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Abstract

The paper is devoted to the study of Toeplitz operators with radial symbols on
the weighted Bergman spaces on the unit ball in C". Admitting “badly” behaved
unbounded symbols we get new qualitative features. In particular, contrary to
known results, a Toeplitz operator with the same (unbounded) symbol now can be
bounded in one weighted Bergman space and unbounded in another, compact in
one weighted Bergman space and bounded but not compact in another, compact in
one weighted Bergman space and unbounded in another.

In our case of radial symbols, the Wick (or covariant) symbol of a Toeplitz
operator gives complete information about the operator, providing its spectral de-
composition.
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1 Introduction

We consider the weighted Bergman space .Ai(]B%”) of holomorphic functions in unit ball
B"™ C C"™ which belong to the weighted space L5(B™), and Toeplitz operators with radial
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symbols acting on A (B").

The theory of Bergman type spaces and problems of boundedness and compactness
of the Toeplitz operators acting on these spaces have been studied intensively in recent
years. Without claiming completeness we refer to [1, 7, 11, 13|, and also [14] for references.
The methods in mentioned works are mainly based on Berezin transform techniques and
Tauberian type theorems, which do not work well or at all when the symbols of the
Toeplitz operators may have singular behaviour near the boundary (the sphere S?"~!, for
us).

On the other hand, in the recent work [12] (see also [6]) a new approach has been
proposed, which allows handling radial symbols having a “bad” behaviour. In particular,
it has been shown that Toeplitz operators can be bounded and even compact for badly
behaved symbols (for example, unbounded near the boundary).

The papers [6, 12] are devoted to the case of the unit disk, while here we apply the
methods of [6, 12] to the study of the n - dimensional case. It turns out that there is
no qualitative difference between the one-dimensional and multi-dimensional cases when
studying global properties such as commutative algebra structure etc.; this is why we
are emphasize questions concerning the properties of concrete Toeplitz operators. For
example, for weighted Bergman spaces on the unit ball with the weights p,(|z]) = (1 —
|2[2)*1, A > 0, boundedness (compactness) of the Toeplitz operator T, with a positive
(and even unbounded) symbol a on some weighted space (A = )\g) implies boundedness
(compactness) on all the spaces (A > 0) (see [14] for the case of the unit disk). Nevertheless
we give an example of a symbol for which the corresponding Toeplitz operator is bounded
when A = 1 (weightless case) and unbounded for A = 2, compact for A = 1 and bounded
but not compact for A = 2, compact for A = 1, and unbounded for A = 2. Such examples
draw attention to qualitative new features and reflect the very singular nature of the
symbols under consideration.

We also use the Berezin concept of Wick and anti-Wick symbols. It turns out that in
our particular (radial symbol) case the Wick (or covariant) symbol of a Toeplitz operator
gives complete information about the operator, providing its spectral decomposition.

All that can be obtained from the results of [6, 12] with slight changes, we present
here without the proofs, referring to those papers.

2 Preliminaries

We will identify C" = R*" writing 2 = xx +iyx, 2 = (21,...,2,) € C". Let 2, £ € C", we
will use the following standard notation: z-& =377 | 2;§;, |2] = V2 - 2, 2% = 20" - 27,

where oo = (ay, ..., ap), o € Zy = NU{0}, is a multiindex and |o| = a1 + ...+ a, s its



length, a! = aq!- - a,!.
Consider a non negative measurable function (weight) pu(r), » € (0,1), such that
mes {r € (0,1) : u(r) >0} =1, and

1
[ elidady = 15771 [ ey < oc,
B~ 0

where [S27!| = 27" 2~ (n — 1) is the surface area of the unit sphere S**~! and I'(z)
is the Gamma function.
Introduce the weighted space

LyB") = {f 1 fI7een) = /Bn [f(2)Pu(l2))dv(z) < oo},

where dv(z) = dxdy is the usual Lebesgue volume measure, and the space Lo(S?" 1)
with the usual Lebesgue surface measure.

Let Hy be the space of spherical harmonics of order k (see, for example, [8]). The
space Ly(S?"~1) is the direct sum of mutually orthogonal spaces Hy, i.e.,

é;Zn/ 1 éﬂE) 7{k

Each space Hj, is the direct sum (under the identification C* = R*") of the mutually
orthogonal spaces H, , (see, for example, [9]):

= 6{} Hy g, keZy,

p+a=k

P,qEL
where H,, ,, for each p,q =0, 1, ..., is the space of harmonic polynomials (their restrictions
to the unit sphere, more precisely) of complete order p in the variable z and complete
order ¢ in the conjugate variable Z = (Z1,...,%,). Thus

£;2n 1 (EE}

D€L+

The Hardy space H%(B") in the unit ball B" is a closed subspace of Ly(S?"!). Denote
by Pg2n-1 the Szegd orthogonal projection of Ly(S**~1) onto the Hardy space H*(B"). Tt
is well known that -

G
p=0



The standard orthonormal base in H*(B") has the form (see, for example, [9])

-1 !
ea(w) = dp o W, dno = \/ (n +lad) la| =0,1,....

