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TOEPLITZ BAND MATRICES WITH EXPONENTIALLY GROWING
CONDITION NUMBERS*

A. BOTTCHER! AND S. GRUDSKY?

Abstract. The paper deals with the spectral condition numbers (T, (b)) of sequences of
Toeplitz matrices T (b) = (bj—k)} ,—; as n goes to infinity. The function b(e) = 3, bret? is
referred to as the symbol of the sequence {T(b)}. It is well known that k(T (b)) may increase
exponentially if the symbol b has very strong zeros on the unit circle T = {z € C : |z| = 1}, for
example, if b vanishes on some subarc of T. If b is a trigonometric polynomial, in which case the
matrices T5, (b) are band matrices, then b cannot have strong zeros unless it vanishes identically. It
is shown that the condition numbers (75 (b)) may nevertheless grow exponentially or even faster to
infinity. In particular, it is proved that this always happens if b is a trigonometric polynomial which
has no zeros on T but nonzero winding number about the origin.

The techniques employed in this paper are also applicable to Toeplitz matrices generated by
rational symbols b and to the condition numbers associated with {? norms (1 < p < o) instead of
the I2 norm.
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1. Introduction and main results. Let [2 (1 < p < c0) be the linear space
C" with the I? norm,

1/p
lally = (3 los) " for 1<p<o0, el = max |

J

Every n x n matrix A, induces an operator on 2, and we let ||A4,||, stand for the
norm of this operator,

1Anlly = sup | Anz]lp/llz]lp-
z#£0

The condition number «,(A4,) is defined by
kip(An) = [[Anllpll A7 [,

where, by convention, ||A,,}||, = oo if 4,, is not invertible.

Let a be a rational function without poles on the complex unit circle T = {z €
C:|z| = 1}. We denote by {ay}, 7 the sequence of the Fourier coefficients of a, that
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is,

1 27

1 n 0y ,—infd — / —n—1 )
(1) a a(e”)e™ """ df 3 ) a(z)z dz

2n
The n x n Toeplitz matrix with the symbol a is the matrix 7},(a) = (aj*k)?,;im If
A € C, then T,,(a) — AI =T, (a — ). It is well known that, for fixed a, the properties
of T,(a — A\) depend very sensitively on A € C. This paper is devoted to the behavior
of the condition numbers k(T (a — \)) as n goes to infinity. Notice that T}, (a) is a
band matrix if and only if a is of the form a(z) = Y - apz*.

Given an n x n matrix A, for instance, A4,, = T,(a — \), we let 01(4,,) < ... <
0n(A,) denote the singular values of A,,, that is, the eigenvalues of (4% A,)'/2. The I?
analogues of the singular values are the approximation numbers. For j € {0,1,...,n},
we denote by ]—'J(n) the n x n matrices of rank at most j. Then the approximation
numbers

oP(4,) < ... <oP(4,)
are defined by

o\P(An) = disty (A, F2) = inf{ |4, — Fll, : F € FU21.

It is well known that a](-z) (Ap) = 0(Ap). Moreover, we have

o (An) = 1410 0P (An) = (Al

n

Consequently,

(p)
on (An) 1 An]lp
(2) np(An) = Uy,) (An) = U§p)(An).

In the case where 4,, = T),(a — A), the norms ||A,||, have a finite limit, the p norm
of the infinite Toeplitz matrix T'(a — A) = (aj—r — Adj,x)5%—o- Thus, the asymptotic
behavior of the condition numbers x(T,(a — \)) is entirely governed by the smallest
approximation number 0’§p ) (Th(a —N)).

We orient the unit circle T counter-clockwise. Then the image a(T) is a natu-
rally oriented closed curve in the complex plane C. For A € C\ a(T), we denote
by wind (a, A) the winding number of the curve a(T) about A. Clearly, the integer
wind (a, \) is constant on each connected component of C \ a(T).

A classical result by Gohberg and Feldman [12] says that

lim inf O’;p) (Th(a—A)) >0

n—oo

or, equivalently,

lim sup &, (Th(a — A)) < o0

n—o0
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if and only if A € C\ a(T) and wind (a, A) = 0. Only recently, Roch and Silbermann
[18] discovered that if A € C\ a(T) and wind (a, A) = k # 0, then |k| singular values
of T,,(a — X) go to zero, while the remaining n — |k| singular values stay away from
zero (this is the so-called “splitting phenomenon”). In [4], this result was proved

by completely different methods and extended to approximation numbers. Thus, for
A € C\ a(T) and wind (a, A) = k, we have

Jim_ ol (Ta(a = X)) =0, 1i7rlgi£fg‘(,f‘> ' (Ta(a =) > 0.
We here sharpen the last result as follows.

THEOREM 1.1. If A € C\ a(T) and wind (a, \) = k # 0, then there are constants
C € (0,00) and a € (0,00) independent of n such that

‘7|(1€|)(Tn(a —A) <Ce ™™ forall n>1

This theorem in conjunction with (2) implies that in the case wind (a, \) # 0 the
condition numbers increase at least exponentially:

COROLLARY 1.2. If A € C\ a(T) and wind (a, \) # 0, then there exist constants
D € (0,00) and a € (0,00) independent of n such that

kp(Tp(a —A)) > De*™  forall n >1.

It turns out that the constant a can be determined. Let 0 < ry <1 < Ry < o0
be any two numbers such that a(z) — A has no zeros and no poles in the annulus
{z € C:r\ <|z| £ Rx}. We will show that Theorem 1.1 and Corollary 1.2 are true
with

1
(3) a = min(log r—,logRA).
A

Of course, the constants C' and D also depend on A.

