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ABSTRACT. We consider Toeplitz operators Ty) acting on the weighted
Bergman spaces A3 (IT), A € [0, 00), over the upper half-plane TI, whose sym-
bols depend on y = Im z. Motivated by the Berezin quantization procedure
we study the dependence of the properties of such operators on the parameter
of the weight A and, in particular, under the limit procedure A — oc.
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1. INTRODUCTION

This is the first part of a two-paper set devoted to the study of Toeplitz
operators acting on weighted Bergman spaces on the upper half-plane. Both of
them are motivated by the same ideas and are a continuation of our research
started in [8]. We mentioned in [8] the papers [3], [4], [5], [12], [13], where Toeplitz
operators with smooth (or continuous) symbols acting on the weighted Bergman
spaces, as well as C*-algebras generated by such operators, naturally appear in
the context of problems in mathematical physics. In particular, recall that given
a smooth symbol a = a(z), the family of Toeplitz operators T, = {Téh)}, with
h € (0,1), is considered under the Berezin quantization procedure ([3], [4]). For

a fixed h the Toeplitz operator Téh) acts on the weighted Bergman space A7. In

the Berezin special quantization procedure ([3], [4]) each Toeplitz operator T, M s
represented by its Wick symbol aj,, and the correspondence principle says that for
smooth symbols one has

lim a;, = a.
h—0
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Moreover, by [11] the above limit remains valid in the Li-sense for a wider class
of symbols.

As in a quantization procedure, weighted Bergman spaces appear naturally in
many questions of complex analysis and operator theory. In the last cases a weight
parameter is normally denoted by A and runs through (—1, +00). In the sequel we
will consider weighted Bergman spaces A3 parameterized by A € (—1, +00) which
is connected with h € (0, 1), used as the parameter in the quantization procedure,
by the rule A+ 2 = %

At this stage some important problems emerge: study of the behavior of dif-

ferent properties (boundedness, compactness, spectral properties, etc.) of Ta()‘) m
dependence on X\, and compare their limit behavior under A\ — oo with correspond-
ing properties of the initial symbol a.

It seems to be quite impossible to get a reasonably complete answer to the
above problem for general (smooth) symbols even for the simplest case of the
weighted Bergman spaces on the unit disk (hyperbolic plane). In the same time,
the recently discovered classes of commutative x-algebras of Toeplitz operators on
the unit disk suggest the classes of symbols for which the satisfactory complete
answer can be given. Recall in this connection (for details see [15], [16]) that
all known cases of commutative x-algebras of Toeplitz operators on the unit disk
are classified by pencils of (hyperbolic) geodesics of the following three possible
types: geodesics intersecting in a single point (elliptic pencil), parallel geodesics
(parabolic pencil), and disjoint geodesics, i.e., all geodesics orthogonal to a given
one (hyperbolic pencil). Symbols which are constant on the cycles, i.e, on the
orthogonal trajectories to the geodesics forming a pencil, generate in each case
a commutative *-algebra of Toeplitz operators. Moreover, these commutative
properties of the Toeplitz operators do not depend at all on smoothness properties
of symbols; the symbols can be merely measurable.

The model case for elliptic pencils, Toeplitz operators on the unit disk with
radial symbols, has been considered in [8]. In the present paper we consider the
model case for parabolic pencils, while the other paper, [9] from this two-paper set
is devoted to the study of the model case for hyperbolic pencils. Together, these
papers cover the material that remained uncovered after [8]. The results for other
(non model) cases can be easily obtained by means of Mébius transformations.

We study Toeplitz operators on the upper half-plane equipped with the hy-
perbolic metric, where the model case for parabolic pencils is realized as Toeplitz
operators with symbols depending only on y = Im z.

The key feature of symbols constant on cycles, which permits us to get much
more complete information that one obtained studying general symbols, is as fol-
lows. In each case of a commutative *-algebra generated by Toeplitz operators,
the Toeplitz operators admit a spectral type representation, i.e., they are uni-
tary equivalent to multiplication operators, by a certain sequence in the elliptic
case and by certain functions on Ry and R in the parabolic and hyperbolic cases,
respectively.

We mention a certain difference between the already studied elliptic case [8]
and the remaining cases. In particular, in the elliptic case Toeplitz operators have a
discrete spectrum and can be compact even for symbols that are unbounded near
the boundary, while in both parabolic and hyperbolic cases, Toeplitz operators
always have only a continuous spectrum and, being nonzero, can not be compact.
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As in the preceding paper, [8], the word “dynamics” in the title stands for
the emphasis of our main theme: what happens to properties of Toeplitz operators
acting on weighted Bergman spaces when the weight parameter varies.

In this paper, as a custom in operator theory, we consider weighted Bergman
spaces depending on a real parameter A € (—1, 00).

Denote by II the upper half-plane in C, and introduce the weighted Hilbert
space Lo(IT,duy) which consists of measurable functions f on II for which the
norm

/
ey = ([ 7P )
11

is finite. Here duy(2) = px(2)dv(z) with
1
pa(z) = (A +1)(2Im2)*,  do(z) = = dady, z = = + iy.
7r

Let further A3 (II) denote the weighted Bergman space consisting on functions
that are analytic in the upper half-plane II and belongin to Lo (IT, duy).

It is well known (see, for example, [13]) that the orthogonal Bergman pro-
jection Br x of Lo(IL, duy) onto the weighted Bergman space A3 (II) has the form

— A2
(Buaf)(z) = (A+1) / F(0) <2 : g) (lel;(ng)Q

=ik+2/7( f() dpa(Q).

% _ C))\+2

Given a function (symbol) a = a(z), z € II, the Toeplitz operators TV

acting on A3 (II) is defined as follows
TN f = Buaaf, fe A1)

We start with the description of the Bargmann type transform, the unitary
operator which maps the weighted Bergman space A3 (II) onto La(Ry). Besides
of its immediate necessity, it provides the unitary equivalence of Toeplitz opera-
tors whose symbols depend only on y with the multiplication operators acting on
L2(R4), this Bargmann type transform as well as the one established in [9] is of
great importance itself and both of them will be used in forthcoming papers in
another context.

The key result, which gives an easy access to the properties of Toeplitz
operators studied in the paper, is established in Section 2. Namely, we prove

that the Toeplitz operator T,gA) with symbol a(y) is unitary equivalent to the
multiplication operator vy, xI acting on Lo(R4), where

A1
Yar(T) = T /a(y/2)yAe*zydy reRy.
’ r'(A+1) ’
0

We mention in this context (see, for example, [3], [5]) the Wick (or covariant, or
Berezin) symbol ay(z,Zz), z € II, of the Toeplitz operator Ty‘), which, together
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with the so-called star product, carries as well many essential properties of the
corresponding Toeplitz operator. Let H be a separable Hilbert space with the
scalar product (-, -) and having a system of coherent states {kq} e parameterized
by elements g of some set G carrying a measure (see for details [1], [2]). Recall
that the Wick symbol of a bounded linear operator A acting on H is defined as

(Akg, k)
(kg k)

In our particular case we have A = TV, H = A3(ID), G =11, and k, = k,(¢) =
iM2(¢ — 2)"M2) | where z,¢ € TI. The star product defines the composition of
two Wick symbols a4 and ap of the operators A and B, respectively, as the Wick
symbol of the composition AB, i.e., a4 xap = asp.