1521 (n — 1)lal

Fix now and in all that follows an ortonormal basis {e, g(w)}a,s, o, B € Z7, in the space
Ly(S8*71) so that e, 0(w) = eq(w), o] =0,1,....
Passing to the spherical coordinates we have

LE(B™) = Ly ((0,1), p(r)r*tdr) @ Ly(S*71). (2.1)

Now each function f(z) € L5(B™) admits the decomposition

o0

J& = Y capl) capw), =l w=". (2:2)

lal+[5]=0
with the coefficients ¢, g(r) satisfying the condition
oo 1
110 @y = Z / |Cap(T)|? pu(r) r*"tdr < oo.
ol +61=0""°

Thus the decomposition (2.1), (2.2) together with the Parseval’s equality give rise to the
unitary operator
Ur + Lo((0, 1), pu(r)r®"~Hdr) @ Lay(S™1)  — Lo((0,1), p(r)r*"~dr) @ Ly
= b(La((0,1), p(r)rdr)),

defined as
Ur: f(z) — {cap(r)},
with
HfH%g(IB") = Hcaﬁ(r)HIQQ(LQ((O,I),u(r)rQ”_ldr) = Z Hcawg(r)H%Q((O,l)7/L(T)T‘Q”_ldT‘)'
|a|+[8]=0

Let f(z) be a holomorphic function in the unit ball B”, and let

f(z) = Z Co”

|ar|=0
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be its Taylor series (which converges uniformly on each compact subset of B", see [9]).
We have

= Z Co2® = Z cor®w® = Z Co(r)eq(w), (2.3)
|a|=0 |a|=0 || =0

where ¢, (1) = co dpb 710 1 =|z2], w=2z/r.

Let A% (B") be the Bergman space of holomorphic in B" functions from L5 (B"). Denote
by Bf. the Bergman orthogonal projection of L5(B"™) onto the Bergman space Ai(IB%").
From the above it follows that to characterize a function f(z) € A2(B?) and consid-
ering its decomposition according to (2.3), one can restrict to the functions having the
representation

ano €a,0(w). (2.4)
|ee|=0

Now let us take an arbitrary function f(z) from A?(BB") in the form (2.4). It has to satisfy
the Cauchy-Riemann equations, i.e.,

) 1,0 9 .
8—216 <Z):—<a—xk+la—yk>f(2)0, k—l,...,n, ZEB. (25)

Applying % to (2.4) we have

(%k Z Ca0(r) €apo(w _ Zk Z <_Ca0 |T|ca0(r))ea70(w), k=1,...,n, (2.6)

la=0 |a\—
and we come to the infinite system of ordinary linear differential equations

d
%Ca,O(T) — @%,0(7’) =0, |of=0,1,....

Their general solution has the form
Cao(r) = bl = (n,|al) cmor‘al,
with
1 =
An,m) = ( / t2m+2”‘1u(t)dt> .
0
Hence, for any f(z) € A%(B") we have

Z o M, |a]) 1o e o(w)

laf=0



and, as is easy to verify,

oo
112 e = D Icaol

|a|=0

Thus the image A? ,(B") = Uy (A2(B")) is characterized as the (closed) subspace of
La((0, 1), ()2 1dr) © by = Lo(Lo((0, 1), u(r)r )
which consists of all sequences ¢, g(r) of the form

A 00 Tl =0,
st = { Al con 7 18120

and, in addition,

D=

1112z @) = I{Cas(M) Hlta(za(@nymmrze-rary = | D Icaol?
|ar|=0
For each m € Z, introduce the function
1 7 omtan—1 o
onlp) = Amm)t ([Cremnar) ™, pe 0.1 (2.7)
0

Obviously, there exists the inverse function for the function ¢,,(p) on [0, 1], which we will
denote by ¢,,(r). Introduce the operator

V2n

() = S

G (1) [(dm(r)). (2.8)

Proposition 2.1 The operator u,, maps unitary the space Ly((0,1), u(r)r*"~tdr) onto
the space Ly((0,1),r*"~Ydr) in such a way that

Uy (N(1, m)T™) = /21, m e Z. (2.9)

PRrOOF. Consider the operator u,, : Ly((0, 1), u(r)r**~tdr) — Lo((0,1),r**~1dr) of the
form

(tm f)(r) = U (r) f (dm(r)).



Here we assume that 1, (r) > 0, r € (0,1), and that ¢,,(r) is bijective and continuous on
[0,1]. Let r = ¢,,(y) be the inverse of ¢,, on (0,1). Since we assume that w,, is unitary,
we have the following condition

[Um(Em(P))em ™ ()@l (p) = " 1(p). (2.10)
Now condition (2.9) implies
V21 = Y (r)A(n,m)¢(r), (2.11)

2n = W}m(SDM(p))]Q)‘(na m)2p2m-

Combining this with (2.10) we have

2n—1

2n oo (p) ), (p) = A2(n,m)p

or

p
Gre) = X(mm) [ ar
0

which gives (2.7).
Finally calculating ,,(r) from (2.11) we arrive to (2.8). O

Introduce the unitary operator
Us : Iy(Ly((0, 1), u(r)r®"tdr)) — 1o(La((0, 1), 72" tdr)) = Ly((0,1), 7" dr) ® I,

where
Uz : {cap(r)} — {(ual+181Ca,p) (1) }-

Then, the space A% L= UQ(A% ,.) coincides with the space of all sequences b, g for which

boy — { V2n by, for |B|=0 and Z 1ba? < o0,

0, otherwise
|a|=0

Let ly(r) = v/2n; we have ly(r) € Ly((0,1), 7> dr) and ||lo||1,(0,1),27-1ar) = 1. De-
note by Lo the one-dimensional subspace of Ly((0,1),7?""1dr) generated by ly(r). The
orthogonal projection Py of Ly((0,1),r*1dr) onto Ly has obviously the form