Corollary 1.2 provides us with a lower estimate for the condition numbers and
raises the question about upper estimates. Let, for example, a(z) = z. Then a(T) =T
and wind (a,0) = 1. Obviously, Ty,(a — 0) = T,(a) is not invertible and therefore
kp(Ty(a)) = oo for all n > 1. This shows that nontrivial universal upper estimates
do not exist.

The function a — A belongs to L?(T) and, by Parseval’s equality,

1 27 . 1
@ a0 = AR+ oyl = 3= [ e = 2Pd8 = 5-fla = N
J#0
The following is some kind of an upper estimate.
THEOREM 1.3. If A € C\ a(T) and wind (a, A) # 0, then

) n 1 n—1
6 I = W < ey (alla = Alk)
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Since n < e™/19 for all sufficiently large n, we can put

1 1
= — +log [ ——]|la— A

and, for n large enough, rewrite (5) in the form

kp(Tn(a — EePm

1
M) S TqetTota =)

with some constant E € (0,00) independent of n. Notice that formulas for the
determinants of rationally generated Toeplitz matrices are available (see, e.g., [3], [8],
(9, [10)).

The following example illustrates Corollary 1.2 and Theorem 1.3. Let a(z) =
z—4z7Yand A = 0. Since a(z) = z7!(z — 2)(z + 2), we see that wind (a,0) = —1.
Elementary computations give

2™ if n is even,
detTn(a)—{ 0 if n isodd.

From (4) we get ||a||2/v2m = /17, and Theorem 1.3 so provides us with the estimate

n
- 1 V1T 1 U P
||Tn1(a>||ps—T7n<—2 ) < et < 20T

for all sufficiently large even n. On the other hand, Corollary 1.2 and (3) show that
1T (@)l > Den(log2-0.001) < 1),0.60n
with some constant D > 0 for all n. In summary, there are Dy, Dy € (0, 00) such that
D1e%%" <k, (T (a)) < D2e®™™  for all even n,
whereas

kp(Th(a)) = 0o for all odd n.

Let sp T}, (a) stand for the spectrum ( = set of eigenvalues) of T,(a). The limiting
set

A(a) = limsupsp Ty, (a)
n—o0
is the set of all partial limits of the sequence {sp T},(a)}32,. In other words, A € A(a)
if and only if there are ny < n2 < ng < ... and Ay, € spTp, (a) such that A,, — A.
The set A(a) is known from the work of Schmidt and Spitzer [20], Hirschman [14],
and Day [11]. It can be described in terms of only the function a, and one can show
that A(a) is either a single point or a finite union of analytic arcs which have at
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most their endpoints in common. Thus, A(a) is always a “thin” set. If a(z) = z and
a(z) = z — 427! are as in the above examples, then A(a) = {0} and A(a) = [—44, 4i],
respectively.

THEOREM 1.4. If A € C\ (a(T) U A(a)) and wind (a,\) # 0, then there are
constants Dy, D2 € (0,00) and a, 8 € (0,00) independent of n such that

D1e®" < kp(Tn(a — N)) < Dye”"

for all sufficiently large n.

As the following result shows, ko(Th(a — A)) may grow arbitrarily fast on A(a).
We let N denote the natural numbers.

THEOREM 1.5. Leta(z) = z+2z1/4. Then a(T) is an ellipse with the foci —1 and
1, and A(a) = [-1,1]. Given any function ¢ : N — N, for example, p(n) = exp(n™),
there exists a point X\ € A(a) such that k,(Tp(a — X)) < oo for alln > 1 but

kp(Thy, (@ — X)) > @(ng)  for infinitely many ny,.

The results quoted above provide an idea of the behavior of k(T (a—\)) for A in
the connected components of C\ a(T) whose winding number is nonzero. As already
said, Gohberg and Feldman showed that &, (T, (a — X)) remains bounded on the other
connected components of C\ a(T). In [6], we proved that if wind (a, A) = 0, then the
condition numbers k,(T},(a — A)) even converge to a finite limit as n — co.

The behavior of k,(Tp(a — A)) for A € a(T) is more intricate. Much work on
this problem has been done in the case where a is real-valued. Let us assume that a
is a real-valued nonconstant continuous function on T. Then the matrices T),(a) are
Hermitian and A(a) can be shown to be the line segment a(T) = [min a, maxa] =:
[m, M]. If A does not belong to this segment, then it is easy to prove that k2 (T}, (a—X))
remains bounded as n — oo (Brown-Halmos theorem). If A is one of the endpoints
m or M of the segment [m, M], then a(z) — A has zeros on T and all these zeros are
of even order. Suppose all these zeros have finite orders and let 2a be the maximal
order. The outgrowth of the works [13], [16], [17], [21], [23] is that there are constants
Dy, D, € (0,00) such that

(6) Din** < ko(Tn(a — N)) < Dan?®.

Rosenblatt [19] was probably the first to understand that if A € {m, M} and a(z) — A
vanishes identically on some subarc of T, then k2 (7),(a — \)) increases exponentially.
Serra [22] observed that if A € {m, M} then always k2(T},(a — X)) = O(e®™) for some
constant a € (0,00) as n — oo.