In Section 3 we give the formulas for the Wick symbols of Toeplitz operators

aalg,9) = €G.

Té/\), whose symbols depend only on g, as well as the formulas for the star product
in terms of our function vy, .

An interesting and important feature of Toeplitz operators on the (weighted)
Bergman spaces is that such operators can be bounded even for symbols that are
unbounded near the boundary symbols. In Section 4 we study in details boudedness
properties of Toeplitz operators with such unbounded symbols. We give several
separate sufficient and necessary boundedness conditions, as well as a number of
illustrating examples. It turns out that for unbounded symbols, the behavior of
certain means of a symbol, rather than the behavior of a symbol itself, plays a
crucial role in the boundedness properties. Given a symbol a, it is natural to
introduce the set B(a) of values A € [0, 00) for which the corresponding Toeplitz

operator Té/\) is bounded on A3 (II). We show that being nonempty the set B(a)
may have only one of the following three types: [0,0), [0,v), or [0,v].
Section 5 is devoted to the spectral properties. The (continuous) spectrum of

each Té/\) coincides with the closure of the image of the corresponding continuous
function 4. For each fixed A the spectrum seems to be quite unrestricted; the
definite tendency starts appearing only as A tends to infinity. The correspondence
principle suggests that the limit set of those spectra has to be somehow connected
with the range of the initial symbol a. This is definitely true for continuous
symbols. Given a continuous symbol a, the limit set of spectra, which we will
denote by Moo (a), does coincide with the range of a. As in [8], the new effects
appear when we consider more complicated symbols. To understand the impact
of each type of a discontinuity of a symbol we consider two model cases, piecewise
continuous and oscillating symbols.

In the case of piecewise continuous symbols, the limit set M (a) coincides
with the range of a together with the line segments connecting the one-sided limit
points of our piecewise continuous symbol. Note that these additional line segments
may essentially enlarge the limit set My (a) when compared with the range of a
symbol.

In the case of oscillating symbols, the situation becomes more interesting
and unexpected. It turns out that in spite of the qualitative identity of symbols,
an oscillation type discontinuity, the results may differ drastically depending on a
speed of oscillation. We consider two symbols, with strong and, respectively, with
slow oscillation. Both of them have the same range, the unit circle, but in the case
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of strong oscillation, the limit set Mo, (a) coincides with the unit disk, while in the
case of slow oscillation M (a) coincides with the unit circle.
For a measurable and, in general, unbounded symbol one always has

Rangea C My (a) C conv(Rangea),

and the gap between these extreme sets can be substantial. We give a number of
examples illustrating possible interrelations between them.

2. REPRESENTATIONS OF THE WEIGHTED BERGMAN SPACE

We start with the description of the weighted Bergman space A3 (1)), where
A € (=1, +00), which is compatible with the cartesian coordinates in II. Introduce
the unitary operator

%(F © 1) Lo(IL, dpiy) — La(R, dz) ® La(Ry, (A + 1)(2y) dy),

where the Fourier integral transform F' : Lo(R) — Lo(R) is given by

= e [

The image Ai \(II) = Uy (A3 (1)) consists of all functions ¢ = ¢(z,y) satisfying

the equation
0 i 0
—=Uy sa—<:c+—)<p0,
8 ! 2 dy

whose general solution has obviously the form ¢(z,y) = ¥ (x)e”*Y. But the func-
tion ¢ has to be in Ly(R, dz) ® La(Ry, (A +1)(2y)*dy), thus A3 , (1) is the set of
all functions

(2.1) o(z,y) = x+(@)0x () f(x)e™™, [ € La(R),

where x4 (z) is the characteristic function of R,

(2.2) Or(z) = ((A+1)/e*2zv(2v)kdv)_l/2 - (%)m, x>0,
R+

U, =

and moreover, ||<p||A2 ) = lfllLo(r,)- Introduce the unitary operator

Us : Ly(R,dz) @ La(Ry, (A + 1)(2y)kdy) — Ly(R,dz) ® La(Ry, dy)
as follows

(Uaep) (2, y) = o/ EHIBIE ) o (2, (|2, ),

;
Ox(|z])

where, for each fixed x > 0, the function S(z,y) is the inverse function to

(2.3) y(z, t) = —1n 9>\ YA+1) / 2z”dn},
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ie., B(z,y(x,t)) =t, x > 0. We note an alternative form of v(z, t) in terms of the
incomplete I-function. Start with

o) N ) ) B )
/(QU)AG 2 ndn = W /U/)\e du = W F()\ + 1, 2$t)
t 2xt
Then
20! A+ 1 I'(A+1)
,t:fl{( ) (A 1,2t}:17.
Vet = = (e ) g T L2l = RS

The inverse operator
Uy': Ly(R,dz) ® La(Ry, dy) — La(R,dz) ® La(Ry, (A + 1)(2y) dy)

has the form (Uy o) (z,y) = Ox(|z]) e?(=l9)/2=12lvp(z v (||, y)). For each f €
L2(R) one has Uy : x4 (2)0x(x)f(x)e™ ™ — x4 (x)f(x)e”¥/2. Thus, the image
A3 = Us(AZ? ,(T0)) is the set of all functions of the form

U(z,y) = x+ (@) f(2)e 2, f€ La(R).
We summarize the above in the following theorem.

THEOREM 2.1. The unitary operator U = UyU;y gives an isometric isomor-
phism of Lo(I1, dpy), where A € (=1, +400), onto La(R, dz)® La(Ry, dy) and under
which:

(i) the Bergman space A3 (I1) is mapped onto La(R4)® Lo, where Ly is the
one-dimensional subspace of La(Ry,dy) generated by lo(y) = e Y/2;
(ii) the Bergman projection Bﬁ 1s unitary equivalent to

UBYU! =X, I® Py,

where Py is the one-dimensional projection on Lg
(Po)(w) =" [ (e do,
0

Following [14] we introduce the isometric imbedding
RO : LQ(R+) i LQ(R) ® L2(R+>

by the rule
(Rof)(z,y) = x+(z) f(2) Lo(y)-
Here the function f is extended to an element of La(R) by setting f(z) = 0, for
x < 0. The image of Ry obviously coincides with the space A3. The adjoint
operator 15 : Lo(I) — La(R4) is given by (Rip)(z) = X+(fv)Rf (a,m) Lo(n) dn,
+

and RSRO =1: L2(R+) i— L2(R+), RoRS = BQ : LQ(H) — A% = L2(R+) X
Ly. Now the operator Ry = R{U maps the space Lo(II, duy) onto La(R4), and
the restriction Rx[ 42 ) : A3 (II) — Lo(R;) is an isometric isomorphism. The
adjoint operator R} = U*Rp : La(Ry) — A3(II) C Lo(IL,dpuy) is an isometric
isomorphism of Ly(IR4) onto the subspace A3 (II) of the space Lo (IL, duy).
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REMARK 2.2. We have
RAR; =1 :Ly(Ry) — Lao(Ry), RiRx = Bp: Lo(IT, dpy) — A3(IT).
THEOREM 2.3.  The isometric isomorphism R} = U*Ry : Lo(R;) —

