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DYNAMICS OF PROPERTIES OF TOEPLITZ OPERATORS
ON THE UPPER HALF-PLANE: HYPERBOLIC CASE

S. GRUDSKY, A. KARAPETYANTS, AND N. VASILEVSKI

ABSTRACT. We consider Toeplitz operators T(Y‘) acting on the weighted
Bergman spaces Ai(l_[), A € [0,00), over the upper half-plane II, whose
symbols depend on 6 = arg z. Motivated by the Berezin quantization pro-
cedure we study the dependence of the properties of such operators on the
parameter of the weight A and, in particular, under the limit A — oo.

1. Introduction

This is a part of the two-paper set devoted to the study of Toeplitz operators
acting on weighted Bergman spaces on the upper half-plane. Both are motivated
by the same ideas and are a continuation of our research started in [6]. We
have mentioned in [6] the papers [1, 2, 3, 9, 10], where Toeplitz operators with
smooth (or continuous) symbols acting on the weighted Bergman spaces, as well
as C*-algebras generated by such operators, appear naturally in the context of
problems in mathematical physics. In particular, recall that given a smooth
symbol a = a(z), the family of Toeplitz operators T, = {Téh)}, with h € (0,1),
is considered under the Berezin quantization procedure [1, 2]. For a fixed h the
Toeplitz operator Téh) acts on the weighted Bergman space A7. In the special

quantization procedure each Toeplitz operator Téh) is represented by its Wick
symbol ay, and the correspondence principle says that for smooth symbols one
has

lim ’dh = Q.
h—0
Moreover by [8] the above limit remains valid in the Li-sense for a wider class

of symbols.

The same, as in a quantization procedure, weighted Bergman spaces appear
naturally in many questions in complex analysis and operator theory. In the last
cases a weight parameter is normally denoted by A and runs through (-1, +00).
In the sequel we will consider weighted Bergman spaces Ai parameterized by
A € (—1,+00) which is connected with h € (0,1), used as the parameter in the
quantization procedure, by the rule A 4+ 2 = %

At this stage an important problem emerges: study of the behavior of dif-
ferent properties (boundedness, compactness, spectral properties, etc.) of Té)‘)
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in dependence on A, and comparison of their limit behavior under A — oo with
corresponding properties of the initial symbol a.

It seems to be quite impossible to get a reasonably complete answer to the
above problem for general (smooth) symbols, even for the simplest case of the
weighted Bergman spaces on the unit disk (hyperbolic plane). At the same time
the recently discovered classes of commutative *-algebras of Toeplitz operators
on the unit disk suggest classes of symbols for which a satisfactory complete
answer can be given. Recall in this connection (for details see [11, 12]) that
all known cases of commutative *-algebras of Toeplitz operators on the unit
disk are classified by pencils of (hyperbolic) geodesics of the following three
possible types: geodesics intersecting in a single point (elliptic pencil), parallel
geodesics (parabolic pencil), and disjoint geodesics, i.e., all geodesics orthogonal
to a given one (hyperbolic pencil). Symbols which are constant on the cycles, the
orthogonal trajectories to the geodesics forming a pencil, generate in each case
a commutative *-algebra of Toeplitz operators. Moreover these commutative
properties of Toeplitz operators do not depend at all on smoothness properties
of symbols, the symbols can be merely measurable.

The model case for elliptic pencils, Toeplitz operators on the unit disk with
radial symbols, was considered in [6]. In the present paper we consider the
model case for hyperbolic pencils, while another paper [5] of this two-paper set
is devoted to the study of the model case for parabolic pencils. Both papers
together cover the part remaining after [6]. The results for other (non model)
cases can be easily obtained by means of Md&bius transformations.

We study Toeplitz operators on the upper half-plane equipped with the hyper-
bolic metric, where the model case for hyperbolic pencils is realized as Toeplitz
operators with symbols depending only on 6 = arg z.

The key feature of symbols constant on cycles, which permits us to obtain
much more complete information than when studying general symbols, is as
follows. In each case of a commutative *-algebra generated by Toeplitz operators
the Toeplitz operators admit a spectral type representation, i.e., they are unitary
equivalent to multiplication operators, by a certain sequence in the elliptic case
and by certain functions on Ry and R in the parabolic and hyperbolic cases,
respectively.

We mention a difference between the previously studied elliptic case [6] and
the remaining cases. In particular, in the elliptic case the Toeplitz operators
have a discrete spectrum and can be compact even having symbols unbounded
near the boundary, while in both the parabolic and hyperbolic cases the Toeplitz
operators always have only a continuous spectrum and, being nonzero, can not
be compact.

As in the preceding paper [6], the word “dynamics” in the title stands for the
emphasis on our main theme: what happens to properties of Toeplitz operators
acting on weighted Bergman spaces when the weight parameter varies.