Some general results on the condition numbers of non-Hermitian Toeplitz matrices
are in [5]. There we proved, in particular, that if a is rational and A € a(T), then
necessarily k2 (Tp(a — X)) > Dn with some constant D € (0, 00) independent of n.
Moreover, if a(z) — A has a zero of order a € N, then even £2(T,(a — X)) > Dn® with
some constant D € [0,00) which does not depend on n.
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Finally, suppose a is both rational and real-valued. Then again A(a) = a(T) =
[m, M]. Rational functions cannot vanish on an open arc unless they vanish identi-
cally. Thus, we cannot expect that k2 (T, (a—A)) grows exponentially for A € {m, M }.
From (6) we infer that indeed k2 (T}, (a — X)) increases at most polynomially if A is one
of the endpoints m and M. As the following result shows, things change dramatically
for points A in the interior of [m, M].

THEOREM 1.6. Let a(z) = z+ 27!, Then a(T) = A(a) = [-2,2], and given any
function ¢ : N — N, there exist an X\ € (—2,2) such that

kp(Th(a—A)) <oo forall n>1
but

Kp(Thy (@ — X)) > p(ng)  for infinitely many ny,.

We will establish several new results on the condition numbers k2(7},(a — X)) for
A€ a(T).

Suppose that a(t) — A has only one zero on T. We label each connected component
of C\ a(T) with the winding number of a(T) about the points of the component. Our
assumption that a(t) — A has only a single zero amounts to the requirement that A
is a point on a(T) and that a(T) passes through A exactly once. In particular, a(T)
has no self-intersection at A. In a neighborhood of A, the curve a(T) is an oriented
analytic arc v5. Let My and M, be the connected components of C \ a(T) which lie
on the left and the right of ~y,, respectively.

In what follows we write z, ~ y, if y, # 0 for all sufficiently large n and
lim(z,,/y,) = 1, while z,, ~ y,, means that y,, # 0 and 1/C < z,,/y, < C with some
constant C' € (0,00) for all n large enough.

THEOREM 1.7. Let a be a rational function without poles on T and let A € a(T).

Suppose b(t) := a(t) — A has ezxactly one zero ty € T and let 3 be the order of this
zero. Furthermore, let m denote the winding number of M;' Then

(7) ka(Tu(a—N) ~n” if — {g] <m< [5;1] ,
and there are constants C > 0 and o > 0 such that
O I

We denote by S(a) the points of a(T) at which a(T) has self-intersections. Equiv-
alently, A € S(a) if and only if a(t) — X has at least two different zeros on T. In many
cases S(a) is a finite subset of a(T), but as functions of the form a(t) = d(B(t)) with
a rational function d and a finite Blaschke product B show, S(a) may also coincide
with all of a(T). If A € a(T) \ S(a), then a(t) — A has a single zero on T. The order
of this zero will be denoted by S(A).
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The spectrum of the Toeplitz operator T'(a) given on [?> by the infinite Toeplitz
matrix (a;j—k)5%—o 18

spT(a) = a(T)U{p € C\ a(T) : wind (a, u) # 0}.

Let OspT'(a) stand for the boundary of sp T'(a).
THEOREM 1.8. If A € a(T) \ S(a) is located on OspT(a), then

ko (Tp(a — N) =~ nW.

THEOREM 1.9. Suppose B(A) =1 for all X € a(T) \ S(a). Then
ko(Th(a—A) ~n
if A€ a(T) \ S(a) lies on 0spT(a), whereas
ko(Tp(a — X)) inceases at least exponentially

if X € a(T) \ S(a) is not located on OspT(a).

The rest of the paper contains the proofs of the theorems stated above. The two
main ingredients to the proof of Theorem 1.1 are the so-called finite section method
for Toeplitz operators on certain spaces with exponential weights on the one hand and
the approach to the approximation numbers developed in [4] on the other. Corollary
1.2 is an immediate consequence of Theorem 1.1. Theorem 1.3 is nothing but a simple
application of Hadamard’s inequality. The proof of Theorem 1.4 is based on Theorem
1.3 and on Day’s formulas for the determinants of T}, (a — ) and the limiting set A(a).
To prove Theorems 1.5 and 1.6, we first make use of the fact that the eigenvalues of
tridiagonal Toeplitz matrices are explicitly available, and we then find the desired A
by employing a standard construction of number theory. Theorem 1.7 will be derived
from some rather subtle results of [8]. Theorems 1.8 and 1.9 are simple consequences
of Theorem 1.7. In the last section of the paper we present a few additional examples
and results on the condition numbers of Toeplitz matrices whose symbols have zeros.

The paper has an appendix. This appendix does not contain terribly new results,
but it tells a nice story we have not yet seen in this form in the literature.

2. Spaces with exponential weight. In this section we prepare the proof of
Theorem 1.1. The results of this section are known to specialists. As we do not know
an explicit reference, we outline the proofs for the reader’s convenience.

Given a real number 3, we denote by [P? the Banach space of all sequences
x = {x,}32, for which

o0
2l 5= > e |zalP <oo (1< p<o0),

n=0

[12]|o0,5 = supe™’|z,| < 00 (p = 00).
n>0
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For n € N, let P, and @, be the projections

P, : {xo,x1,22,...} = {x0,21,...,24-1,0,0,...},
Qn : {0, 21, 22,...} = {0,0,...,0,Zpn, Tpi1,-. -}

The image of P, : [P# — 7% will be denoted by [2®. We identify (2% and the space
C™ with the (% norm. Given Banach spaces X and Y, we let B(X,Y) stand for the
Banach space of all bounded linear operators of X to Y, and we abbreviate B(X, X)
to B(X).