A3 (1) is given by

(2.4) ) €QXFD/26128 e

* _ ;
(R3)(z) = m/ f(
Proof. Calculate
(BAf)(2) = (Ui U3 Ro f)(2)
= VE(F~L @ 1) (x4 (€) F(€) Or(€) 1 EW/2=EY ¢=1(Ew)/2)

V2 €01/ ey e
\f/x+ US (>\+1)F(>\+1)e e

€) 5(/\+1)/2€i(w+iy)£ de. n

- «/F(/\Jr 2)R/f(

COROLLARY 2.4. The inverse isomorphism Ry : A3(II) — Lo(Ry) is
given by

LOF1)/2
VT 12)

A+1 (,\+1)/2 o 1
— % (& +in) e~ 1 (E—inz (277)/\ = dédn.
T
II

(Bap)(z) = (w) e px (w) dv(w)

(2.5)

VI +2)

Let us note that, given a bounded symbol a = a(z), the Toeplitz operator

TV is bounded on all spaces A3 (IT), where A € (—1,00), and the corresponding
norms are uniformly bounded by sup |a(z)|. That is, all spaces A3 (II), where

A € (—1,00), are natural and appropriate for Toeplitz operators with bounded
symbols. One of our aims is a systematic study of unbounded symbols. To avoid
unnecessary technicalities in what follows we will always assume that A € [0, 00).

The above representation of the Bergman space A3 (Il) is especially im-
portant in the study of the Toeplitz operators with symbols depending only on
y =Imz.

Given a function a = a(y) depending only on y = Im z, consider the Toeplitz
operator with the symbol a(y)

Té)‘) fp € Ai(H) —— Braap € Ai(H).

In what follows we will, in general, consider unbounded symbols. Denote by
Li(R4,0) the class of functions a(y) such that

a(y)e™¥ € L1(R4), for any € > 0.
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THEOREM 2.5. Given a=a(y) € L1(R4,0), the Toeplitz operator e acting
on Ai (IT) is unitary equivalent to the multiplication operator yq I = RATy‘)Rj,
acting on La(Ry). The function vg x(x) is given by

AT o
Yar(z) = m/a(t/mt e "dt
(2.6) o
1 —t
= oD O/a(t/Q:E)t)‘e dt, =z eR4.

Proof. Calculate
RAT™ RY = Ry\BraBrn R} = Rx(R5R»)a(R\R)\)R;
= (RaxRy)RaaRX(RAR)) = RaaRy
= RyUsUra(y)Uy 'Uy ' Ro = RyUza(y)Us ' Ro = Rga(B(|2],y)) Ro
Now (Rja(B(|z],y)Rof)(z) = [ a(B(|z[,n) f(z)e™"dn = Yax(2)f(x), where for

R+
r e Ry
tax@ = [[a@ietmeran= [ ahe st
Ry R,
= /a(t)@i(z)()ur1)(2t)/\e—2tzdt /a (t/2)t Aot qt.
)\ +1)
Ry J

Here the functions y(z,t) and 5(x) are given by (2.3) and (2.2) respectively. 1

The above theorem suggests considering not only L.-symbols, but unboundedli
ones as well. It this case we obviously have:

COROLLARY 2.6. The Toeplitz operator Ty‘) with symbol a(y) is bounded
on A3 (1) if and only if the corresponding function v, x(x) is bounded.

3. TOEPLITZ OPERATORS WITH SYMBOLS DEPENDING ON y = Im 2

Reverting the statement of Theorem 2.5 we come to the following spectral-type
representation of a Toeplitz operator.

THEOREM 3.1. Let a(y) € L1(R4,0). Then the Toeplitz operator 7™ act
ing on A3 (I1) admits the representation

(3.1) (Té”(p)(z) (OF1)/2 a(t) £(1) o7 dt,

m/

where f(x) = (Rap)(x).
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Proof. Follows directly from Theorems 2.5, 2.3, and Corollary 2.4.

At the same time it is instructive to give a direct proof of the theorem which
does not use the results of the previous section. Indeed, for a symbol a = a(y)
depending only on y consider the Toeplitz operator

(TNp)(2) = (A +1) /a(n)w(C)(i :%)HQ (;11}15?)2’

where ¢ = £ + in. Represent the function ¢(¢) in the form of the Fourier integral
(see (2.1) and (2.2))

)eit(eri")dt, n >0,

v L[ ogne
@(€ +in) mR/t f(t
where f € La(Ry4). Now

()\) _ 1A+2(A+1) ()\Jrl /2 7t ltE dg
T = gy | 0 i [ #0002 ) e [ St

R, R
Using the following formula (see 3.382.6 of [7])

(3.2) / (i — £)~ O dg = 4 (1)

R

o tMleft
M2 T(A+2)°

where x4 (t) is the characteristic function of (0, 00), we have

(Té/\)(p)(z) _ 20+ 1) /a(n)@n)xdn/t(,\+1)/2+(x+1)f(t) e—2tn+izt gy

T(A+ 2)3/2
R, R,
-2 /t(”””f(t) detgy /a(n)(%?)Ae*?“?dn
T\ +2)1/2 T+ 1)
R, R,

1 .
= - t(k+1)/2 t “ t GItht,
%F(/\+2)R/ f(t) vaa(t)
+

where
t)\-‘,-l x .
a 2) nq
Yar(t) TOTD) /an/ e n.
0

THEOREM 3.2. Given a = a(y) € Li1(R4,0), the Wick symbol ax(z,Z) of
the Toeplitz operator Té/\) depends only on y as well, and has the form

(N A+2

Ry

and the corresponding Wick function is given by the formula

TPk k) [—i(z — @)M2 -
( (s, ) = (F(H;]) /“A+1 Taal) €157 du
R+

(3.4) (2, @) =
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Proof. Consider k. (w) = i?(w —2)~M2) = 2+ (4 +iv — 2 +iy)~*+2) and
calculate

124

—

(Urkz)(u,v) = (€ +iv— o +iy) "M T2eiuge

5

P

24+A

—-

(€ +ily + v +iz)) " AMHeTeudg.