In the paper, as is a custom in operator theory, we consider weighted Bergman
spaces depending on a real parameter A € (—1,00).

Denote by II the upper half-plane in C, and introduce the weighted Hilbert
space Lo(IT, duy) which consists of measurable functions f on IT for which the
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norm

1/2
1l sty = ( / f<z>|2dm<z>)

is finite. Here duy(z) = px(2)dv(z) with
1
pa(z) = (A +1)(2Im 2)*, dv(z) = — dedy, z =z + iy.
7r

Let further A2 (II) denote the weighted Bergman space defined to consist of
functions belonging to Lo(I1, dpy) and analytic in the upper half-plane II.

It is well known (see, for example, [10]) that the orthogonal Bergman pro-
jection Bryy of Lo(Il,duy) onto the weighted Bergman space A3 (II) has the
form

o) [ 70 (j_g)m Lok

= A2 e
= i /H(ZOHQCZM,\(Q

Given a function (symbol) a = a(z), z € II, the Toeplitz operators TCS)‘
on A3 (TI) is defined as follows

TN f = Buyaf,  fe€A3ID).

The key result, which gives an easy access to the properties of Toeplitz op-
erators studied in the paper, is established in Section 2. Namely, we prove that

(B f)(2)

) acting

the Toeplitz operator Té)‘) with symbol a(6) is unitary equivalent to the multi-
plication operator v, I acting on L(R), where

o6 = 28 (A 1)93(6) / Ta(0)e % s 0 do ¢ R,

where the function 9 (&) is given by (2.2).

We mention in this context (see, for example, [1, 3]) the Wick (or covariant,
or Berezin) symbol a)(z,Z), z € II, of the Toeplitz operator Ty‘), which together
with the so-called star product carries many essential properties of the corre-
sponding Toeplitz operator. Recall that given a bounded operator A acting on a
Hilbert space H which has a system of coherent states {ky}4eq, its Wick symbol
is defined as
(Akg, kg)

(kg: kg) ~
In our particular case we have A = Ty‘), H = A3(Il), and k, = k.(¢) =
iM2(¢ — E)_(’\+2), where z, ( € II. The star product defines the composition
of two Wick symbols a4 and ap of the operators A and B, respectively, as the
Wick symbol of the composition AB, i.e., a4 *xap = GAB-

In Section 3 we give the formulas for the Wick symbols of Toeplitz operators

Té)‘), whose symbols depend only on #, and the formulas for the star product in
terms of our function 7, ».

An interesting and important feature of Toeplitz operators on the (weighted)
Bergman spaces is that such operators can be bounded even when they have sym-
bols unbounded near the boundary. In Section 4 we study in details boundedness
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properties of Toeplitz operators with such unbounded symbols. We give several
separate sufficient and necessary boundedness conditions, as well as a number of
illustrating examples. It turns out that for unbounded symbols, the behaviour of
certain means of a symbol, rather than the behaviour of the symbol itself, plays
a crucial role in the boundedness properties. Given a symbol a, it is natural to
introduce the set B(a) of values A € [0, c0) for which the corresponding Toeplitz
operator T, is bounded on A2 (II). We show that being nonempty the set B(a)
may have only one of the following three forms: [0, 00), [0,v), or [0, v].

Section 5 is devoted to the spectral properties. The (continuous) spectrum of
each Té)‘) coincides with the closure of the image of the corresponding continu-
ous function 7, x. For each fixed X the spectrum seems to be quite unrestricted,
as the definite tendency starts appearing only as A tends to infinity. The corre-
spondence principle suggests that the limit set of the spectra has to be somehow
connected with the range of the initial symbol a. This is definitely true for
continuous symbols. Given a continuous symbol a, the limit set of the spectra,
which we will denote by M (a), does coincide with the range of a. Asin [6], the
new effects appear when we consider more complicated symbols. To understand
the impact of each type of a discontinuity of a symbol we consider two model
cases, piecewise continuous and oscillating symbols. In particular, in the case
of piecewise continuous symbols the limit set My (a) coincides with the range
of a together with the line segments connecting the one-sided limit points of our
piecewise continuous symbol.

Proofs of various theorems and construction of examples in the section are
analogous to those of [5] and we omit them. On the other hand side to diminish
somehow an imbalance with [5] we give a few illustrating graphical examples.

The authors would like to express their deep gratitude to O. Grudskaia for
her help in preparation of the figures in the paper.

2. Representations of the weighted Bergman space

We start with the description of the weighted Bergman space A3 (II)), where
A € (—1,400), which is compatible with the polar coordinates in II. Passing to
polar coordinates we have

Lo(I1, dpy) = La(Ry, 7 1 dr) @ Lo([0, 7], 1/722 (A + 1) sin™ 6d6),

Rewriting the equation %(p = 0 in polar coordinates, we have that the Bergman
space A3 (II) as the set of all functions satisfying the equation

o .0
<T8T + Z@H) o(r,0) =0.