For a rational function a without poles on T, we denote by T'(a) and H(a) the
infinite Toeplitz and Hankel matrices generated by a:

T(a) = (aj &)jp—o> H(a)=(ajrr+1)j%=0-

Let r € (0,1) and R € (1,00) be any numbers such that a(z) has neither zeros nor
poles in the annulus {z € C: r < |z| < R}. Clearly, there is an € > 0 such that a(z)
is analytic and nonzero in the larger annulus {z € C:r —e < |z| < R+ ¢}. From (1)
we therefore see that if n > 0, then

1 n
(9) |an| < Mlm> |la_n| < Ma(r —e)".
where M; and M, is the L norm of a on the circle of the radius R + ¢ and r — ¢,
respectively. Put

1
(10) a = min <log ;,log R) .

ProposiTION 2.1. If |B] < a and 1 < p < oo, then the matrices T'(a) and H(a)
induce bounded operators on PP,

Proof. Let xn(z) = 2z". We then have T'(a) = ) .7 a,T(xn). From (9) and
(10) we infer that > 7 lan|e™8l < oo, and it can be verified straightforwardly that
IT (xn)llp.s = O(el™IBl). This shows that T(a) € B(I»?). The proof for H(a) is
analogous. O

PROPOSITION 2.2. Let || < a and 1 < p < oo. If wind (a,0) = 0, then T'(a) is
invertible on 15,

Proof. On writing a as the quotient of two polnomials, it is easily seen that a can
be represented in the form

(11) a(t) = a—(t)ay(t) (teT),

where a_(z) has no zeros and poles in {z € C : |z|] > 1} and ay(z) has no zeros
and poles in {z € C : |z] < 1}. The representation (11) is called a Wiener-Hopf
factorization. The Fourier coefficients of a_,a"!,ay, a;l admit estimates analogous
to (9), and therefore we obtain as in the proof of Proposition 2.1 that T'(a_), T'(aZ"),
T(a4), T(al") are bounded on »?. One can now show that T'(a) = T'(a—)T'(a) and
that T'(a;")T(a”") is the inverse operator of T'(a). O
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LemMMA 2.3. If >0 and 1 < p < o0, then

(12) I1Pallsro ey < €™, |Pallge—s moy < €™,
(13) 1@Qnllsar.e w0y < e ", 1@nllsaro 1p.—s) < e ",

Proof. Straightforward. O
THEOREM 2.4. Let |f| < a and 1 < p < oo. If wind (a,0) = 0, then

. -1
(14) hnmjolipllTn (@)l ggpey < 0.

Proof. The dual space of 128 is 128 (1/p+1/q = 1). Tt therefore suffices to prove
the theorem for 8 > 0. In the case § = 0, the theorem is Gohberg and Feldman’s
[12]. The 8 = 0 result implies in particular that T),(a) is invertible for all sufficiently
large n. Now let = € 2%, We then have

(15) 1T (@)zllp,s
<T@z = PoT™ (@) Pazllp,s + [|Pall e 1T~ (@) |52 |21,

By Proposition 2.2, the second term on the right of (15) does not exceed Ma|z||p 5
with some constant M> < oo independent of n. Taking into account (12) we obtain
the estimate

(16) 1T (@) — PaT ™ (@) Pazllp,s < € IIT;  (a)z — PaT ™" (a) Pazllp,0
for the first term on the right of (15), and since

1T, (@)l szoy < C < o0
for all sufficiently large n, it follows that (16) is not larger than

(17) Ce"8||Ppa — PyT(a)PaT Y (a)Pozllpo
= C’e"ﬁ||PnT(a)QnT_1(a)Pna:||p70
< Ce"||T(a)||paro) |Qull5ire 1v-0) |T ™ (@) 5aro) 1|3

Propositions 2.1 and 2.2 in conjunction with (13) imply that (17) can be estimated
from above by M;||z||, s with some M; < co independent of n. In summary,

IT, H(@)zllp.s < (My+ Mo)||zllps forall @ e ln?,

which completes the proof. O
3. Exponential decay of approximation numbers. The purpose of this sec-
tion is to prove Theorem 1.1.

Thus, let A € C\ a(T) and suppose wind (a, A) = k # 0. For the sake of definite-
ness, let us assume that £ > 0; the case k¥ < 0 can be reduced to this case by passage
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to adjoints. Put b =a — A, choose r =r) € (0,1) and R = Ry € (1,00) so that b(z)
has no poles and zeros in {z € C: r < |z| < R}, and define @ = a by (10).

We can write b = yrc where yx(z) = 2z¥ and wind (¢,0) = 0. Define ¢ by &(t) =
c(1/t) for t € T. The Hankel operator H(¢) is given by the matrix (c—j—r—1)7%—0-
We have

Ty(b) = Tn(xr)Tn(c) + PoH (x1)H () Py;
this can be verified directly by computing the jk entries of each side or can be derived

from a more general result on the multiplication of finite Toeplitz matrices (see, e.g.,
[9, Proposition 2.12]). Hence,

0} (T (8)) = disty (T (1) T (€) + PuH (xi) H(@) Pay F1,)-

If n is large enough, then T, (c) is invertible and
(18) 1T (Ol ey < M < o0
due to Theorem 2.4. Since distp(AB,}'T@k) < ||B||pdistp(A,}'T(ﬁ)k), we obtain
(19) 07 (Ta(8)) < 1T (0| pdlisty (An, F1)
with

An = Tu(xi) + P H O H@ P T, (o).
Obviously, ||Tn ()|, < llcllw = ZjeZ lcj|. Because Ap = ApQp_r + ApPp_y and
A,P,_ isin -7:7(:1)1@’ we get from (19) that
(20) o (T(6)) < llellwdisty (AnQn—r, Foy) < llellw [l An Qukllp-
As T (xk)@n—r = 0, it follows that