(R = 1o o=V | () VIR dp. (2.12)
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Denote by I3 the subspace of Iy consisting of all sequences {b, s}, such that b,s = 0
for all 8 with |3] > 0. And let p™ be the orthogonal projections of I, onto I3, then

er - XJr(Oévﬁ)]v where XJr(avﬁ) = 17 if |ﬁ| =0 and X+(aaﬁ) = 07 if ’6| 7é 0.
Observe that A3 , = Ly®I; , and the orthogonal projection By of Iy(Ly((0,1), 72"~ 1dr)) =
Ly((0,1),r**'dr) @ I, onto A3 , has the form
BQ = PO ® p+.

Thus we arrive at the following theorem.

Theorem 2.2 The unitary operator U = UsU; gives an isometric isomorphism of the
space L (B™) onto lo(Ly((0,1),r*"~tdr)) = Ly((0,1),7*"Ldr) ® ly under which

1. The Bergman space Ai(B") is mapped onto Ly @ 15,
U: ALB") — Lo® 1,

where Lg is the one-dimensional subspace of Ly((0,1),r*""1dr), generated by the

function ly(r) = /2n.
2. The Bergman projection B, is unitary equivalent to
UB{BfnU_1 =P ®p,
where Py is the one-dimensional projection (2.12) of Ly((0,1),7*"~'dr) onto Ly.
Introduce the operator
Ry : 15 — Ly((0,1), 7> tdr) ® I,

by the rule
Ry : {cas} — lo(r) {x+(a, B) ca,s},

that is, we extend a sequence {c, 3} € I3 to all of Iy putting zero values on Iy &[5, and
then multiply this sequence by ly(r).

The mapping Ry is obviously an isometric embedding, and the image of Ry coincides
with the space .A% - The adjoint operator

RS : LQ((O, 1),T2n_1dT) X lQ — l;
is given by

i+ {eas(r)} — {xst00) [ euslo) Va1 7~ )
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and

RiRo=1 : I — 13,
RoRy =By : Ly((0,1),r*" 'dr) @1y — A3, = Lo® I

Now the operator R = R3U maps the space L4 (B") onto I3, and its restriction
is an isometric isomorphism. The adjoint operator is given by

R*=U*Ry: 1, — A (B") C Ly (B"),
and its restriction R*|;4 is an isometric isomorphism of I} onto AZ(B").
Remark 2.3 We have

RR =1 : l;_—>l;'
R'R= B}, : Ly(B") — A(B").

Theorem 2.4 The isometric isomorphism
R*=U*Ry: lf — A%(B")

s given by

: {Cap} Z A, |al) capo 7' eqo(w).

|af=0

PROOF. Let {ca 3} € 15, we have

R =UU;Ry {caﬁ} — Uy Us({V2n cap}) = Uy ({V2n A(n, |al) cap rlol

Z)\ L)) caor |ea0( ).

|ar|=0



Corollary 2.5 The inverse isomorphism
R: A B") — I3

15 given by
R:p(z) — {cas}
where
Con = (0.2) = A, Jal) dua [ 9(2) 3 dv(a), o] € 2o,

and et (z), |a| € Z., are the elements of the standard ortonormal base in Ai(IB%”); i.e.,
eh(z) = lna 2%,

with

4
ln,a = (/ zaiauﬂz‘)d:ﬂdy) = dn,oz A(n’ |Oé‘>

For ¢ € Ly(S?" 1) let p(w) = 754 51=0 bars €a,s(w) be its decomposition in Ly(S**~).
Let also F be the (unitary discrete Fourier) transform

F o —{bap} €la, #llLasz-1) = [{bas} -
Introduce the operator R : Lk (B") — Ly(S271) as follows,
R=F"'R.

Corollary 2.6 We have the following isometric isomorphisms between the Bergman Ai (B™)
and the Hardy H?*(B") spaces:

Rlag@y @ ALB") — H*(B"),
R|peny : H*(B") — AZ(B").

The operators R and R* provide the following decomposition of the Bergman By, and the
Szeqo Pg2n—1 projections:

R'R=Bj. : LLB") — AXB"),
RR* - PSQn—l . LQ(SQn_l) — Hz(Bn),
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Another connection between the Bergman and the Hardy spaces, as well as between
the corresponding projections is given by the following

Theorem 2.7 The unitary operator V.= (I @ FUy(I @ F) gives an isometric isomor-
phism of the spaces L (B™) and Ly(B™) under which

1. the Bergman AZ(B") and the Hardy H*(B") spaces are connected by the formula
V(AL(B")) = Lo ® H*(B"),
2. the Bergman By, and the Szegd Pszn-1 projections are connected by the formula

V B{Bfnv_l — PO ® PSQTL—l,

where Py is the one-dimensional projection (2.12) of Ly([0, 1), r*"~1dr) onto one-dimensional
space Ly generated by lo(r) = v/2n € Ly([0, 1), r*~1dr).
3 Toeplitz operators with radial symbols
We study here the Toeplitz operators
T, = Bh.a: ¢ € A%(B") — Bj.ap € A%(B")
with radial symbols a = a(r).