S

Using (3.2), we have

A+1
\/Eu e—u(y-l—'u)—ium

(Urk:)(u,v) = X+(U)m

Thus,
(TN, k) = (ak,, k.) = (Uyak,, Urk,) = (aUik,, Uik,) =

2 [ eliee) . )
= m//a(v)u%\ﬂ)e 2u(y+ )()\+1) (2v)’\dudu
0 0

-1 /u)‘Jrl e i dy LAH /a(v)(2v))‘e*2“” dv
r'(A+2) r'(A+1)
0 0
1 A+1 —2y
=— a “ du.
o ] v e

Ry

Thus, we have (3.3). The equality (3.4) follows either from (3.3) by the analytic

continuation principle, or can be verified by direct calculations. 1§

REMARK 3.3. Formula (3.3) admits an interesting interpretation. Start with

a symbol ¢ = a(y) and the Toeplitz operator ™ acting on A3 (II), calculate
corresponding function v, x(x), * > 0, and consider now the Toeplitz operator

T with symbol v, 1 (y) acting on A§\+1(H)- Then the corresponding function

Ya,x
Vrvax,A+1 coincides with the Wick symbol of the initial Toeplitz operator Té/\), ie.,

ax(y) = ax(2,2) = Yy, s a+1(1)-

REMARK 3.4. Given a symbol a = a(y) € L1(R4,0), writing the Toeplitz

)

operator T, in terms of its Wick symbol (see, for example, [1], [2]) we get the
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formula (3.1). Indeed

A+2

(TP ) a(z )A+2 fix (w) dv(w)

n/

A+ . -
/ >\+2 / Yar(u)e du
il R,

w 1)\ 2
< % pix () do(w)

Yar(u) e du

_ ;/umm :
VIO +2). |

()\+1)/2

\/ /\+2

/ “““)/2 Yar () (Rag) (1) €% du.

B 1/1“()\ +2).

COROLLARY 3.5. Let Té/\) and Tb(/\) be two Toeplitz operators with symbols
aly) and b(y) respectively, a(y), b(y) € L1 (R+,0), and let dx(y) and b(y) be their
Wick symbols. Then the Wick symbol ¢x(y) of the composition Ty‘)Tb(A) s given
by

) —iwu

1 (w) dow)

(2y>>\+2

k-‘rl —2yud
g [ a0 )

R+

anly) = (@ *by)(y) =

Proof. Besides of a direct verification based on the formula for the star prod-
uct of Wick symbols ([3], [4]), the result follows immediately from Theorems 2.5
and 3.2. 1

4. BOUNDEDNESS OF TOEPLITZ OPERATORS WITH SYMBOLS DEPENDING
ONy=Imz

Recall, see Corollary 2.6, that the function

A1 oo o)
(4.1) vea(t) = ﬁ /a(n/Q)n’\ e ! dn = ﬁ /a(n/Qt) e " dn
0 0

is responsible for the boundedness of a Toeplitz operator with symbol a = a(y). If
the symbol a = a(y) € Lo(R4), then the operator ™ is obviously bounded on

A3 (II), and ||Ta(>‘)|\ < ess-supla(y)|. As it is easy to see, the major contribution
to the integral (4.1) for “very big ¢’ , t — o0, is determined by the values of a(y)
at a neighborhood of the point 0, and the major contribution for “very small ¢,
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t — 0, is determined by values of a(y) at a neighborhood of co. In particular, if

a(y) has limits at the points 0 and oo, then

lim ,,(t) = lim a(y),

t—o0 y—0

lim v, 2 (t) = lim a(y).

t—0 Y—00
As a matter of fact, 0 and oo are the only points of the unbounded symbols
a(y) € L1(Ry4,0) that we have to worry for. Moreover, it is the behavior of certain

means of the symbol rather than the behavior of the symbol itself, that plays the

crucial role in the study of the boundedness of Toeplitz operators.

Given A € [0,400) and a locally summable function a(y), we introduce the

following means

¢
BN (€) = /a(t/2)tkdt,
0
&
BRE = [ B 0, =23,
0

THEOREM 4.1. Let a(y) € L1(Ry,0). If, for any Ao € [0,+00) and any
j € N, the function BY) (&) has the following asymptotic behaviors in the neigh-

a,\o

borhoods of the points £ =0 and £ = 0o

(4.2) BY) (&) = 0(), ¢—0,
and
(4.3) BY) (€) = O(&7*), € — o,

then for each A € [Ag, 00)

sup |7a,(z)| < o0,
TER

and the corresponding Toeplitz operator T is bounded on A2(IT) for each X €
[Ao,oo)

Proof. Let A = Ag. Assume first that j = 1. Then the conditions (4.2) and
(4.3) imply that, for all £ € R, the following estimate holds

(4.4) IBY) (¢)] < const £,

a,Ao
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where “const” does not depend on ¢ € R,. Integrating by parts we have, for all
r e Ry,

@) = ras| / P et (1)

(1) A—Xo—1 A—Xol—xt
)\+1‘/ 0 (BI = Ag)A ot — gr Mol

x/\-i-l
< const ——— /(()\ — X))t + atM e 2tde

'(A+1)
0
< const [(A — Ag) + (A + 1)] = const (2A — Ag + 1),
and the case j = 1 is done.
For j > 2 we use the inequalities
(4.5) 1BY), (€)] < const €72
(where £ € R and “const” does not depend on ) and integrate by parts j-times. 1

REMARK 4.2. The condition (4.2) provides the boundedness of the func-
tion 7,,2(z) at a neighborhood of = oo, while the condition (4.3) provides the
boundedness of the functions «y, x(x) at a neighborhood of z = 0.

The next statement sets a partial order on the family of sufficient conditions
for boundedness of Toeplitz operators given by Theorem 4.1.

THEOREM 4.3. (i) Let the conditions (4.2) and (4.3) hold for j = jo and
some X\g. Then these conditions hold for j = jo + 1 and the same \g.

(ii) Let the conditions (4.2) and (4.3) hold for j = jo and some A\g. Then
these conditions hold for j = jo and Ay replaced by any A\ = Ag.