21) N 4nQu—tllp = 1PoH (xi) H (@) P T, () Qn—kll

< IH O H@ o0 1Ty Ol 1Qu—tllso 1.
By Proposition 2.1, H(¢) maps [”»~® boundedly into itself. Since H(x) has only
finitely many nonzero entries, we arrive at the conclusion that the first factor of (21)

is finite. The middle factor of (21) remains bounded by virtue of (18). From (13) we
finally see that the third factor of (21) is O(e™"%). Thus, by (20),

o P(T, (b)) = O(e ™) as n — oo,

which completes the proof of Theorem 1.1.
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4. Upper estimates. This section contains the proof of Theorem 1.3. Let
b=a— A, r,R,abe as in Section 3. We abbreviate det T,,(b) to D,(b). What we
must show is that

1 n—1
22 () <L<—b> :
(22) Hn(ﬂb_u%w” %ﬁ”m
There is nothing to prove in case D, (b) = 0. So assume D, (b) # 0. Then
1
T, '(b) = A, (b
10) = 5 A0

where A, (b) = ( ( )} k=1 and A(n)( b) is (—1)7** times the determinant of the

)
matrix arising from T (b) by deleting the kth row and the jth column. By Hadamard’s
inequality (see, e.g., [2, p. 3]) and by (4),

1/2 n—1

n—1
(n) 2 _ (L
aP@l < | (T ~(=lbl)

e

Estimating || A, (b)||, by the I” analogue of the Frobenius norm we obtain, with obvious
modifications for p = 1 and p = oo,

14,0, < (Z(Zm,k ) q)l/pzn(\/%_ﬁuwh)nl.

Jj=1 =
This completes the proof of Theorem 1.3.

5. Outside the limiting set. The proof of Theorem 1.4 is based on two results
by Day [10], [11].

Suppose first that T),(a) is a triangular matrix. Then A(a) = {ao}. Solet A # ao.
It follows that Dy (b) = by = (ag — A)™ # 0, and (22) yields

1 n—1
T 0)lp < —— (——1Ib < Dyel™
170l < e (= lbl) < Dae

with certain Dy € (0,00) and § € (0, 00) independent of n.
So assume Ty, (a) is not triangular. Then a(z) can be written in the form

Zvli[l(z— 2)) f[ <1 - —)1 ﬁ(z—'/j)_l,

j=1 Hj j=1

where vy #0, s > 1,9 > 1,h > 1 and
il >1 (G=1,....9), |yl<1l (G=1,...,h).

We can without loss of generality assume that v = 1.
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THEOREM 5.1. (DAY [10]) Let a be as above and suppose the zeros o1,...,0s
are pairwise distinct. If s < h, then Dyp(a) = 0. If s > h, then

D,(a) = Z Cuwiy,
M

where the sum is over all () subsets M C {1,...,s} of cardinality |M| = h and, with
M={1,....s}\ M, G={1,...,g9}, H={l,...,h},

the constants are given by

wu = (=" 1] o

JEM
Cu =[] (s —w) I (i — o) T] (i —w)™" [ (05 —@x)™"-
jent ieg ied jent
leH keM leH keM

In order to determine the limiting set A(a), we have to consider

a(z) — X = F(z,\) f[ (1 - i) - ﬁ(z — )

Hj

with
Fn(z,)) = ﬁl(z - 0j) — Af[l (1 - %) ﬁl(z —vj).

If A\ # 0and X\ # Hé’-:l(—,uj), then the polynomial Fj,,(-,A) has the degree m :=
max(s,g + h).

THEOREM 5.2. (DAY [11]) Let a be the function introduced above. For A # 0
and \ # HJg-:l(—uj), label the zeros z1(N), ..., zm(A) of Fin(z,\) so that

2] < 22N)] < - < [zm )]

Then

Aa) = clos § A € C\ {0, JT(=my)} : 124N = 241 (V)]

Jj=1

We now proceed to the proof of Theorem 1.4. Let E(a) denote the set of all A € C
for which F,,(-,A) has multiple zeros. If A € E(a), then a(z) = X and a'(z) = 0 for
some z € C. As a' has only finitely many zeros in C, it follows that F(a) must be a
finite set.

Suppose A € C\ (a(T) U A(a) U E(a)) and wind (a,A) # 0. Asssume also that
A #0and \ # H?:1(_M)- Then, by Theorem 5.2, |z4(A\)| < |zg+1(A)]. Since
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the zeros z1(A),...,zm(A) of @ — X\ are paiwise distinct for A ¢ E(a), we can have
recourse to Theorem 5.1 to compute D, (a — A\). The role of the numbers g1, ..., 05

of Theorem 5.1 is now played by the zeros z1(\), ..., zn(A). Put My = {1,2,...,h}.
Since |z4(A)| < |zg+1(A)], it follows that

lwate| = [2g41(N)] - - |zm (A)]
is strictly larger than all other |wys|’s. Consequently,
|Dn(a = A)| = [Ca llwnso | (1 + O(63))

with some constant dx € (0,1). This implies that

1
Duta =] S PO

(23)
with certain constants D(A) € (0, 00) and 3(\) € (0, 00) independent of n. Combining
(23) and Theorem 1.3 we arrive at the upper estimate of Theorem 1.4.