Theorem 3.1 Let a = a(r) be a measurable function on the segment [0,1]. Then the
Toeplitz operator T, acting on Ai (B™) is unitary equivalent to the multiplication operator
Yaul acting on 1. The sequence Vo, = {Vau(|a])} is given by

o) = 53 nm) [ ) ) i me (3.1)

PROOF. The operator T, is unitary equivalent to the operator

RT, R* = R B!aB!.R* = R(R*R)a(R*R)R* = (RR*)RaR*(RR*) = RaR*
= RSUQ U1 a(r) UflU;1R0 = RSUQ{@(T)}U;IRO
= Ro{x+(a, B) a(d)q(r))}Ro.
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Further, let {c, 3} be a sequence from 5. Then

Ro{x+(a, B) a(¢\a|(r))}R0{ca76} = {/0 a(¢\a|(r)) 2n cap p2nt dT’}

= {aullal) cap}-

Here we use that

/O a(Gm(r)) 2n vt dr = /0 a(y) del'(y) = N*(n,m) /0 a(y) y*" " uly) dy.

[l

Corollary 3.2 The Toeplitz operator T, with measurable radial symbola = a(r) is bounded
on Ai(B”) if and only if

sup |Yq,u(m)| < oo.
m€Z+

Moreover,
1Tl = sup [va,.(m)l. (3.2)

MmEZy

The Toeplitz operator T, is compact if and only if

lim ~,,,(m) = 0.

The spectrum of the bounded Toeplitz operator T, is given by

spTy = {Vapu(m): meZ,},
and its essential spectrum ess-sp T, coincides with the set of all limit points of the sequence

{Yau(m) ez,

Recall now the essential ingredients of the Berezin’s theory (see, for example, [2, 3, 4]).
Let H be a Hilbert space, and {¢,},ec be a subset of elements of H parameterized by
elements g of some set G with a measure du. Then {¢,},eq is a system of coherent states
if forall p e H

loll? = (o) = /G (0, 00) P

or, equivalently, if for all ¢,y € H

(o1, 09) = / (o1, 00)(@a 2o) i (3.3)
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Define an isomorphic inclusion V : H — Ly(G) by the rule

VipeHvr— [=f(g9)=(p,py) € La(G).

By (3.3) we have (¢1,p2) = (f1, f2), where (-,-) and (-, -) are the scalar products on H
and Ly(G), respectively, and f,(g) = fy(h).

Let Hy(G) = V(H) C Lo(G). A function f € Lo(G) is an element of Hy(G) if and
only if for all h € G

The operator

(P)(g) = /G (s 00) F(E)dpu(t)

is the orthogonal projection of Ly(G) onto Hy(G).
Let fy(t) = Vi, = (g, 1), g € G, be the image in Hy(G) of the system of coherent
states {¢g}gec, then

(P1)g) = (f. f,) = /G ) filg)du(t).

The function a(g), g € G, is called the anti-Wick (or contravariant) symbol of an
operator T': H — H if

VTV?l‘HQ(G) = Pa(g)‘P = Pa(Q)”Ib(G) : H2<G> - H2(G)7
or if the operator VTV_l\HQ(G) is the Toeplitz operator
Tug) = Pa(g)]|myc) « Ho(G) — Ha(G)

with the symbol a(g).
Given an operator 7' : H — H, introduce the (Wick) function

(Ton, pg)

a(g,h) = oroe)

g, h € G. (3.4)

If the operator T has an anti-Wick symbol, that is VI'V~! = T, for some function

a = a(g), then

5(9,h)=w g, hedq,

(fu: fq)
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and
(T.f)g) = / a(t)F(0) fi(g)du(t) = /G a(t) F(g)dp(t) /G () Fa(t)dp(h)

G
= [ rydp) /G a(t)f(9) fo()du()

G

— [ sduiny <j§:f§ii> [ a0 0dute

- / a9, 1) £ (1) fulg)du(h). (3.5)

Interchanging the integrals above, we understand them in a weak sense.
The restriction of the function a(g, k) onto the diagonal

(Teg, q)

: g€eq,
(©g,©g)

a(g) =alg,g) =

is called the Wick (or covariant, or Berezin) symbol of the operator T': H — H, and the
formula (3.5) gives the representation of the operator 7, in terms of the Wick symbol.

The Wick and anti-Wick symbols of an operator T': H — H are connected by the
Berezin transform

W)= | a (¢, 0) (@1, Pg) _fc;a<t)|fg(t)|2d,u(t)
0= [ a0 ) = I OPduD

Recall that the Bergman kernel in the space A?(B") has the form

K(z,m) = ) eh(z)eh(w).
=0

The reproducing property

f(z) = B f)(2) = . fw) K (z,w)p(wl)dv(w) = (f, K(z,w)) = (f, K(w,z)) (3.6)

shows that the system of functions k,(z) = K(z,w), w € B", forms a system of coherent
states in the space AZ(B"). That is, in our context, we have G = B", du = u(|z|)dzdy,
H = Hy(G) = A%(B"), Ly(G) = Ly(B"), vy = fy = kg, where g = w € B".