Introduce the unitary operator

Uy=1/Va(M®I) :  Lo(Il,duy) = Lo(Ry, r*dr) @ Ly([0, 7], 1/72) (A 4 1) sin® 6d6)
—  Ly(R) ® Ly([0, 7], 22 (A + 1) sin* Ad#),

where the Mellin transform M : Ly(Ry,7**1dr) — Lo(R) is given by

1

L[ ey ar
V2r Jr,

(M)(E)
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The inverse Mellin transform M ! : Ly(R) — Ly(R,,7**1dr) has the form

1 .
M=) (r) = —/rzé_)‘/z_l d€.
(-t = —= [ v(6) de
It is easy to see that
0 0 0
Uy (ro +ies U =6+ N2+ 1)) + i
r 00
Thus, the image of the Bergman space A7, = Uy (A3(IT)) can be described as
the (closed) subspace of Ly(R) ® Ly ([0, 7], 2* (X + 1) sin™ #d) which consists of
all functions (&, 0) satisfying the equation

<(§ + A2+ 1)) + ;;) w(&,0) =0.

The general Ly(R) @ Lo ([0, 7],2* (A + 1) sin® 8df) solution of this equation has
the form

(2.1) P(€,0) = () DA(E) e EFTITMANI - f(£) € Ly(R),

where (see, for example, [4] formula 3.892)

T —1/2
() = (2*(A+ 1) / e~ 20 5inA 9d9>
0
A+2 s A2 -\1/2 A+2 .
(2.2) _ BOEAE P i) e LOE Ol e
VT VAD(A +2)1/72
and

1(& Ol Lo (R)@ Lo ([0,7),2> O\t 1) sin 0d6) = [ F ()| Lo (w)-

LEMMA (2.3). The unitary operator Uy = 1/y/7(M ® I) is an isometric iso-
morphism of the space Lo(I1,dpy), where A € (—1,400), onto
Ly(R) ® Ly ([0, 7], 2M (X + 1) sin* 0df) under which the Bergman space A3 (I1) is
mapped onto

A3 5 = {p(€,0) = F() VA ™ ETATND L f(e) € Lo(R) }.
As above, let Ry : Ly(R) — A? , (IT) C Ly(R) ® Ly([0, 7], 2} (A + 1) sin* 6d6)

be the isometric imbedding given by

(Rof)(&,0) = F(€) 0a(§) e EFIHA/2I,
The adjoint operator R} : Ly(R) @ La([0, 7], 2* (A 4 1) sin* df) — Lo (R) has
the form

(R0)(€) = 22 (A + 1)9x (€) /O " (6, 0) € ATN208 g3 g gy

and
RSRO ES I : LQ(R) — LQ(R),
RoRy =By @ Ly(R) @ Ly([0,7],2 (A + 1) sin* 0dO) — A7,

where By = U; ByU; ! is the orthogonal projection of Lo(R) @ Lo ([0, 7], 22 (A +
1)sin* 6df) onto A3 .
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Now the operator Ry = R§U; maps the space Lo(II, duy) onto Lo(R), and its

restriction
Rxlaz () + AX(IT) — Lao(R)
is an isometric isomorphism. The adjoint operator
R; =U{Ry: La(R) — A3(IT) C Lo(T1, dpuy)

is an isometric isomorphism of Ly(RR) onto A3 (II).

REMARK (2.4). We have

R\Ry =1 : L2(R) — Lao(R),
RiRy=Bji : Loa(Il) — AY(ID).
THEOREM (2.5). The isometric isomorphism
R{ = U} Ry : Lo(R) — A2 (]

18 given by
(2.6) (R3.f)(2) = % / L6V () 7(6) de.

Proof. Calculate

(B3 f)(2) = (UfRof)(2)
= Va(M7P@I)f(€) () e~ ETAFA2)0)0

— %/rié—(l—iv\/ﬂf(f) I (§) o~ (E+(1+X/2)0)0 de
R

= 5 [ AR peae

COROLLARY (2.7). The inverse isomorphism
Ry : Ai(ﬂ) — Ly(R)
s given by

A (§)

(2.8)

(Brp)(€) =

N /H (2)7€ OHV2) () iy (2) do(2).

The above representation of the Bergman space .Ai (IT) is especially important
in the study of the Toeplitz operators with symbols depending only on 6 = arg z.