Proof. Assume we have (4.2) and (4.3) for j = jo. Then, according to (4.5),
we have

|B (]OH) |</|B(J°) )|dt < const/tj”)“’dtgconstfj"*HA“.

ako a,\o
0

Thus, the first statement is proved. Let us now have (4.2) and (4.3) for j =1 and
A= Xo. If Ay > Ao then

1 1
BY, )< / P=ea (o)

¢
‘Ba 20 (E)EM T — (A /B” ()t 20— 1dt‘
0

< const (‘514-)\05,\1 Ao +/t1+)‘°t)‘1 Ao 1dtD const £12,
0
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Let now (4.2) and (4.3) hold for j = 2 and A = Ag. Then, for each A\; > Ag, we
have

u u

S S
1BE, ()] = //at/2 tkldtdu ’//th *dBY) ( )du’
0 0 0
£ u
= /BS;O( Jutt Ao dy — // BN (1) tAI*Aofldtdu‘
0 0
3
=B, @ — (n / B2, (=" du
0
€
/B uM Ty
0
£ u
FOn = 20) (1 — 2o — 1) / / B, (1~ 2ddu
0
atx , 20 = A0) ony A= A0) (A — Ao — 1) oy y
< const (€700 4 SIS0 grh EESIETIE ')

< const €271,
The cases jo > 2 for the second statement are considered analogously. &

EXAMPLE 4.4. Consider the unbounded symbol a(t/2) = t~#sint~%, where
0< B <1,a>0. Applying Theorem 4.1 for j = 1 and \g = 0 we have

(4.6) Bao(§) = /t_ﬁ sint™dt = 1 / y B/ giny dy.
«
0 goa

Integrating by parts two times we get

€a_ﬁ+1 a (ﬁ —a—- 1)§20¢—B+1 Sil’lg_a

BUY(€) = cos¢™ o2
—a—1 —2a—1 Vi — a— 3
g—a
So we have
(1) 0y _ E7H —a 20—f+1
(47) Bup(§) = S eos§T 4+ 0, g~ 0,

To get the asymptotic at the infinity we use again the representation (4.6):

1 o]

1 —a—1)/a g L —a-1)/a
B(%(f) = o / y(ﬁ 1/ siny dy + o /y(ﬁ v/ siny dy.
& 1
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Since ((6 — a —1)/a) < 0 the second integral converges. Integrating by parts the

first integral we get

(4.8) BU(E) = co + 161777 4 O(617P72), ¢,¢1 € C.
Thus, if
(4.9) a>p

then the conditions (4.2) and (4.3) hold for j = 1, A\g = 0, and the operator TV
is bounded for each A > 0.

Now apply Theorem 4.1 for j = 2, \yg = 0. Let a < . Using the inequality
(4.7), for B := B —a — 1, and (4.8) we get B)(€) = O(€2*~F+2).¢ — 0, and
B(Zg(f) = 0(€) + O(£27P+2) ¢ — oo. Thus, the operator TV is bounded if

u’?

4.1 > —.
(410) ozt

Analogously, applying Theorem 4.1 for j = 3,4,... and Ay = 0, we have that, for

(4.11) as

-

J

operator T\ is bounded. Since there exist j large enough for which (4.11) holds
we have that, for arbitrary 0 < 8 < 1 and o > 0, the operator Té/\) is bounded for
each A > 0.

REMARK 4.5. Example 4.4 shows that the conditions (4.2) and (4.3) for
7 = Jj1, Ao = 0, compared with those for j = jo, Ag = 0, and j; > jo, widen in
fact a class of symbols for which the boundedness of the corresponding Toeplitz

operators can be justified.

The sufficient conditions of Theorem 4.1 provide at once the simultaneous
boundedness of an operator Ty‘) for all A € [Ag,00). We pass now to a more

delicate question concerning the boundedness of a Toeplitz operator T,gA) on the
space A3 (II) with respect to its dependence on A. The following result plays a

central role here.

THEOREM 4.6. Let a(y) belong to L1(R4,0) and let the operator T be

bounded on A3 (II) for a certain Ao > 0. Then TV is bounded on A3 (IT) for each
A€ [O, )\0]

Proof. Let the operator T, be bounded on A3 (ID), that is, sup [va,x, ()]
>0
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< oo. Write, for A < Ag

A1 F
A

m / a(t/2)t’\e_mtdt
0

A+1

'YaA( )

oo

- a(t/2)tA“efztdt/ yroTA e Yy

T+ Do — V)

ZL')‘Jrl

T T DT (o — N)

o0
y/\of)‘fldy/a t/2)tre” (z+y)t gy
0

_ L1+ Xo)
T+ DD — )

YO 1+ )T iy (2(1 4 y))dy.

0\8 0\8 0\8

Thus, we have

P(l+X) [ .
hax@)] < $9p 1 () |53 )\Z_ /y“ M y) o dy.

0

The next theorem extends the range of A\, given by Theorem 4.1, for simul-
taneous boundedness of Toeplitz operators on A3 (II).

THEOREM 4.7. Under the hypothesis of Theorem 4.1, the Toeplitz operator
TN is bounded on A3 (ID), for each X € [0, 00).

Proof. Follows directly from Theorems 4.1 and 4.6. 1

Theorem 4.6 allows us to obtain in particular the necessity of the hypothesis
of Theorem 4.1 in the case of nonnegative symbols or nonnegative means.

THEOREM 4.8. (i) Assume that a(y) € L1(R4,0) and a(y) = 0 almost ev-

erywhere. Let the operator T,gx) be bounded on A3,(I) for some N > 0. Then
the conditions (4.2) and (4.3) hold, for j =1 and Ao = 0, and, consequently, the

operator TV is bounded on A3 (1), for each X € [0, 00).

(ii) Assume that B,(IJL(y) > 0 almost everywhere for some j = jo = 1 and
u =0, and that the operator Ta()‘l) is bounded on A3,(I1) for some N\ > 0. Then
the conditions (4.2) and (4.3) hold for j = jo + 1 and Ao = p and consequently,
the operator TV is bounded on A3 (IT) for each X € [0, 00).

Proof. (i) If T is bounded on A2, (IT), then according to Theorem 4.6 the
operator T.” is bounded on A3(II). We have

—1
o0 x

Ya,0(® x/a t/2)e""dt > /a(t/2)e_$tdt > 23553(,@—1).

0 0
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Thus, denoting ¢ = 2!, we have

B < (e sup hao(@)])¢.

zeR

(ii) Assume first that jo = 1 and p > X'. We have

LN+ 7 N
Wa,k’(x) = m /a(t/2)t e *tdt.
0

Integrating by parts we get

()—i BY )[(p — N) + at]tN et
Ya N \T) = 1—\()\/+1) a, i H x

> L (/ BV (t)dt) (1 — X) + g~V —#Det
(N +1) “H
0

_ $M+2('u/ — )\/ + 1) B(Q) (x_l)

eD(N +1) o

Again, denoting £ = 2~! we have

el'(N +1)
< —— su ax (z)] €472,
T S Pax @l
The above integration by parts is correct because, for arbitrary a(t) € L1 (R4, 0),
we have [BEL(6)] = o(6"), & — 0.
Let now jo = 1 and p < X. Then, according to Theorem 4.6 the operator
7" is bounded on AZ(IT). Repeating the above reasonings for the function 74, (2)

we complete the consideration for the case jo = 1.
The cases jo > 1 are considered analogously. 1

REMARK 4.9. Simultaneous boundedness of the operators Ty‘) for all A in
the case of arbitrary (depending on both variables) nonnegative symbol was shown
in [17]. We extend this result for a class of not necessarily nonnegative symbols
depending only on y.

For a nonnegative function a(t) we set

mqo(x) = inf a(t/2) and mgoo(x) = inf a(t/2).
ofe) = inf a(t/2) (o) = inf_alt/?)