Now the operator 7" having the anti-Wick symbol a is nothing but the Toeplitz operator
T, with symbol a.

14



Theorem 3.3 Let T, be the Toeplitz operator with a radial symbol a = a(r). Then the
corresponding Wick function (3.4) has the form

ﬂ&w=KW%M§?%@%WMWWD G.)
Proor. Calculate
i) = e ) (b k)
:=wa§;§gw%@m%%
- K‘%aw%f;aﬁ@amw>m¢;%>
:zwwgig@wmmw

U

The Wick function (3.7) depends in fact on z and w, thus we will write a(z, w) in what
follows.

Denote by L# the one-dimensional subspace of A% (B") generated by the base element
ét(2), la| € Z,. Then the one-dimensional projection P4 of A?”(B") onto L% has obviously
the form

B f=(J,e) éa = e.(2) . f(w) Ea(w) plw]) dv(w).

Corollary 3.4 Let T, be a bounded Toeplitz operator having radial symbol a(r). Then
the writing of the operator T, in the form of operator with the Wick symbol (3.5) gives
the spectral decomposition of the operator T,

T =3 sl P2

|af=0
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The eigenvalues 7, ,(]c|) depend only on |a|. Collecting the terms with the same |o|

and using the formula
o m!
(z-w)" = g az w

we obtain

a(z,w) = ilnm ) Yau(m) (z-w)™,
m=0
where (m 1))
I(n,m) = [S*" 7|~ lﬁ N*(n,m),
and
T. = Z%u Plony:
where

(Pl f)(2) = U(n,m) . f(w)(z- @)™ p(jwl) dv(w)

is the orthogonal projection of AZ(JB”) onto the subspace generated by all elements e*
with |a| =m, m € Z,.

Corollary 3.5 Let T, be a bounded Toeplitz operator with radial symbol a(r). Then the
Wick symbol of the operator T, is radial as well, and is given by the formula

a(r) Zlnm%w (m) r®™,
m=0

where K(z,Z) =Y ooy l(n,m) r®™.

In terms of Wick symbols the composition formula for Toeplitz operators is quite trans-
parent:

Corollary 3.6 Let T,, T, be the Toeplitz operators with the Wick symbols
a(zw) = K'(zw) Y Un,m) vau(m) (= )",

Wzw) = K '(z@) Y l(n,m) pu(m) (z-@)",



respectively. Then the Wick symbol ¢(z,w) of the composition T = T,T, is given by

A=) = KM (2@) Y Un,m) au(m)yu(m) (- @)™

m=0

The above corollary gives rise to a natural question: when is the product of two Toeplitz
operators a Toeplitz operator as well. In the rest of this section we give a particular answer
to this question considering, for the sake of simplicity, the case of a weightless space, i.e.,
the classical Bergman space A*(B") = A3(B") and the Toeplitz operators T, acting on it.

As above, to each Toeplitz operator with radial symbol a(r) € L;((0,1),7*"1dr)
(perhaps unbounded, but in any case densely defined) there is assigned the operator (on
I5) of multiplication by the sequence

Ya(m) = (m—i—n)/o a(v/r) ™ dr = (m+n) /000 a(Ve tye ™e ™ dt, m=0,1....

where obviously a(vVe=t)e ™ € Li(R,). Now given two Toeplitz operators Ty, , T,,, we
will find the sufficient conditions under which there exists a radial function a(r) such that
T, =1,1T,,, or, equivalently

Ya(m) = Yo, (M)Yay(m), m=0,1,.... (3.8)

Let

a(vVete™ t>0,
Mw:{ <0) t<o0.

The formal construction (inverse Fourier-Laplace transform)

. _ 1 izt
(FA)(2) = Nir RA(t)e dt, zellUR, (3.9)

defines a holomorphic function in the upper half-plane IT (C C) which coincides on the
real axis with the inverse Fourier transform (F~1A)(€) of the function A(t). Thus, in the

above notation
Ya(m) = (m + n)(F~A)(im) (3.10)

Let Ag(t) correspond to ax(+/r) as above. The convolution

A%t) = /RAl(t — 5)As(s)ds = /0 Aq(t — s)Ay(s)ds
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is supported on the positive real half-line, belongs to L;(R,), and its inverse Fourier
transform is given by

(F7T A% (2) = V2r(F ' Ay)(2) (F ' Ay)(2), 2 € TTUR,

where the expressions (F~1A%)(2), (F~1A;)(2), for z € TI, are understood as integrals (3.9).
By (3.10) the equality (3.8) is equivalent to

(F7rA)(im) = V2r(m + n)(F7rAy) (im) (F7Ay)(im),  m=0,1,.... (3.11)

Let the function

Vor(n —i€)(F A1) () (F ' A2)(€), € €R, (3.12)

belong to the Wiener ring Wy of the (inverse) Fourier transforms of sumable functions (see
[10] for numerous sufficient conditions for a function from Cy(R) to be in Wy). Then there
exists a function A(t) € Ly(R) whose Fourier transform coincides with (3.12). Moreover,
we claim that the function A(t) is supported on R . It follows from the fact that A(t) (as
a regular functional on C§°(R)) coincides in the distributional sense with the functional
V2m(nl +-£)A%(z), which has the (distributional) support on R... Thus, for that function
A(t) we have

F1A(2) = (n—iz)(FTAD(2) (F145)(2), z € TUR.
In particular, the equality (3.11) is valid for our A(¢). Now if we set
a(v/r)=A(n1/r)

then obviously a(y/r) € Li((0,1),r"*dr). Finally, the function a(r) defines the Toeplitz
operator T, for which
T, = T, T, (3.13)

We summarize the above in the following theorem.