THEOREM (2.9). Given a = a(f) € L1(0,7), the Toeplitz operator M acting
on A3 (1) is unitary equivalent to the multiplication operator vy, xI = Ry Té)‘)Rj,
acting on Ly(R). The function v, x(§) is given by

(2.10)7a,x(8)

22\ + 1)93(€) /7r a(9) e~ % sin* 0 do
0

T -1 a
( / e~ %0 sin’\GdQ) / a(f) e *?sin*0do, £ € R.
0 0
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Proof. Calculate
R,\TCS)‘) Ry = RyBpaaBn Ry = Ry(RyRx)a(RY\R))R)
= (RAR})R)aR}(RAR}) = RaaRj}
= RiUa(0)U; 'Ry

—  Ria(6)Ro.
Thus
(Bial®)Raf)(€) = PO+ 10s(©) [ alt)e &2 1
X 05(8) e~ (E+(1+2/2)1)0 (i1 A 9 4P
NGO
where
Yar (&) =28 A+ 1)03(6) /oﬂ a(@)e %% sin*h dd £ eR.
Here the function 95 (¢) is given by (2.2). O

The above theorem suggests considering not only L..-symbols, but unbounded
ones as well. Note that given a bounded symbol a(z), the Toeplitz operator
T is bounded on all spaces A3 (II), for A € (—1,00), and the corresponding
norms are uniformly bounded by sup, |a(z)|. That is, all spaces A3 (II), where
A € (—1,00), are natural and appropriate for Toeplitz operators with bounded
symbols. As one of our aims is a systematic study of unbounded symbols, we wish
to have a sufficiently large class of them common to all admissible \; moreover,
we are especially interested in properties of Toeplitz operators for large values
of A. Thus it is convenient for us to consider A\ belonging only to [0, c0), which
we will always assume in what follows.

We have obviously:

COROLLARY (2.11). The Toeplitz operator TN with symbol a (@) is bounded
on A3 (I1) if and only if the corresponding function v, x(§) is bounded.

3. Toeplitz operators with symbols depending on 0 = arg z

Reverting the statement of Theorem 2.9 we come to the following spectral-
type representation of a Toeplitz operator.

THEOREM (3.1). Let a = a(f) € L1(0,7). Then the Toeplitz operator ™

acting on A3 (I1) admits the representation

(3.2) (W@@=%Aﬂﬂwwmmmmm%

where f(§) = (Rxa¢)(§) € La(R).
Proof. Follows directly from Theorems 2.9, and 2.5, and Corollary 2.7. O
THEOREM (3.3). Given a = a(0) € L1(0,m), the Wick symbol ax(z,Z) of the
Toeplitz operator Té’\) depends only on 0 (= arg z) and has the form

(3.4) n(0) = r(2,%) = 2L sin 2 /R €260 32 (€) yan (€) de
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and the corresponding Wick function is given by formula

(T ke, k)
(Fu, biz)

(35) = (- w2 (zw) "D % /R (=) 03(6) Yar (6) d-

5A(z,@)

Proof. Consider k. (w) = i*tNw — 2)~A+2) = 2FX(pei> — re=10)=(A+2) and

calculate
2+

(Urk:)(€, @) = p
™2 Jr,
Using formula 3.194.3 from [4] and (2.2), we have

7i£+>\/2(peia o 2)7(A+2)dp.

A2 e M2 4y
Uik (g o) = PR T e g
s

— 19%\(6) e—fa z)\+2a(7) 7]5_ﬁ

V2

Thus
(TMVksrke) = {aks, ks) Ulakz,Ulm (aUsks, Urk:) =
_ // *2'50‘( )~ =242 ’5772)‘()\+1)Sm adéda

—(A+2)

= 5 /Rz??\(f) e 2804¢ 22N +1)93(¢) /07T a(a) e sin* avda

—(A+2)

= T [ @ @

Similarly

) —(A+2)/2 .
T khe) = E [ (6 (€ de.

R

Furthermore (ky,k.) = ky(2) = *2(z — @)~ M2 and (k.. k.) = k.(2) =
(2Im 2)~(A*2). Thus we have both (3.4) and (3.5). O

REMARK (3.6). Given a symbol a = a(f) € L1(0,7), writing the Toeplitz oper-
ator Té)‘) in terms of its Wick symbol we obtain formula (3.2). Indeed

w) M2
(TW)(z) = /Ha(z,w)m;u(w) dv(w)

- 3 / (5) " 2 pf) s o) [ (2397006
- f / A () 70 (6) de

S [ @) ) ) dot)

- > / 25 () 100 (€) (Rag) (€)
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COROLLARY (3.7). Let 7Y and Tb()‘) be two Toeplitz operators with symbols
a(0),b(0) € L1(0,7) respectively, and let ax(0) and bx(0) be their Wick symbols.
Then the Wick symbol ¢(0) of the composition Té)‘)Tb(/\) is given by

a(0) = (@ % 0x)(0) = 22 sin* 29 /Re_w 93(6) Yax (§) W, (€) dE-

Proof. This can be verified directly from the formula for the star product,
and also follows immediately from Theorems 2.9 and 3.3. O

4. Boundedness of Toeplitz operators with symbols depending on
0 =argz.

Recall (Corollary 2.11) that the function

T -1 o
(4.1)  van(§) = (/ e 20 sin’\0d9> / a(f) e %% sin*0dh, EcR
0 0

is responsable for the boundedness of a Toeplitz operator with symbol a(f) (€
L1(0,m)). If the symbol a(f) € Loo(0, ), then the operator TV s obviously
bounded on A3 (IT) for each A, and ||T(£)‘)H < ess-supla(6)].