We are left with the case where A\g € C\ (a(T) U A(a)), wind (a, Ao) # 0, but
g
No € B(a) U {0, ] (~)}-
j=1
Since E(a) is finite, there is a small circle , = {A € C: |A — A\g| = ¢} such that
g
A ¢ a(T) U A(a) U E(a) U {0, [[ (—n)}
j=1

for all A € , . For the points A on the circle , we have the estimate (23). The zeros
21(A), ..., zm(X) are continuous functions of A € ;. From the explicit form of the
constants in Theorem 5.1 we therefore see that the constants D(A) and S(A) in (23)
can also be chosen to be continuous functions of A\. Thus, since , is compact, there
are constants D € (0,00) and 3 € (0, 00) such that

1
< Debfm
|Dn(a—A)| ~

(24)
for all A €, . If n is sufficiently large, then, by the definition of A(a), D,(a —\) #0
for all A € C satisfying |\ — Ag| < e. Hence 1/D,(a — ) is an analytic function of A
on the disk A := {A € C: |A — Xo| < e}. From the maximum modulus principle we
therefore deduce that (24) holds for all A € A and, in particular, for A = A\g. This in
conjunction with Theorem 1.3 gives the upper estimate in Theorem 1.4.

As the lower estimate of Theorem 1.4 follows from Corollary 1.2, the proof of
Theorem 1.4 is complete.
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6. Inside the limiting set. This section is devoted to the proofs of Theorems
1.5 and 1.6.

Thus, let first a(z) = z + 271 /4. Because
a(e?) = (1+1/4)cosf +i(1 — 1/4)sin#,

it is clear that a(T) is an ellipse with the foci —1 and 1. The set A(a) can be
determined using Theorem 5.2, but since T}, (a) is tridiagonal, we can also find A(a)
from computing the eigenvalues of T, (a). Namely, it is well known (see, e.g., [13])
that if

a(z) =a_127" +ao + a1z,
then the eigenvalues of T}, (a) are

j
n+1

Aj(Th(a)) = ao + 24/a—1a; cos (Gj=1,...,n).

Consequently, in our special case we have the eigenvalues

(25) X (T(a)) = cos n?l G=1,....n),

which implies that A(a) = [-1,1].
Now let A € (—1,1). Thereis a y € (0,7) such that A\ = cosy. The matrix
T,(a — A) has the eigenvalues

(26) Aj(Tn(a—)\)):cosnml—cosy G=1,...,n).

Obviously,

27) \(Tala — )| =2 sin1<”_j_y>sinl<ﬁ_j+y>‘9 vy ‘
2\n+1 2\n+1 T n+1l

Let

(28) p(n) = min |\;(Tp(a—N)|.

1<j<n
We denote by o(+) the spectral radius. Since
1T (@ = Mlp > o(T, (a = X)) = 1/u(n),
it suffices to prove that there is a y € (0,7) such that p(n) > 0 for all n > 1 and
p(ng) < 1/¢(np)

for infinitely many ny.
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To find the desired y, we use a standard construction (see, e.g., [15, p. 6]). Pick
any natural number N; > 1 and choose natural numbers Ny < No < N3 < ...
successively by requiring that

(29) T (10NN 1) < 10Nk (B > 1).
Put

ng = 10NN — 1 and L.=107M 107NN p 10NN Ne
™

Obviously, the number y/7 is irrational. This implies that none of the eigenvalues
(26) is zero, whence u(n) > 0 for all n > 1. Since

0< 10N 4107 M N2 410NNk <
it follows that
107N 107NN 107NN jklo_Nl—-..—Nk

with a natural number 1 < j;, < 10VM1++Ne _ 1 = ;. We have

Yy Jk

™ ng+1
= (10 M +10 MM ) — (10N 10 VN 10 Ve )
— 107N17N27...7Nk+1 _+_ 10*N1*N2*---*Nk+2 _|_ RN

which shows that

0<d Ik 9 07N NemmNiws 10 New ¢
T np+1 wp(ng)

the last inequality resulting from (29). Thus, by (27),

u(n) < X, (Tn(a = N)| < 7/(re(ne)) = 1/p(nk).
This completes the proof of Theorem 1.5

The proof of Theorem 1.6 is the same as the one of Theorem 1.5. Indeed, if
a(z) = z+ 271, then the eigenvalues of T,,(a) are (25), and hence we can repeat the
above reasoning starting with (26).

7. Inside the essential spectrum. In this section we prove Theorems 1.7 to
1.9. The following result is Theorem 1.7 in analytic language.

THEOREM 7.1. Let a be a rational function without poles on T and let A € a(T).
Then b(t) := a(t) — X has zeros on T. Suppose b(t) has only one zero ty € T and

(30) b(t) = (t — to)’t*e(t), teT,

where 3 € N, k € Z, and c is a rational function without poles and zeros on T whose
winding number about the origin is zero. Then

(31) ko(Th(a—N) ~nP if —p<k<O0,
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and there are constants C > 0 and o > 0 such that

(32) ko (Typ(a — X)) > Ce®™ if k< —p or k>0.

Proof. Theorem 4.1(a) of [5] implies that (T}, (b)) > Cn® in either case.
Suppose —3 < k < 0. We then can write

k]
b(z) = (¢ — o) (1 - %) (0

with 3 — |k| > 0 and |k| > 0, and from Theorem 7.87(a) of [8] we deduce that
k(T (b)) = O(nf~HHIEY = O(n?).

At this point the proof of (31) is complete.
Now suppose k < —f3 or k > 0. Since

b(t) :=b(1/t) = (1 — tot)°t P *c(1/t), teT,

and ko(Tn(b)) = ko (Tn(b)), it suffices to consider the case k > 0. Put x(¢) = (¢ —
tp)°t*. Because the Fourier coefficients x,, of x vanish for n < k — 1, we obtain as in
Section 3 that

ok (Tn(b) < lellwllAnQn—kll2s
where
Ay =To(x) + P.HX)H @ P.T, ' (o).