Theorem 3.7 Let T,,,T,, be Toeplitz operators, not necessarily bounded, acting on the
Bergman space A*(B"). Let further Ay (t) = a1 (Ve t)e ™, Ay(t) = ay(vVe t)e™ as above.
If the function (3.12) belongs to Wy, then there exists a Toeplitz operator T, with the radial
symbol a(r) such that the equality (3.13) is satisfied.

18



4 Weightless case

Here we continue consideration of the Toeplitz operators
T, = Bgna : ¢ € A*(B") — Bgragp € A*(B")

with radial symbols a = a(r), acting on the classical Bergman space A%(B"); i.e., now
w(r) = 1. It turns out that this case is quite similar to the one-dimensional case studied
in [6]. Therefore in this section we simply collect the corresponding results, omitting the
proofs.

Remark 4.1 The sequence (3.1) for the weightless case is given by

1 1
Ya(m) = / a(r2<m1+">) dr = (m + n)/ a(y/r) ™t dr m=0,1,..., (4.1)
0 0
and Theorem 3.1 has an obvious reformulation for this particular case.

ExXAMPLE 1. The general form of a radial function which is harmonic in B" \ {0} is as
follows,
h(r) =cir* ™ + ¢y, c1,c €C.

We have
m-+n

1 1
frnd 2(m+n) frd
Yr(m) /0 h(rzmn) ) dr o]

that is, the Toeplitz operator T}, is bounded on A?(B"™), and its discrete spectrum is given
by

c1 + Ca,

T { m+n " }

S = c+c

Do m+1 " ° meZy
The Toeplitz operator T}, is compact if and only if ¢y = —c¢;.

From now on we will assume that a(r) € Li((0,1),r*" 'dr). We will use the auxiliary
function b(r) = a(y/r). Hence, we have the condition b(r) € Ly((0,1),r""'dr). Following
[6] introduce for b € Ly((0,1),r" 'dr) the function

B(s) = /51 b(u)u"du.

Then, integrating by parts we have

Ya(m) = m(m + n)/o B(s)s™ ds.
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Theorem 4.2 ([6]) If the function B(s) when s — 1 has the form

B(s) =0(1 — s) (4.2)
then
Sup [Ya(m)] < oo.
Iif
B(s) =o(1 — s) (4.3)
then
i _y,(m) = 0.

Theorem 4.3 ([6]) Let b € Li((0,1),r"*dr) and b(u) > 0 almost everywhere. Then the
conditions (4.2), (4.3) are also necessary for v, € lo, Ya € o respectively.

EXAMPLE 2. Let a(r) = r?72*(1 — r2) P sin(1 — r*)=®. Then due to result of [6],
cos(l —v)™@
Q@
Hence the Toeplitz operator T, with the above symbol a is bounded on A%*(B") for o > 3,
and moreover is compact for a« > 3. These properties depend only on the correlation

between a and [ and thus the Toeplitz operator can be bounded and even compact for
both bounded and unbounded (near the boundary S**~! = 9B") symbols of the above

type.

B(v) = (1= )1 4 O((1 = v)o=772). (4.4)

EXAMPLE 3. Consider the following family of radial nonnegative symbols a(r) =
r?72(1 —r%)*71 a > 0. We have

2 2
Ba(S) = ES<1 — S)a + m
By Theorem 4.2 the operator 7, is bounded if and only if @ > 1, and compact if and
only if @ > 1. That is, in this scale unbounded symbols generate unbounded Toeplitz
operators. Moreover, as it will follow from Corollary 4.4, to generate bounded or compact
Toeplitz operator its unbounded symbol must necessarily have sufficiently sophisticated
oscillating behaviour near the unit sphere S?"~! = 9B".

(1 —s)>tt,

For a nonnegative symbol a(r) introduce the function

ma(uw) = inf a(r).

which is obviously always monotone.
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Corollary 4.4 ([6]) If lim, 1 m,(u) = +oo (which is equivalent to lim,_, a(r) = 4+00),
then the Toeplitz operator T, is unbounded.

Theorem 4.5 ([6]) Let b(u) € Ly((0,1),u*~*du). Then

lim (y4(m + 1) = 7.(m)) = 0. (4.5)

m—00

From this theorem it is follows that the set of all limit points of the sequence 7,(m) forms
a closed connected subset of C. In particular, the sequence 7,(m) can not have a finite or
countable set of limit points.

Corollary 4.6 The essential spectrum of a bounded Toeplitz operator with a radial symbol
a(r) € Li((0,1),7*"1dr) is always connected.

If the I, sequence 7,(m) does not have a limit, then the essential spectrum of the corre-
sponding Toeplitz operator can be quite rich. The following examples are based on the
results of [6].