For a(6) € L1 (0, w) the function -y, (§) is continuous at all finite points £ € R.
For a “very large £ (¢ — +00) the exponent e~2¢? has a very sharp maximum at
the point § = 0, and thus the major contribution to the integral containing a(f)
in (4.1) for these “very large £” is determined by values of a(6) int a neighborhood
of the point 0. The major contribution for a “very large negative £” (§ — —o0)
is determined by values of a(#) at a neighborhood of 7, due to a very sharp
maximum of e~ 2¢% at § = 7 for these values of £. In particular, if a(f) has limits
at the points 0 and 7, then

ggrfoo%,A(é“) = glg(l)a(@),
Jm a8 = Jim a(0).

As a matter of fact, 0 and 7 are the only worrying points for unbounded symbols
a(f) € L1(0,7). Moreover, the behaviour of certain means of a symbol, rather
than the behaviour of the symbol itself, plays a crucial role under the study of
boundedness properties.

Given A € [0, 00) and a function a(f) € L1 (0, ) introduce the following means:

cM(0) = /0 a(0) sin* 0d6),

DM (0) = / a(0) sin* 040,

a’

C9) (o) = /O U O)ds, j=23,...,

a1

DY) (o) = / DU (0)de, j=2.3,....
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THEOREM (4.2). Let a(f) € L1(0, ). If for certain Ao € [0,00) and jo,j1 € N
the following conditions hold

(4.3) ) (0) = O(c7 ™), o —0,
(4.4) DI (0) = O((m — o)), o -,

then the corresponding Toeplitz operator T(g)‘) s bounded on Ai (TT) for each A €
[)\0, OO) .

Proof. Note that the function v, () is continuous at finite points. Let £ —
+0o and the condition (4.3) holds with jo = 1. Then

ral®) = 20+ DB / " (@) 204, (6)

= XA+ DE3(6)

/ Ct(:/)\o (0)[(A = Ao)sin* "2~ fcos
0
—  2¢sin* M glem2q)|

const 22 (A + 1)43 (6) [(A o) [0 an o 9A+1e—2wd9]
0 0

IN

IN

const 93 (€) [()\ — 20)(26)"MIT(A+1) 4 (26" MIT(A + 2)}
< const (2X — Ao + D)2M\ + 1)93(€)(26) " MHIT (A 4 1).

It is easy to get the asymptotic representation of the function 93 (£). According
to (2.2) we have

27NN+ )T () = / e 2% sin* 0d6
0

= /ﬂ e 0df[1 + 65 )]

0

(4.5) (26)" AU (A + 1)[1 4+ 071

Thus we have finally
a2 (§)] < const (2X — Ao + 1).

The case £ — —oo (and j; = 1) is reduced to the previous one using the change
of variable § = m — ¢’ in the integral for v, ().
The cases jo,1 > 1 are considered analogously using integration by parts. [

The proof of the following statement is analogous to that of Theorem 4.3 in

[5]-

THEOREM (4.6). 1. Let conditions (4.3), (4.4) hold for jo = ji, j1 = 71,
and some Ag. Then these conditions hold for jo = jj+ 1, j1 = ji + 1, and
the same Ag.

2. Let conditions (4.3), (4.4) hold for jo = jy, j1 = ji, and some Xg. Then
these conditions hold for jo = ji, j1 = ji, and Ay replaced by any A\ > Ag.
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EXAMPLE (4.7). Consider the following family of unbounded symbols
a(6) = (sin#) " sin[(sin ) ~].

As in Example 4.4 in [5] it can be proved that for all X > 0 the operator TCE)‘) 18
bounded for each 8 € (0,1) and a > 0.

THEOREM (4.8). Let the Toeplitz operator TV, with a(f) € Ly(0,7), be
bounded on some A3 (I1). Then it is bounded on each A3 (II), with X € [0, Ao].

Proof. Let supgcg [Ya,x,(§)] < co. We split a(f) in two functions which vanish
on neighborhoods of 0 and =, respectively. The study of these two cases is quite
similar, thus we suppose that a(f) vanishes in a neighborhood of 7, for example.
Suppose also that £ — oco. A similar argument is applicable for the study of the
behavior of 7y, x(§) when € — —o0. For A € [0, \g), write

222720 (X4 1)

19%(5) > Xo—A—1 " —20(6+32m0q) . Xg
Yar(§) = TSy /0 y dy/0 a(f)e sin™° 9de.

