—62”:‘/’ 35,?J€R-

Theorem 4.1 The function c(z,y) is bounded in R?; i.e.,

sup |c(z,y)| < oo.
(z,y)€ER?
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Proor. Introduce the function

f) = 1=
e (o) f(2m)
B T Y
D= e

Let Dy = [1,400) and D_; = (—o0,—1]. We obviously have the following asymptotics in
the above domains:

flu) = ul’? ( )) , u € Dy, (4.1)
(u) = |u|1/2 u/2 (1 +0(e"), wue€ Dy, (4.2)
f2(u) = (1 +0(e™), u € Dy, (4.3)
f2u) = |u\ le™ (1+0(e"), ue D_y. (4.4)

In what follows the relation ¢(u) ~ ¥ (u) means that

p(u)
o (u)
for all  in the domain under consideration. We note as well that if u belongs to any bounded
domain in R, then

0<e< < (< o0,

flu) ~1 and 2 (u) ~ 1. (4.5)
We will prove the statement of the theorem considering successively all possible locations

of x and y on R. The symmetry of ¢(x,y) with respect to its arguments implies that it is
sufficient to consider only the following cases:

1. z,y € [-1,1]. Then x +y € [—2,2], and by (4.5) we have that ¢(z,y) ~ 1.
2. z € [-1,1], y € D;. Then either x +y € D; and thus by (4.2) and (4.4) we have

L- (27T?J)1/2 -1/2
waty) !
or y € [1,2] and thus, as in the first case, c¢(x,y) ~ 1.

c(z,y) ~

Y

3. x € [—1,1], y € D_y. Then either z +y € D_; and thus by (4.1) and (4.3) we have

1- |2my|'/%e™ a1/

c(x, ?/) ~ ‘ﬂ_y‘eﬂ(IﬂJ)

Y

or y € [-2,—1] and again c(z,y) ~ 1.
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4. x € D1, y € D_;. Then we have the following three possibilities for = + y:
(a) z+y € [—1,1]. Then by (4.1), (4.2), and (4.5), assuming that z+y =0 € [—1, 1],

we have

c(z,y) ~ (2mz)? - 2nly[) 2™ - 1~ (5 +y) 2|y /2e™ ~ |yle™.

(b) x +y € D;. Then by (4.1), (4.2), and (4.3) we have

(2mz)'/2 - (2ny|)!/2em [ ZEMEEY g oy
C(x7y) ~ ~ |y‘1/2‘y|1/2eﬂ'y
m(z +y) WZWEZe™ e < 2y

1
ly|*/2emy
N { e > )y

lyle™, x <2y

(¢) +y € D_y. Then by (4.1), (4.2), and (4.4) we have

C(.T y) ~ (27[_3:)1/2 . (27T|y|)1/267ry N x1/2|y’1/26—7rm
7 7|z + y|em(@t+y) Iz + 9]
212~
~ y1/2 9 |y| Z 21' .
‘Te_ﬂ—x7 |y| < 2x

5. ¢ € Dy, y € Dy. Then z +y € D; and thus by (4.1) and (4.3) we have

_@mem) o o
_ 2$1/2y1/2 Y L

As 22/2y'/? < x + 3, the boundedness of ¢(x,y) is obvious.

6. v € D_y,y€ D_y. Then z +y € D_; and thus by (4.2) and (4.4) we have
~ (2nfa]) e (2my]) e 2| “lyl
c(z,y) = wle 1 glereEH (1+0(e™ ™) + O(e™ ")

2|2 ly['?
]+ |y]

(L+0(e "y +0(e ™)) .
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The theorem is proved. O

Theorem 4.2 Both functions %(m,y) and g—;(a:,y) are bounded in R?, and moreover

oc oc
lim —(z,y)=0 and lim —(x,y). 4.6
ol 5 (& Y) ol ay( y) (4.6)

PROOF. We start with the asymptotics of the derivatives of f(u). We have

1 /1—e % 1—e"4uye™
, —_ - .
f (U) - 2 U (1 . C_u)2 )

thus, as is easy to see,

fllu) = uY? (1 + O(ue_“)) , u € Dy, (4.7)
flw) = |ul?e¥?(1+0(e")), uée D_y.
Then
Oc _ gy 2T Cry) (@ 4+ y) — 2 f (2my) f(w(x + ) (7 (@ + )
oy ) = T Fi(a(z + )
— orele ) (LB fr@+y)
= relny) (f(27ry) flr(a+ y>>) | (4.9)

We check now the boundedness of the logarithmic derivative of f. By (4.1) and (4.7) we
have

"(2m y) /2 o
o B
= (2my)' (1+O0(e™™)),  ye Dy,

f’(27ry) _ (27T|y|>1/267ry 2my
fmy) — (2rly)t/2em (1+06™)

= 1+ 0(e™), y e D_y.