ExAMPLE 4. Unit circle and unit interval.
1. Let a,(r) = apr*?"(Inr=2)?, «, = {fol(ln )Pds}™, p > 0. Then ~,,(m) =
exp{—ipIn(m + 1)} and
spT,, = ess-spT,, = St
2. If ¢, = r**"Im oy, (Inr~2)", then 7., (m) = —sin(pIn(m + 1)) and
spTe, = ess-spT,, = [—1,1].
EXAMPLE 5. Square.

Let a(r) = ¢1(r) +icy(r), then 44(m) = —(sinln(m + 1) +isinv/21In(m + 1)). Then

spT, =ess-spT, = [0,1] x [0, 1].

5 Power weight case
Let us consider a partial, but most important case, when the weight is given by

pz) = 1= A>o0.
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;lNe denote A7 (B") = A7 (B"), 74,00 (1) = Yau(m) for p(z) = (1—]2[*)*~". We obviously
ave

1
’Va,(A)(m) = QB*1<m +n, )\)/ a(\/;) (1 _ 7"))‘71 ptntl dr,
0

where B(z,w) is the Beta function.
As we will see the Toeplitz operator with positive symbol a(|z|), being bounded on a
certain A?, ) (B") is automatically bounded on all A%, (B"), A > 0.

Theorem 5.1 Let there exist a constant M > 0 such that Rea(|z|)+M > 0 or Rea(|z|)—
M < 0 and analogously for Ima(|z|). Then the Toeplitz operator T, is bounded or un-
bounded on each A?/\) (B™), A > 0 simultaneously.

PRrROOF. Obviously, we can assume that a(|z|) > 0. The general case will follow by usual
arguments. Let [(z,w) denotes the distance in the Bergman metric between the point z
and w of the unit ball, and let E(z,1) = {w € B" : §(z,w) < I} be the open Bergman
metric ball centered at z with radius [. Denote by |E(z,[)| the measure of FE(z,1). By the
results of [13] the following quantities are equivalent for any fixed [ > 0 :

Q;(a) = sup \E(Z,l)lnk/ alw])(1 = Jw)* v (w) (5.1)
z€B™ E(z,)
and
@@= s 13 [ alDFEPO - A 62
fE.A%)\)(E") M) B

Moreover, analysis of the corresponding results in [13] shows that there exist constants
C1, Cy depending only on [ (not on a(r)) such that C1Q%*(a) < Q;(a) < C2Q*(a). The
quantity (5.2) is equal to

sup  |raon(m)| = sup /a<|z\>|é£%2)<z>\2<1—\z|2>k—1du<z>, (5.3)
meNU{0} |aleN”U{0} J B"

Conrean)y = {all=])een, e

a,00 ~a,0 a,00 ~a,0

because v, (la|) = (Ta )(v, where the scalar product is

taken in the space A?/\)(IB%”), and é{a’\’% are the elements of the standard ortonormal basis
for A2 (B") :

1 [T(ja)+n+A)
~N) — B3 a
ea,0<z) ‘ ’ \/ F(TL+ )\)Oz' Z.

22



On the other hand, also by [13] for each | > 0 there exists a constant C' = C(l) such that
O < B )I(1 - [wf?) < © (5.4)

for all z € B" and w € E(z,1). That is why, the expression under supremum sign in (5.1)
is comparable with |E(z, )|~ ! fE(Z ) a(|w|)dv(w) and hence (5.1) is comparable to

sup |E(z,l)|_"_1/ a(|wl|)dv(w), (5.5)
2€Bn E(z,0)
which does not depend on A > 0. U

Corollary 5.2 If the Toeplitz operator T, with symbol a(|z|) as in the previous theorem
is bounded on some A%/\O)(IBB”), then

1
/ rLa(r)(1 —r*)*tdr < oo
0

for all A > 0.

This says that a positive symbol of a bounded Toeplitz operator (being unbounded) can
not have a “bad” (say power-like growth) behaviour near the point r = 1.

As a corollary, we show that compactness of a positive Toeplitz operator does not
depend on A as well.

Theorem 5.3 Let a(|z|) be as in Theorem 5.1. The Toeplitz operator T, is compact or
is not compact on each A%)\) (B") simultaneously.

PROOF. Let the Toeplitz operator be compact on a fixed .A%)\O)(IB%"). Consider the
operators with the truncated symbols 7, , where ay(r) = a(r) for 0 <r <1—1/N and
ay(r) =0, for 1 =1/N <r < 1. Each T,, is compact on any .A%/\)(IB%”), A > 0. Using (3.2)
it is easily seen that ||T, — T, [|(rs) — 0, N — oo. Here || - ||(») denotes the operator norm,
as an operator on A%/\) (B™). But analysis of the proof of the previous theorem shows that
for each fixed A there exist constants C, Cy depending only on \g, A such that

Gl T, — TaNH(/\o) < | - TGNHO\) < G|T, - TCLNHO\O)'
Hence T, is compact on A?/\)(IB%”) (as the norm limit of compact operators). O

The results of Theorems 5.1, 5.3 coincide with the corresponding result of [14] for the
unit disk. As we will see now these results fail to be true for symbols unbounded from
the both sides. Thus admitting such symbols is an important qualitative step.

EXAMPLE 6. There exists a symbol @ = a(|z]) such that
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— The Toeplitz operator T, is bounded on A%l)(IB%") = A?*(B"), but unbounded on
2 ]Bn)
(2)( :

~ The operator T, is compact A7), (B"), and bounded but not compact on A%, (B").
— The operator 7T, is compact on Afl)(B”), but unbounded on A%Q) (B™).