Using % =14+ 0(6?), as  — 0, for some c, # 0, we have

T

Yar(&) = (ex+0(1)05(8) /OO yAO_A_ldy/ a()e20EFY) ginto gdp
0

0
_ (ex +0(1)93(€) /OO ,\0—,\—17a,x\o(§+y)d
20X +1)  Jo 03, (E+y)

Using (4.5) and supgcg [Ya,x, (§)] < 00 we have

[Yax(§)] < const f)‘+1/ y>\0*>\71(€+y)7()\0+1)dy
0
= const / wh AT (1 4 u)io\‘ﬁl)du < 00,
0
since A < A\g and A\g +1 > 1. -

As an immediate corollary of Theorems 4.2 and 4.8 we have now.

THEOREM (4.9). Under the hypothesis of Theorem 4.2 the Toeplitz operator
TV is bounded on A3 (II) for each X € [0, 00).

The proof of the next theorem is analogous to one of Theorem 4.8 in [5].

THEOREM (4.10). 1. Assume that a(f) € L1(0,7) and a(f) > 0 almost
everywhere. Let the operator T*) be bounded on A3, (1) for some N >
0. Then the conditions (4.8) and (4.4) hold for jo = j1 = 1, g = 0
and consequently the operator Té/\) is bounded on A3 (I1) for arbitrary \ €
[0, 00).

2. Assume that the means satisfy C((l],‘jl(o) > 0 and D((IJ;L)I (o) > 0 almost
everywhere for some jo > 1, j1 > 1 and po > 0, p1 > 0, and that the
operator Té)‘/) is bounded on A3,(I1) for some X' > 0. Then the operator
TV is bounded on A2(II) for arbitrary X € [0,00).
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For a nonnegative a(6) we set

mao(0) = ess-infyeo0ya(f),

Ma(0) = ess-infoe(o,ma(f).

COROLLARY (4.11). Given a nonnegative symbol, if either lim,_.q mgo(0) =

00 or limy_.r mg (o) = 00, then the Toeplitz operator T(y‘) is unbounded on
each A3 (IT), with X € [0, 00).

For a symbol a(f) € L1(0,7) we denote by B(a) the set of points A € [0, 00)
for which the corresponding Toeplitz operator Ty‘) is bounded on A3 (IT). Like
in the parabolic case we have the following result, the proof of which is analogous
to one of [5].

THEOREM (4.12). There ezists a family of symbols a, g(#), where v € (0,1),
6 € R, such that

a) B(QV,O) = [03 V]; ﬂ = O;'

b) Blayp) =[0,v), >0

5. Spectra of Toeplitz operators with symbols
depending on 6 = arg 2z

(5.1) Continuous symbols. Let E be a subset of R having +oo as a limit
point (typically E = (0, +00)), and suppose that, for each A\ € E, we are given
a set My C C. Define the set M, as the set of all z € C for which there exists
a sequence of complex numbers {z, }nen such that

(i) for each n € N there exists A, € E such that z, € M)
(i) limy,— o0 Ay = +00,
(i) z = limy— oo 2n-

n?

We will write

My = lim M,
A——+o00

and call M, the (partial) limit set of the family { My} eg when A — +o0.

For the case when F is a discrete set with a unique limit point at infinity, the
above notion coincides with the partial limit set introduced in [7], Section 3.1.1.
Following the arguments of Proposition 3.5 in [7] one can show that

M, = nclos U M,
A

H>A
Note that obviously

lim M)\: lim M)\ :Moo~
A—+oo A—+oo

The a priori spectral information for L.,-symbols (see, for example, [1], [2])
says that for each a € Lo (II) and each A >0

(5.1) spTMN C conv(ess-Range a).
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Given a symbol a = a(6), the Toeplitz operator ™ acting on the space A3 (II)
is unitary equivalent to the multiplication operator -y, I, where the function
Yax(€), € € R, is given by (2.10). Thus we have obviously

spTN = My (a),
where M) (a) = Range vy, x-
THEOREM (5.2). Let a = a(f) € C[0,w]. Then

(5.3) )\lim spTN = Rangea.

Proof. We find the asymptotic of the function v, x(£) when A — $o00 using the
Laplace method. Introduce the large parameter L = /A2 + (2£)? and represent
Ya,A(§) in the form

1€ =20+ DR© [ ald)e0as,
0
where
S(6,¢) = sinpln(sin @)~ + (cos ¢)6,
sing =A/L, cosp=2¢/L with ¢ € [0,7).
To find the point of minimum of S(0, ¢) calculate
Sp(0, ) = —(sin p) cot 6 + cos .