COROLLARY 4.10. Given a nonnegative symbol a(y), if either

(4.12) 1imo Ma,0(x) = 00
or
(4.13) lim mg 00 () = 00,

then the Toeplitz operator Ty‘) is unbounded on each A3 (II), X € [0, 400).
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Proof. If the condition (4.12) holds then
£
BIYO = [ alt/2)dt > emane

0
and £'BM(£) — oo as &€ — 0. Now let the condition (4.13) holds. Then

S
571333(5) >¢t /a(t/2)dt > %mayoo(f) — o0 asf—oo. 1
£/2

Note that Corollary 4.10 shows that infinitely growing positive symbols can-
not, generate bounded Toeplitz operators. To generate a bounded Toeplitz opera-
tor, its unbounded symbol must necessarily have (see Example 4.4) a sufficiently
sophisticated oscillating behavior at neighborhoods of the “critical” points 0 and
00.

Given a symbol a(y) € L1(R4,0), denote by B(a) the set of values A € [0, o)

for which the corresponding Toeplitz operator Té/\) is bounded. Theorem 4.6
suggests that the set B(a), being nonempty, may have only one of the following
three types:

[0,00), [07 V)’ [07 V]
We show that all of these possibilities can be realized. Indeed, the first case is
satisfied for bounded symbols. The following theorem treats the two remaining
cases.

THEOREM 4.11. There exists a family of symbols a, g(y), with v € (0,1),

B = 0, such that for the corresponding Toeplitz operators Té;\)ﬁ we have:
(i) B(alao) = [an]; p=0;
(ii) Blav,g) =[0,v), 8> 0.

Proof. To prove the above statement we show that the asymptotic behavior
of the corresponding function v,, ; (%), when x — oo, is as follows,

'Ya,,wg,A(SC) = C)\e(i/fwr) In*(1+w) 111’\_”(1 + ) In? In(1 + )

(4.14) +o(* (1 4 ) In’ In(1 + 2)),

where ¢y # 0, and

(4.15) ilnlova”’ﬁ’)‘(x) =0.
To introduce the function au,g(y) we consider
fu.p(z) = e Gm/Di exp{g)L In?(z + 1)} {hl(z +i) — 15%} i (1n(z +1i) — 15;),
T

where the branch of the function f,, 5(z) is fixed by imposing the condition arg z €
[37/2, 77 /2]. We set now

ay,5(t/2) = \/%—ﬂ R/fy,g(x)eimdx.
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The function f, 5(z) belongs to the Hardy space H?(II), hence a, g(t) € L2(Ry)
and the formula

foslz) = / av5(t/2)edt
R+
holds. Thus, v,, ,.0(z) = 2 f, s(iz).

Recall that t*e=* = D% %!, where the Liouville fractional derivative is
given, as usually, as follows

1 plz+1t) —p(x) / et -1

D = dt, d = | ————d 0 1.

o) = 7o [ B o) = [ Smrae 0<as
Ry Ry

Therefore, denoting ¢(A) = 1/(d1,1(A)T'(A + 1)), we have

)\+1/f1/75 'T+t fu,ﬁ(ix)dt

Yay,p A (T) = t1+/\

_ /\+1 /fuﬂ z+zt+t))7fuﬂ(iz)dt
N x—i—l ti+A

)+ 1) [ ind / T il + a6+ €)dg

Ry

=c<A,x><x+1>/dgfy,g<<x+x£+£ d«f/tm

Ry
M le(\ 2)(z + 1) /
Ry
where c(\, z) = c¢(A)z 1 /(1 + 2) 1. Note that

exp{g; In®(1 +9)}

. —v I¢]
fup(iy) = Ty ™" (14 y) In" In(1 +y),
whence we have
_ exp{z-In*(1 +)(1 + &)}
’yay,ﬁ,k(‘m) =-A lc()‘ax) o ﬁ(‘r 5)
(4.16) ]RZ S+o7 (5

—wut1,8(7,§) — vwyt2,6(z,§) — Bwytz,p-1(, 6)) dg,

where

wyp(z, &) = (1 +2)(1 4 &) I’ In(1 + z)(1 + €).

We split the above integral into four integrals according to the sum of four terms
in the brackets. These integrals are of the same type, and differ (up to a constant)
only by the parameters v, 5. Obviously, the principal term of the behavior of v, x ()
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when & — oo is determined by the integral corresponding to the first summand,
ie.,

I(x,\,v, ) =
/
- / exp{£= In*(1 + 2)(1 + &)}
: M1 +¢)?

= IO(zaAvyaﬂ) +IOO(1">\7V’6)'

Here xo(§) is a smooth function on Ry, satisfying the conditions yo(§) = 1 for

0< &< Tand xo(§) =0 for £ > 2; and xoo(€) =1 — x0().
Integrating by parts the second integral we have

exp{g; In®(1 +2)(1 +6)}
A1 +¢)?

Wu,ﬁ('rv g) d§

wVaﬁ(‘Ta 6) (XO(&) + Xoo(g))dg

bri [ woprp(e,€)

=—— | == X x n? x
Lol hw0) = =25 | “EE2 50 xe@ dow{ w1 +0)(1 4+
1
. Hri 7 i 9 0 wl/-i-l,ﬁ(xaé-)
=5 exp{gln (1+2z)(1 +§)}a—€ <W Xoo(é)) dé¢.
1

For £ > 1 and large enough z the following inequality holds
9 (wy ) v ,0
(w JrLﬂ(z g) Xoo(f))‘ < constw Jrlﬂ(z )

26\ &1+ E1+6?2
Thus we have
[T (2, A\, v, B)| = O(wy11,5(2,0)) = O(In~"(1 + z) I’ In(1 + z)).
For Io(z, \, v, 3) according to Lemma of Erdlyi ([6]), we have
Io(z, M\ v, 8) = (1+O(n" (1 + 2))) o (z, A\, v, B),

where
~ i(2In(1+2))/(5m) &
_ i/(57) In%(1+= € i/(57) In?(1+&
In(z, A\, v, B) = wy,g(x, 0)e!/ ™) I )/'9(1—+§)2X0(§)e/( Y148 q¢
+
7 (2 In(142))/(5m) €
; - n2 . e1 n xT s
= w, g(z,0)el/ Gm "+ >/§—AF(§)dg.
0
Applying Lemma of Erdlyi ([6]) once again, we have
2
i(2In(14x))/(5m) & 5 . )
/e = F(¢)d¢ = 2_7ifF(1 _ )\)ema_x)/gel/(sm) In?(14x) ln’\’l(l + )

0
+o(In* (1 + ), z— oc.

This and the above considerations prove (4.14). Finally, it is easy to see that
(4.16) implies (4.15). 1
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5. SPECTRA OF TOEPLITZ OPERATORS WITH SYMBOLS DEPENDING ON y = Im z.