To construct such a symbol we will use the characterization given in Theorem 3.2. We
have,

(M) = Au(m) = (m 4+ n) / a(\/Fyrm L dr, (5.6)

Ya2p(m) = (m+mn)(m+n+1) /O a(v/r)(1 = r)r™ (5.7)

Thus,
Ya,2)(m) = (M +n+ 1)v,,0)(m) — (M + n)7ye,0)(m + 1) (5.8)

and boundedness, compactness of T, on A%z) (B™) is uniquely determined by the behaviour
of ¥q,(1y(m) when m — oo. Let us show that the following situations can be realized

— SUDenufo} [Ya1(m)| < 00, but v, (2)(m) — oo when m — oo.

= Ya,1(m) — 0 when m — oo and sup,,enuqo} [Ya,2) ()] < 00, but 74 (2)(m) does not
tend to 0 when m — oo.

~ Ya,1(m) — 0 when m — oo, but v, 2(m) — oo when m — oo.

Obviously, these three situations are exactly equivalent to the previous ones. Let us
examine 7, 1(m). Changing the variable we get

Yar(m) = (m+n) /OOO a(\/eTy)e_(m+")ydy = —i(i(m +n)) /OOO a(\/eTy)ei(i(mM))ydy

and we can formally consider the above expression (up to the constant —i) as the Fourier

transform, multiplied by the variable and then calculated at the point i(m + n), of the

function supported on the positive half-axis. It will be correct if we assume that b(y) =

a(v/e=¥)e™™ belongs to Ly (0, 00), which is the same that a(r) € Ly((0, 1), r**~1dr).
Denote

F(z) = (n— i2) / Tby)edy,  f(2) = F(2)/(n— i2). (5.9)
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By the Paley-Wiener theorem ([5]) there exists a one-by-one correspondence between the
square integrable functions on the real axis supported on the positive half-axis and the
functions from the Hardy space H?(IT) over the upper complex half-plane II, i.e., with
the functions ¢ which are analytic in II and such that g,(z) = |p(x + iy)| is a square
integrable function on the real axis (x € R) for each fixed y with uniformly bounded L,
norms. The correspondence is given by the (inverse) Fourier transform and is

o(z) = /Ooow(t)emdt, z e 1l

where ¢ € H*(IT) if and only if 1 € Ly(R) and v(t) = 0 for almost everywhere ¢ < 0.
Now, let us return to (5.9). Having fixed a function f(z) € H?II), the corresponding

function b(y) will belong to L (0, 00) and the function a(r) = r~2"b(2In1/r) will be from

Ly((0,1),7*"1dr) and hence we can use it to define the corresponding Toeplitz operator

T,. Moreover, if v, () is the sequence which corresponds to that Toeplitz operator acting
on A%, (B"), then

Yay(m) = F(im) = (m+mn)f(im),
Ya2)(m) = (m+n)(m+n+1)[f(im) = f(i(m +1))]

Thus we have to construct functions f € H?(II) which realize the all the situations
mentioned above.
Let us introduce the function of one complex variable

f(z)= exp{%an(z+ni)}ln_”(z+ni), v >0. (5.10)
T
Here we chouse the single-valued branch of the multi-valued analytic functions, being
analytic function in 2 < arg(z + ni) < Z°. This function is analytic in the upper half-
plane and, moreover, belongs to H?(II) since for y > 0,
1f(z +iy)| < C(a® + (1 + y)?) 5= 8@+ ) aro(z 4 i(n +y)) € [2, 37].

Examine the function f(z) at the points ¢m. We have

[In(m +n) + i%ﬂ]_”.

f(zm) — exp{—%}exp{% ]n2(m + n)} man

The first conclusion is:

(m+n)f(im) — 0, m—oo foral v >0,
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and
(m+n)|f(im)] < C < o0 for v =0.

Consider next

(1 +n)(m + 1+ 1)[f(im) — f(i(m + 1))]e’F = ﬂp({m_ fﬁgﬁf

(m+n) exp{% In?*(m +n + 1)}([ln(m +n)+ i%r]_” —[n(m+n+1)+ i%]"’) +

exp{ In*(m+n)} — exp{ In*(m +n+1)}

(m-f-?”L) [1H<m+n) _i_i%r]y

K(m) + L(m) + M(m).

Obviously, K(m), L(m) tend to 0 when v > 0, and are bounded when v = 0. Now, M (k)
is equivalent, when m — oo, to

K2 exp{t In*(m + n)} In(m + n)

M(m) ~ Bm [In(m +n) + 257”]”

(5.11)

Thus, the sequence M (m) is unbounded for 0 < v < 1, is bounded for v > 1 and tends
to 0 (when k£ — o0) if and only if v > 1.
Finally, the cases v =0, v = 1, and 0 < v < 1 realize all three situations.

Remark 5.4 The results of this section can be obtained in the same way for another

A-1
(comparable) type of a weight, i.e., for the weight u(|z|) = (ln L) , A > 0. In this

|2[2
case 1
Ya, (M) = 2(m + n)AFl(/\)/ a(/r) In*! 1/r pmtn=l g
0
where I'(2) is the Gamma function.
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