As T0,(x)@n—r = 0 and as H(x) has only finitely many nonzero entries, we can also
proceed as in Section 3 to conclude that

or(Th(b)) =0(e ™) as n — oo,

which gives (32). O

We are now going to translate Theorem 7.1 into the language of Theorem 1.7.

LEMMA 7.2. If m is the winding number of M;r, then M, has the winding
number m — 1.

Proof. Let n be the winding number of M, . Fix a point u € M;r sufficiently
close to A. In a small neighborhood of A, change a(T) to a curve ¢ which first follows
v, then goes into M ;‘ and encircles p like a half-circle, and which finally goes back
to v» and again follows 7. Clearly,

wind (, u) =m — 1.

On the other hand, since p and M, are contained in the same connected component
of C\ 4, we have

wind (6, u) = n.
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Consequently, n =m — 1. O

Now let r € (0,1) and consider b(rt) = a(rt) — A for t € T.

LEMMA 7.3. Let r € (0,1) be sufficiently close to 1 and suppose a point moves
along the curve a(rT). Then, in a small neighborhood of X\, this point is first in M;r,
then it encircles A exactly [(B —1)/2] times in the clockwise direction, after which the
point s again in M;'

Proof. We have a(tp) = A and

a(2) = A+ 500 - o) + Oz o))

with an analytic function O((z — tg)®*') as z — t;. Thus, locally a acts as the
function

(33) 2 A+ %a(ﬁ) (to)(z — to)°.

Let U C C and V C C be sufficiently small open neighborhoods of ¢y and 0, respec-
tively. Clearly, the images of U N'T and U N 7T under the map (33) have the same
structure as the images of V N C and V N rC under the map z — 2°, where C is a
large circle in the upper half-plane that touches the real line at the origin. It can be
checked straightforwardly that in the latter case the situation is as described in the
lemma. O

Proof of Theorem 1.7. Write b in the form (30). We then have
b(rt) = (rt — to)’rktke(rt), teT.
Let r € (0,1) be sufficiently close to 1. Then A ¢ a(rT) and

(34) wind (a(rt), \) = wind (b(rt), 0)
= wind ((rt — t0)?,0) + k 4+ wind (¢(rt),0) = 0+ k + 0 = k.

Evidently, max, 1 |a(rt) — a(t)| — 0 as r — 1 — 0. This in conjunction with Lemma
7.3 shows that if p € M is sufficiently close to A, then

(35) wind (a(rt), \) = wind (a(rt), p) = wind (a(t), pu) — [%] .

From (34) and (35) we obtain

k = wind (a(t), 1) — [%] .

By Lemma 7.2, wind (a(t), u) = m — 1. Consequently,

k:m—l—[%].
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Since

mot- [P <0 = -[Zems[2),
2 2 2
(7) and (8) follow from (31) and (32). This completes the proof of Theorem 1.7.

Proof of Theorem 1.8. If A € a(T) \ S(a) belongs to dspT(a), then My or M,
has the winding number zero. Thus, by Lemma 7.2, M, has the winding number
—1or 0. Since [(3 —1)/2] > 0 and —[(8 + 2)/2] < —1 for every 3 € N, the assertion
follows from Theorem 1.7. The proof of Theorem 1.8 is complete.

Proof of Theorem 1.9. The first part of the assertion is immediate from Theorem
1.8. So suppose A € a(T) \ (S(a) UdspT(a)) and let m be the winding number of
M, . By Lemma 7.2, the winding number of M} ism +1. Asm # 0 and m +1 # 0,
we have m > 1 or m < —2. Theorem 1.7 with § = 1 completes the proof of Theorem
1.9.

EXAMPLE 7.4. Let a(t) = (t + 1)®. We have
a(T) = A, U{-1} U 4, U {0},
where
A = {a(e?): —27/3 < 6 < 27/3},
Ay ={a(e”):21/3 < <7 or —7w < < —21/3}.

Clearly, S(a) = {—1}, B(A) =1 for A € A; U Ao, and B(\) = 3 for A = 0. Theorem
1.7 implies that

n for M€ A,
K2(Tnla — A)) :{ nd  for )\:01

and that ko(T,(a — \)) increases at least exponentially for A € A,.
Theorems 7.1 and 1.7 are not applicable to the case A = —1. We have
at) +1=(t+1)3+1=(t+2)(1 —tw)(l — tw?)
with w = —1/2 +iv/3/2. Put @ = w and 3 = w?. It is easily seen that
T, (a+1) = Tn(c)Tu(e)
where
1 £\ * Gkl _ gkl
=33 (-3) » wO=3

Clearly, ||T,.(c)||2 ~ 1. Since

n—1

ITa(@)lh = (@)l = 3

k=0

ak—i—l _ ﬂk+1

a—f

~n,
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it follows that

ITa(@)l2 < ITa(@) 121 Ta ()12 = O().

Considering the first column of of T}, (), we see that actually ||T,,(¢)||2 ~ n.

ExAMPLE 7.5. There are a such that x2 (T, (a — X)) does not grow at most poly-
nomially although A € dspT'(a). Trivial examples are given by real-valued functions
a. Here is a less trivial example. Let

alt) =t* —t72 —i(t —t1).
Then
a(e?) = 0 — 720 _j(e? — =) = 25inf + 2isin 26.