It is obvious that Sj(6,,¢) = 0, for 6, € (0, ), if and only if 6, = ¢.
Rewrite (5.3) in the form

eal§) —ale) = 2O4DRE| [ a) - ale)e 0

+ / (a(0) — a(cp))eLS(G"p)dQ] =1,(L) + (L)
[0.71\U(¢)

where U(yp) is a neighborhood of ¢ such that supgep (. la(f) — a(p)| < € for
sufficiently small e. We have used

(A + 1)83(€) / " a(p)e P50 dg = a(p).

Further,

/ (a(0) — a())e 25O dp
U(e)

1

- 5/ e 1502 gp < e (22N + 1)93(€))
Ule)

and finally,

/ (a(f) — a(p))e L9009 da| < 2 sup |a(h)] e LS(0.9) g9
0.71\U () 0€(0.7] 0.7\U (%)
—Lo(e —1
< @M swp la@)e™ ©) (XA +1)03(€))
€(0,m

where o(e) = minge(o\v(e) (S0, ) — S(¢, ¢)). We note that o(e) and M can
be taken independent on ¢ € (0, ).
Since e can be arbitrary small uniformly for ¢ € (0, 7), we have

(5.4) Yax(u) = a(p)(1 + a(L))



14 S. GRUDSKY, A. KARAPETYANTS, AND N. VASILEVSKI

where lim «(L) = 0 uniformly for ¢ € (0,7), which proves the theorem. O

—00

We illustrate the theorem on the continuous symbol (hypocycloid)

a(e) _ Z€4i0 + 6721'0,

and show the image of v, ) for the following values of A: 0, 5, 12, and 200.

15F T ; T T R 15[

i It i i i E| . i i i i I
-0.5 ) 0.5 1 15 -0.5 0 0.5 1 15

The function 7, » for A\ =0 and A = 5.

~1.50

i It i I I E| i It i I I
-0.5 0 0.5 1 15 -0.5 0o 0.5 1 15

The function 7, » for A =12 and A = 200.

(5.2) Piecewise continuous symbols. Let a(f) be a piecewise continuous
function having jumps on a finite set of points {0;}2; where

Op=0<b01 <0y <...<l,, <7="0p411,
and a(6; £0),j =1,...,m, exist. Introduce the sets

Jj(a) = {Z eC:z= a(@), 0 e (9j,0j+1)}
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where j = 0,...,m, and let I;(a) be the segment with the endpoints a(6; — 0)
and a(6; +0), 7 =1,2,...m. We set

o) = U@ u (UL

THEOREM (5.5). Let a(f) be a piecewise continuous function. Then

Jim sp TN = My (a) = R(a).

Proof. We use the Laplace method as in Theorem 5.2. For any € > 0 we
take 6 > 0 such that for each interval I C (6;,6;41) with length less then d,
j=1,2,...,m, the following inequality holds

sup |a(s1) —a(s2)] < e.

s1,82€1

Suppose first that the minimum point s, = ¢ satisfies the condition

inf | —46,;] > 0.

i=12,...m
We have
o+6
1rlO) = al) 20+ DRO [ (@ll) —ale)e s
+ 22+ 1336 / (a(8) — alp))e L5002 dp
[0,7]\(¢—0,5+5)
(5.6) = a(p) +0(e) + O(e™ ")
where
0= min (5(9’90) - S(‘ﬁv@))'

[0,7]\(—0,+3)

Thus varying ¢ € UJL,(6;,0;11) we have that
Ji(a) C Mx(a), j=0,1,...,m.
Now suppose that there exist j such that |¢ — 6;| < §. Then we have

0;
Yar(€) = 22X+ DI3() <a(9j_o) / o~ LS©.2) gp
p—0

p+6
+ a(8; +0) / e~ L5002 qp

05

+ 2N+ 1)93(9) ( / (a(8) — a(8; — 0))e 50 qg

-0

o+6
- / (a(B) — a(8; + 0))e L5 ag
0;

/ a(@)e‘LS(e’”’)(w) .
(0,m)\(p—0,p+5)
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Taking ¢ small enough we suppose that

T+ 0,
5

5 < sp(=¢) <
Thus the function

(S6.o(w,9)) " = —sing
is uniformly bounded on ¢ and the following asymptotic calculations are uniform
on :

XA+ 1939 = /ﬂ o~ LS0.0) g
0

e~ LS(e.0) /7r e~ 5 (sin™! w)(e—so)Qd,g(l +0(1))
0

_1S(ee) [T 7 _L(sin=!p)u?
e ¥ e 2 £ du(1 4 O(1))
—¢

7LS(901@) ©

(57) = \/23111306[/T/ 677j2dv(1+0(1>).
Analogously

o+ e—LS(ep) poo
(5.8) /9 e LS80 gg = \/2sin W/ e " dv(1+0(1))
and

05 ) e~ LS(p0) )
(5.9) / 6e*LS< 2 = mwow/ eV dv(1 4+ O(1)),

w— —o00
where

I 1/2

Thus from (5.7)—(5.9) we have
(5.10)  Ya(&) = (a(8; — 0)t + a(8; +0)7)(1 + O(1) + O(e) + O(e™™)),

where

t= (/_9: e‘“de)/(/_(: e‘“zdv) and T = (/x;><J ce_”2dv)/(/_o;> e‘“zdv).