5.1. CONTINUOUS SYMBOLS. Let E be a subset of R having +oco as a limit point
(normally E = (0,+0c0)), and suppose that, for each A € E, we are given a set
M, C C. Define the set M., as the set of all z € C for which there exists a
sequence of complex numbers {2, }nen such that:
(i) for each n € N there exists A\, € F such that z, € M), ;
(ii)) lim A, = 4o0;
n—oo
(i) z = lim z,.
n—oo
We will write
My = lim My,
A—+oo
and call M, the (partial) limit set of a family { M)} erp when A — +oo.
For the case when F is a discrete set with a unique limit point at infinity, the
above notion coincides with the partial limiting set introduced in [10], Section 3.1.1.
Following the arguments of Proposition 3.5 in [10], one can show that

Oofﬂclos(U )

n=>A

Note that
lim M= lim M), =M,

A—+oo A——+o0o

The a priori spectral information for L..-symbols (see, for example, [3], [4])
says that for each a € Loo(IT) and each A > 0

(5.1) spT™N < conv(ess-Range a).

Given a symbol a = a(y), the Toeplitz operator T,gA) acting on the space

A3 (II) is unitary equivalent to the multiplication operator v,,1, where the func-
tion vg, 1 (z), € Ry, is given by (2.6). Thus, we have obviously

sp TN = M (a),
where My (a) = Rangey,,x.
THEOREM 5.1. Let a = a(y) € C(Ry) = C[0,+oc]. Then
(5.2) AETOO spT™ = M, (a) = Rangea.

Note that Range a coincides with the spectrum sp al of the operator of mul-
tiplication by a = a(y) acting, say, on all of Lo(II,duy ), and hence another form
of (5.2) is

lim sp T()‘) =spal.

A—+o0
Proof. We use the Laplace method ([6]) to evaluate the integrals. Introduce

the large parameter L = v/z2 + A2 (recall A — +00) and represent 7, () in the
form
o0

. 2 —LS(t,l,D)
(53) Toae) = pis [ ate/pe SO
0
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where
S(t, @) = T A Int = (siny) t + (cos ) lnl, with ¢ € [0, E}.
L L t 2
The function S(t, ), as a function of ¢, has a minimum at the point

cos

= sinc € (0,00)
Write (5.3) in the form
AT
Yar(x) —a(ty/2) = m [ / (a(t)2) — a(tw/Q))e—LS(t,g;)dt
RyNU(ty)
(5.4) + / (a(t/2) _ a(tw/Q))e—LS(t,cp)dt}
R\U(t,)

= Il(L) + IQ(L),

where U () is a neighborhood of the point ¢, such that sup |a(t/2)—a(t,/2)| <
teU(t,)
e, with € > 0 sufficiently small. We have,

Il(L) <e€

uniformly in ¢. Next, I3(L) < e uniformly on ¢ as well. Indeed, rewrite the
integral Io(L) in the following form

A1 i
L(L) = oD / (a(t/2) — alt,/2))e L5t dt
0
At ? s
! T+ [ (a(t/2) — alty/2))e” " t#)dt

= 1271(L) + IQ,Q(L)

where o > 0 is small enough.
Use the asymptotic Euler formula for the I'-function (see, formula 8.327 of
7))

PO 1) = AT = XY ooy, A
+ = = — - + - , — 00,
A+1) (N N ( (A"1/2))
where we set A\ = xt,. Then the integral I 2(L) admits the following estimate
Ba(L)] < consta® [ Jat/2) - alt,/2)e S
toto

where

S(t,p) = (t —ty) —to(Int —Int,).
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It is evident that there exists A (> 0) which does not depend on ¢ and such that,
for t > t, + 9, the following inequality holds

St @) > At —t,), t>t,.

Thus, we have

\Ioa(L)] < comst 2/ / la(t/2) — a(t,/2)[e =20t qt
toto
< const z/2e~ (@ DA / la(t/2) — a(ty/2)]e” 2 t)dt.
to+o

According to the definition of the class L;(R4,0) the last integral is finite and we
have, uniformly on ¢,

Lhm 1272(11) =0.
Analogously one can get that, uniformly with respect to ¢,

lim 1211(L> =0

L—oo

and, consequently, Llim I,(L) =0.
Since € can be arbitrarily small, from the above we get

(5.5) Yax(x) = a(ty/2) (14 (L)),

where (L) — 0, when L — oo, uniformly with respect to ¢. 1

5.2. PIECEWISE CONTINUOUS SYMBOLS. Let b(t) = a(t/2) be a piecewise contin-
uous function on [0, +oc] having jumps on a finite set of points {¢;}72; :

0:t0<t1<t2<"'<tm<tm+1:+00,
and a(t;/2+0),5 =1,...,m, exist. Introduce the sets
Jj(a) = {Z eC:z= a(t/Q),t S (tj,tj_H)}

where j =0,...,m, and let I;(a) be the straight line segment with the endpoints
a(tj/2 —0) and a(t;/2+0), j=1,2,...,m.
Introduce now

7o) = (U 5@)u( U 1)

THEOREM 5.2. Let a(t/2) be a piecewise continuous function on [0, +00].
Then _
)\lim spy TNV = M. (a) = R(a).

Proof. The proof is quite analogous to that one of Theorem 5.2 in [9]; see
also [8]. 1
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For L..-symbols, apart from the a priori information (5.1), we have obviously
(5.6) Alim spy TNV = M. (a) C conv(ess Range a).

At the same time the collocation of M (a) inside conv(ess Range a) may essentially
vary. We give a number of examples illustrating possible interrelations between
these sets.

EXAMPLE 5.3. Let a(t) € C[0,+0o0]. Then, according to Theorem 5.1,
Moo (a) = Rangea (= ess Rangea).

EXAMPLE 5.4. Let

ay tE [1,00].

a(t/2) = {041 te (0,1);

where a1, as € C and a; # a3. Then, according to Theorem 5.2, My, (a) coincides
with the straight line segment [aq, aa] joining the points oy and «s, whence

Moo (a) = conv(ess Rangea) (= conv(Rangea)).
EXAMPLE 5.5. Let
a; te [O, 1),

a(t/2) = {ag tel,2),

az  t € [2,00];
where o, ag, as are different points from C. Then, by Theorem 5.2, we have
My (a) = [o1, aa] U [z, as]

and in this case the set My (a) is a part of the boundary of the convex hull
ess Range a = Range a, that is

Moo (a) C 9conv(Rangea).

EXAMPLE 5.6. Let a1, as, a3 be as above, and

a1 t e [0, 1),

S s te[L2),
alt/2) =1 o, te[23)
ap tE[3,00].

By Theorem 5.2 the set My, (a) coincides with triangle with the vertices a1, ao, as,
MOO(G’) = [0417 OQ] U [042, 043] U [043, 044]-

Thus, in this case,
Moo (a) = 9 conv(Range a).