Obviously, 0 € 9spT'(a) N S(a). Since Ty(a) is skew-symmetric and thus D, (a) =0
if n is odd, we see that 2 (T (a — 0)) = k2(Th(a)) = +oo if n is odd.

We finally consider the simplest case of points in S(a)NdspT(a): we assume that
b(t) = a(t) — X has exactly two simple and distinct zeros on T and that, in a sufficiently
small neighborhood of A and after appropriate translation, rotation, and straightening,
a(T) looks like the union of the positively oriented z-axis and the positively oriented
y-axis in a neighborhood of the origin of the z, y-plane. The winding numbers of the
four connected components of C\ a(T) which touch A\ associate four integers m 4,
m_y, m—_, mi_ with the quadrants of the x, y-plane. Since A € dspT'(a), at least
one of the four numbers m4 4 must be zero. Taking into account Lemma 7.2, we see
that there are exactly three cases:

case I: myy =0, m_; =1, m__ =0, my_ =—1,;
case 2: myy =—1, m_4y =0, m__=-1, my_ = —2;
case 3: myy =1, m_; =2 m__=1 my_=0.

In Example 7.5 we encountered case 1 and observed that k2 (T}, (a— \)) need not grow
at most polynomially in this case.

THEOREM 7.6. In cases 2 and 3, the condition numbers r2(Ty(a — X)) grow at
most polynomially.

Proof. Let us consider case 3, the other case can be reduced to this case by
passage to adjoints. We have

b(t) =a(t) = A= (t—a)(t—B)c(t), teT,
where a € T, 8 € T, a # 3, and ¢ has neither poles nor zeros on T. Clearly,

wind (¢(t),0) = lirlnowind (b(rt),0) = lim wind (a(rt), A).
r—1—

r—1—-0

From Lemma 7.3 we deduce that wind (a(rt),\) = 0 if » € (0, 1) is sufficiently close
to 1. Hence, wind (¢,0) = 0. From [7, Lemma 3 and Theorem 1] we therefore obtain
that

17,1 (0)lloo = O 71F%) = O(n'*%)
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where € > 0 can be chosen abitrarily. Since

1T )2 < VT (0)]]oo,

it results that ko (T,(a — \)) = O(n®/?+2). O
Notice that in Example 7.4 we have case 3 at A = —1.

Appendix. In connection with Theorem 1.6, it is rather instructive to consider
ka2(Ty(a — X)) for a(z) = z + 27! and some selected values A\ € A(a) = [-2,2]. We
first note that

(36) ITa(a =Nl = lla = Moo = max_[2cos6 - Al

Since Ty, (a — A) is Hermitian, we have
(37) 1T, (@ = Mlz = o(T,; (@ = \) = 1/u(n),

where p(n) is given by (28). From (36) and (37) we get

(38) ra(Tla - N)) ~ %

Suppose first that A = 2. Then

w(n) = min |2cos

1<j<n n +1 n?’

mJ —2‘:2—2cos il T
1 n

and since ||a — 2||co = 4, we deduce from (38) that

ko (Tp(a —2)) ~ 472 /n?.
Analogously,

ko (Ty(a +2)) ~ 4% /n?.

We remark that the last two relations are already in Grenander and Szegd’s book [13].
Now let A = 2cosy with y € (0,7). We have

sinE J _¥ sinE J +2 .
2\n+1 « 2\n+1 =

Suppose y/m = l/m is rational. Clearly, we can assume that m > 2. In the case
where n 4+ 1 = 0 (modm), we have u(n) = 0. Hence,

(39) 2 cos

n?—]l —2cosy‘ =4

ko(Tp(a—A) =00 if n+1=0(modm).

If n +1 # 0(modm), there is a unique k € {1,2,...,[m/2]} such that I(n + 1) =
+k (mod m). A little thought reveals that

(n) 427]6 sin — i+i 2k sinW—Z 1
a 2mn+1) " 2\m m m m)n’
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whence

o=l m

K2 (Tp(a —A)) ~ 27k sin(wl/m) "

Consequently, the sequence {kz(Ty(a — X))}, can be divided into the subsequence
{00, 00,...} and a finite number of subsequences {r2(T ) (a — A))} for which

ko (T, (@ — X)) ~ Crnl®)

with specific constants C},. In particular,
ko(Tp(a— M) =00 for n=—1(modm),
ko(Tp(a— ) ~n for n#—1(modm).
Finally, suppose y/ is irrational. Then, by (39),
ko(Tp(a—MN)) <oc forall n>1.

If y/m is algebraic of degree 5 (> 2), then Liouville’s theorem ensures the existence of
a constant ¢ > 0 such that

(N B
T n+l]~ (n+1)°

for all n > 1. Thus, in this “tame” case we still have the estimate
(40) ke (Th(a—N)) < CnP forall n>1

with some constant C' < oo independent of n. The derivation of (40) from Liouville’s
theorem can also be found in Berg’s book [1, pp. 105-106].

By a theorem of Dirichlet (see, e.g., [15, p. 4]), for every (not necessarily algebraic)
irrational number y /7 there exists a sequence n; < ns < nz < ... of natural numbers
such that the inequality

0<

- <
ng + 1 (nk + 1)2

Y Jk 1
m

has a solution jj € {1,2,...,n,}. This implies that
(41) 2(Tuy (0 — N)) > D}

with some constant D € (0, 00) which does not depend on ny.

Fazit: if y /= is irrational, there is always a subsequence {n} such that (41) holds;
for algebraic y/m we nevertheless have (40), but for transcendental y/m the situation
may be as “wild” as described by Theorem 1.6.
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