Now it is evident that ¢,7 € [0,1] and 7 + ¢ = 1, which implies I;(a) C Moo (a).
Thus

R(a) C M (a).

Representations (5.6) and (5.10) imply the inverse inclusion

R(a) D M (a).
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We illustrate the theorem on the following piece-wise continuous symbol which
has six jump points,

expi [<5+ 2 12, 0e0.%)
gexpi[g+ 3 (-], 0€[ZF)
coil—§+ 2 (T o) e[k

a() = q gexpi[-F+ 3 (T -3)], o€ |F F)
expi[-g+ 3 (D —4)],  0e[F F)

gexpi [~ + 5 (B -5)], 0€[F.F)

exp (—z%), 0 € _67“,7r]

We show the image of the symbol a = a(#), the image of v, » for the following
values of A: 1, 10, 70, and 500, as well as the limit set Mo, (a).

I I I I I I = I I I I I I I
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

The symbol a(#) and the function v, » for A = 1.

I I I I I I I 1 I I I T I I I
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

The function 7y, for A =10 and A = 70.
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1

0.8

06

041

0.2

0

-0.2 -0.2

-04f 4 -0.4f

-0.6

-0.8

I I I I I I = I I I I I I
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

The function 7, 5 for A = 500 and the limit set My (a).
We have obviously

(5.11) /\lim spTN = Moo (a) C conv(ess Range a).
— 00
To illustrate the possible interrelations among these sets we can repeat the ar-

guments of Examples 5.3 - 5.6 in [5] and construct the (piecewise continuous)
symbols a = a(6) to realize the following possibilities:

My (a) = Rangea (= essRangea),

My (a) = conv(essRangea) (= conv(Rangea)),
My (a) C O conv(Rangea),

My (a) = 0Oconv(Rangea).

(5.3) Unbounded symbols.
THEOREM (5.12). Let a(f) € L1(0,7) N C(0,1). Then
Rangea C Moo (a).

Proof. We apply the Laplace method as in Theorem 5.2. Fix any point ¢ €
(0,7) and consider for each £ large enough the value A = 2¢ arctan . Then by
(5.4) we have

Yaa(€) = alp)(1 + a(Ay/1 + (2arctan ¢)=2)
where Llim a(L) =0. Thus if £ — oo then A — oo as well and we have
a(p) € Moo(a).
O

The next theorem, whose proof is analogous to that of Theorem 5.11 in [5],
shows that the property (5.11), previously established for bounded symbols,
remains valid for summable symbols.

THEOREM (5.13). Let a() C L1(0,7). Then

My (a) C conv(ess Rangea).



DYNAMICS OF PROPERTIES OF TOEPLITZ OPERATORS 19

Note that for functions a(f) € L1(0,7)NC(0,7) Theorems 5.12 and 5.13 imply
that
Rangea C My (a) C conv(Rangea),
and we show that Range a can coincide with each of these extreme sets.
EXAMPLE (5.14). For each j € N define I; = [j7! —j73,571] and let {{;}jen =
[0, 27]. Define the symbol as follows
- 1€ . ; .
je'ti, 0el;, jeN;
a(f) = e}
(6) { 0, 0€(0,m\U;Z L
It can be easily shown that

My (a) = C = conv(Rangea).

ExaMPLE (5.15). Given a € [0,1), introduce a(f) = (sinf)'~%, which is un-
bounded for « € (0,1), but bounded and oscillating for a = 0. Calculate using
[4], formula 3.892.1,

Jy (sin @) i=e=28049

foﬂ(sin 0) e—26040
297U (A + 1) B(3+1+i&5+1—1if)
Ati—a+1 B (A= 41 44¢, M= 41— )
207 (A +1) T(A+2+i—a) I (3+1+if)
Ati—a+1l  TOA+2) T (M= 41+6€)

L5 +1-i) .
[ (=2 41— i)
Applying the asymptotic formulas for the I'-function (see [4], formulas 8.327 and
8.328.2) we have

7a,)x(€> =

i—Q

(5%) | (o).

P)/a,)\(f) =

Given any v € (0,7), we can take £ and A such that

(A +2)? H L
<(>\+2)2<|>4£2) = S1nv.

Thus

u® =G~ (140 (157 ) )

and in this case M (a) = Rangea.
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