Thus the function 9¢(z,y) is bounded in R
Y
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To prove the second equality in (4.6) we note that if both |y| — oo, and |z + y| — oo,
and moreover signy = sign(z + y) then the result follows from (4.9) and boundedness of
c(x,y). If both |y| — oo, and |z + y| — oo, but signy = —sign(z + y) then by case 4.b of
Theorem 4.1 we have that ¢(z,y) — 0. If (x,y) — oo while y belongs to a bounded domain,
then x + y is unbounded and we are in the situation of the cases 2 or 3 of Theorem 4.1,
when c¢(z,y) — 0. Finally, if (z,y) — oo but = + y is bounded, then as in the case 4.a of
Theorem 4.1 we have that ¢(z,y) — 0. In the last three cases the result follows from (4.9),
boundedness of the logarithmic derivates, and ¢(z,y) — 0.

Boundedness of 9¢(z,y) and the first equality in (4.6) follow from the above and the
symmetry of ¢(z,y) with respect to x and y. O

Theorem 4.3 The function g—;g(x,y) is bounded in R?, and moreover
2

8 c
hm x,y) =0.

ProOF. For the second derivative of f, after elementary calculations, we have
f'u) = w2 (1+0(ue™)), u € Dy, (4.10)
fu) = |u?e"?(1+0(eY)), uwe D . (4.11)
Differentiating (4.9) we have

Py _ g 0 (Cry) [zt y)
gy = 2 ’y>(f(27ry) <w<x+y>>)

f'2my) ([ f'(27y)
? ( o~ (o) )
C (Peary) (f’(W(xw)))Q
fr(e+y)  \f(r(z+y)) '
We note that by Theorem 4.2 the first summand is bounded and tends to 0 as (z,y) — 0.

Considering the second summand we have that if |z + y| — oo and y — oo then formulas
(4.1), (4.2), (4.7), (4.8), (4.10), and (4.11), for u = 27wy or u = 7(x + y), yield

f'(u) (f’(u))2 _ { w2 (14 O(ue ™)) —u=2(1+ O(ue)), u€ D,

- 2’ C(Iv y)

f(u) f(u) (1+0(e") = (1+0(e")), u€ Dy
[ O(wte™), ue D
B { O(e") uwe Dy
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If (x,y) — oo, but |z + y| is bounded, then we are in the situation of the case 4.a of Theo-
rem 4.1, and thus ¢(z,y) — 0 as (z,y) — oo. Finally, if (z,y) — oo, but y is bounded,
then we are in the situation of the cases 2 or 3 of Theorem 4.1, and thus c(z,y) — 0 as
(x,y) — oo. 0

Theorem 4.4 Let a() € L1(0,7) be such that

_ 2 " —2)0
Ya(A) = o /0 a(f)e” " df € Lo(R).

Then, for each k =1,2,..., A
e P

Proor. Let k=1. Then

dYq _ 2 " —2)0 4 e / " —2)0
) (A = 1_6_%)\/0 a(f)e do + A= 2 J, a(f)e do

4N T
— 1_6—_271_)\\/0\ 9@(0)672)\9 df = Il<)\) + IQ()\) + Ig()\)

We consider first the behaviour of the derivative when A\ — +00. We have

2 Qe 2mA

L) =570 and BO) = ),

and thus the first two summands tend to 0 as A\ — +o0.
Consider now the last summand,

é T
II3(N\)| < 2/ |a(9)|(2)\9)6_2)‘9d)\—|—47r)\e_2)‘5/ la(6)|do
0 5

4 T
< / 1a(0)[d0 + dmre 2 / 1a(0)[d6.
0 0

Then for any ¢ > 0 we can select both § small enough and Ay = A¢(d) large enough, such
that

/(S 1a(0)]d6 < /2
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and

4 he” 2N / la(0)|do < /2,
0

for all A > A\o(9). That is, limy_ 4o I3(A) = 0.

The case when A — —oo follows from the above and the equality

Ya0)(A) = Ya(r—0)(=A).

The cases when k£ > 1 are considered analogously. Il
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