EXAMPLE 5.7. Let {t;} ez, be an increasing sequence of positive numbers
with lim ¢; = oo and to = 0. Define the symbol a(t) as follows,

Jj—o0

e, o
at/2)=§ ©, fE Pt
—esY t e [t2j+15 t2j+2)7

where {{;}jez, C [0, 7] with the closure {;} ez, = [0,7].
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As in Theorem 5.2 one can show that each diameter [ei%, —eli] of the unit
disk D having el and —e!% as endpoints, belongs to M (a), which implies D C
M (a). We have that Rangea = 0D = T. Finally,

My (a) = D = conv(Range a).

5.3. OSCILLATING SYMBOLS. We consider here the case of a discontinuity of
the second kind, the oscillating symbols. To be more precise, the following two
model situations will be considered: a strong oscillation and a slow oscillation.
In spite of their qualitative identity, an oscillation type discontinuity, the results
differ drastically.

THEOREM 5.8. (Strong oscillation) Let a(t) = €%, then Rangea = T and
Moo (a) =D.
Proof. For a(t/2) = e'* we have

oo

Yar(z) = ﬂ /tke—(z—i)tdt
: T+ 1)
0

AT 1 Vi
= . /s)‘efsds
(5.7) (x =M T(A+1)
0
L \ M1
- (=)
1 1
= exp {)\ - In (1 o 1)] -exp [(A+ 1)iarctan(z™")] .
x

Given a nonzero point zy € D, we represent it in the following form
2o = exp(—ao +ifo),
where ap > 0 and Gy € [0, 27).
Introduce the sequences
2rk 27k)?
_ Bot2mk )\k:(ﬂoJrW)

—1=20z? -1, keN.
2@0 2@0 0Tk

Tk

Then, for large values of k, we have

A+ 1 1 . _
Ya. . (Tk) = exp [ 5 In (1 - %)] -exp (A + 1)iarctan(zy )]

A+ 1 _
o[ A25L 0ot

X exp {iAk +1 + Ak + 1)0(x,§3)}

=exp [—ao + O(k™?) +i(Bo + 27k) + O(k™1)] .
It is easy to see now that
Jm va,, (zk) = 20,

that is, zg € Mo (a), and D C My (a). The inverse inclusion follows from (5.6). 1
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We note that formula (5.7) permits us to understand the form of the image
of 4, for each fixed (and sufficiently large) value of A. First of all, it is easy to
see that

lim v, (z) =1 and lin})'ya)\(z) =0.

If 0 <m < ax <M < +00, then the absolute value of v, x(x) changes much more
slowly than its argument. That is, for each fixed A, the image of v,  looks like
a spiral outgoing from the point z = 1 and tending to z = 0, as x tends to 0.
Moreover, when )\ is growing, the branches of a spiral became closer and closer to
each other.

THEOREM 5.9. (Slow oscillation) Let a(t) = (2t)!, then Rangea = T and
My (a) =T.

Proof. For a(t/2) = t' we have

’yaA(x)fi /tAJrie*“dt
: T+ 1)
0
1 T A i T(A+1+1)
— 1 Sd — 1
F(A+1)/S ¢ EEE IO
0

That is for a fixed A the image of v, » coincides with the circle centered at origin
and having radius equals to |[(T'(A + 1 +1))/(T'(A + 1))].

By formula 8.328.2 of [7], we have

T\ +141)

~ 1.
AE&} T+ 1) '

We note that Theorems 5.8 and 5.9 can be generalized for a wide class of
strong and slowly oscillating symbols. For example, if a1(t) = (2t + 1)', then

Mso(a1) = T, as in Theorem 5.9. The function aq(t) is continuous at the point
t =0, thus v4,,2(00) = a1(0) = 1, for all X\. For a fixed A the image of 74, is a
spiral outgoing from the point z = 1 and tending to the limit circle with the radius
equals to |(T(A+1+1))/(T'(A+1))| and centered at origin (the same circle as in
Theorem 5.9).

We illustrate the above on the figures presenting the images of functions v, »
for two oscillating symbols

ar(t) = (14 26) = MO+ and  ay(t) = €2, 1 €0, 00),

and for the following values of A: 0, 10, and 1000.
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1 T T T

I I I = I I I I I I
0.2 0.4 0.6 08 1 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 08 1

The functions ~y,, () and 74, () for A = 1000.

We note that both symbols are continuous at the point ¢ = 0 and have an
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oscillation type discontinuity at infinity, both of them are of the same form
ak(t) = eiwk(t)) k= 1) 27

where the corresponding functions ¢ (t) are continuous and growing on [0, +00]
with ¢ (0) = 0 and ¢g(+00) = +oo. The only difference between them is the
speed of their growth at infinity. And this difference leads to a drastic difference
between the spectral behavior of the corresponding Toeplitz operators.
5.4. UNBOUNDED SYMBOLS.

THEOREM 5.10. Let a(t) € L1(R4,0)NC(Ry). Then

Rangea C Moo (a).
Proof. The proof is analogous to that of Theorem 5.1. 1

We show now that the property (5.6), previously established for bounded
symbols, still remains valid for our unbounded symbols.

THEOREM 5.11. Let a(t) € L1(R4,0). Then
Moo (a) C conv(ess Rangea).

Proof. For each M > 0 consider the function

a(t) if la(t)] < M,
“M(t){ E)) if|a8|>M.

The function ap(t) is bounded, whence
Range vq,,,» C conv(ess Rangeans) C conv(ess Rangea).
The equality
Mh_rfloo Yarr A(Z) = Yar (@),
verified by the Lebesgue dominated convergence theorem, implies
Range v, 1 (z) C conv(Rangea). 1
COROLLARY 5.12. For functions a(t) € L1(R4,0) N C(RL),
Rangea C My (a) C conv(Rangea).
EXAMPLE 5.13. For each j € N define I; = [j — 1,5 — 1+ 1/43] and let
{&;}jen be a sequence such that {£;};jen = [0, 27]. Define the symbol as follows

. ig . .
_Jge'v tel;jeN,
alt/2) { 0  otherwise.
Obviously, Bt(ll)(«s) < Y 1/42%, and the corresponding Toeplitz operator TV s
jEN
bounded for every A > 0. Theorem 5.2 implies that the straight line segment
[0, je'%] is contained in M, (a). Thus

Muo(a) = C = conv(Range a).



DYNAMICS OF PROPERTIES OF TOEPLITZ OPERATORS 29

EXAMPLE 5.14. For given a € (0,1) introduce a(t/2) = '~ and calculate

o0

oML At T T+ 14+ a—i)
a — t +i—a 7:ntdt —
Yo (@) m+1)/ ¢ T(A+1)

0

By the asymptotic of the I'-function (see formula 8.327 in [7])
Yar(x) = 2T A+ 1)1+ 0(1)), A — oc.
Given arbitrary 1 > 0, one can take z and A such that (A4 1)/x = 5. Thus,
Yar(@) =171 +0(1), A— oo,

and in this case,
Rangea = My (a).
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