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1. Introduction

In the paper we study the C*-algebra generated by Toeplitz operators T, with
piece-wise continuous symbols a acting on the Bergman space A?(ID) on the unit
disk D in C (see Section 2 for exact definitions). Our aim here is to describe
explicitly each operator from this algebra and to characterize all Toeplitz operators
which belong to the algebra.

The first structural result on Toeplitz operator algebras is due to L. Coburn [5]
and goes back to early 1970s. It says, that the C*-algebra T (C (D)) generated by
Toeplitz operators with symbols continuous on D is irreducible and contains the
entire ideal IC of compact operators on A%(D). Every operator T € T(C(D)) is of
the form

T=T,+K,

where a € C(D) and K is a compact operator.
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The key property of Toeplitz operators behind this result is that the semicom-
mutator of two Toeplitz operators with continuous symbols [T, Ty) = T, T — Tup
is compact.

The maximal class of symbols for which the above structural result remains
true was introduced and studied by K. Zhu [17]. This class is @ = VMOs(D) N
L (D) and is the maximal C*-subalgebra of Lo (D) having the compact semicom-
mutator property.

However, for piece-wise continuous symbols, the semicommutators of Toeplitz
operators are no longer compact in general. This immediately leads to a much
more complicated structure fot the C*-algebra generated by such operators. In-
deed, apart from the initial generators, the Toeplitz operators T, with piece-wise
continuous symbols, the algebra contains now all elements of the form

> 7.

k=1j=1

as well as the uniform limits of sequences of such elements.

We note that the description of the (Fredholm) symbol algebra for the C*-
algebra generated by Toeplitz operators T, with piece-wise continuous symbols
(see, for example, [13-15]) is well understood and known for a many years. At the
same time many important questions connected with the structure of the Toeplitz
operator algebra itself have remained unanswered since the very first work on this
subject. We list some of them in the following general setting.

Let A € Loo(D) be a set (linear space or algebra) of initial generating sym-
bols. Denote by 7 (A) the C*-algebra generated by all Toeplitz operators T, with
symbols from A. The following questions are of great importance.

(i) Describe the (Fredholm) symbol algebra Sym7 (A) = 7(A)/7T(A) N K of
the algebra 7(A), as well as the symbol homomorphism sym : 7(A) —
Sym 7 (A); here K is the ideal of compact operators on A%(DD).

(ii) Describe a canonical representation of elements forming 7 (A), thus clarifying
the structure of the algebra 7 (A).

(iii) Given an element sym A from the symbol algebra Sym 7 (A), characterize an
operator A € 7 (A) having this (Fredholm) symbol.

(iv) Characterize the Toeplitz operators T}, which belong to 7 (A), as well as the
variety of their possible symbols b.

In the paper we consider the case when A is a class of piece-wise continuous
symbols (defined in Section 2). As we already mentioned, the complete answer
to (i) is well known, while questions (ii)—(iv) remained unanswered. Our aim here
is to answer to these last questions.

We mention that an intensive study has been recently devoted to the ques-
tion of when the product of two Toeplitz operators is a Toeplitz operator. Not
pretending to be complete, we cite, for example, the papers [1-4,8,9]. This in-
teresting and important problem leads to a more general question: under what
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conditions will applications all of algebraic operations (summation, product, uni-
form limit) to Toeplitz operators produce a Toeplitz operator; which combinations
of which Toeplitz operators give Toeplitz operators? If we restrict ourselves to a
specific class of initial Toeplitz operators, then the last question becomes precisely
the fourth one from the above list.

2. Symbol class and operators

Let D be the unit disk on the complex plane. Consider Lo(ID) with the standard
Lebesgue plane measure dv(z) = dxdy, z = x + iy € D, and its Bergman subspace
A?(D) which consists of all functions analytic in D. It is well known that the
orthogonal Bergman projection B of Lo(ID) onto A%(ID) has the following form

1 [ Q) dv(Q)
%/D (1-20)2 "

Given a function a € Lo, the Toeplitz operator T, with symbol a is defined as
follows

(Bp)(2) =

T,: ¢ € A*(D) — Blay) € A*(D).

In the paper we study Toeplitz operators with piece-wise continuous symbols
and the C*-algebra generated by such operators. As was mentioned in [12], con-
sidering Toeplitz operators with piece-wise continuous symbols, it turns out that
neither the curves supporting the symbol discontinuities nor the number of such
curves meeting at a boundary point of discontinuity play any essential role for the
Toeplitz operator algebra studied. We can start from very different sets of symbols
and obtain exactly the same operator algebra as a result. Thus, without loss of
generality, we fix now a certain setup which is suitable for our needs.

We fix a finite number of distinct points T' = {t1, ..., %} on the boundary ~
of the unit disk D, and let

0 = min{|tx — t;|, 1}.
inlix — 5], 1}

Denote by ¢, k = 1,...,m, the part of the radius of D starting at ¢ and having
length 0/3; and let £ = (J,—, k. We denote by PC(D,T) the set (algebra) of all
piece-wise continuous functions on ) which are continuous in D\ £ and have one-
sided limit values at each point of £. In particular, every function a € PC(D,T)
has at each point ¢, € T two (different, in general) limit values:

_ o - _ . + _ _ .
a” (tg) = a(ty—0) wtﬂlg}?t«ka(t) and a’ (tx) = a(tx+0) watahtr:}»tk

a(t) )

the signs &+ here correspond to the standard orientation of the boundary ~ of D.

For each k = 1,...,m, denote by xr = xx(z) the characteristic function of
the half-disk obtained by cutting D by the diameter passing through ¢ € T', and
such that x; (t) = 1, and thus x;, (tx) = 0.
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For each k =1,..., m, we introduce two neighborhoods of the point #:

_ ) — 8
Vk’z{zeD:|z—tk|<g} and V”:{zED:|z—tk|<§},

and fix a continuous function vy = v(z) : D — [0, 1] such that
'Uk|V7k, =1 s /Uk;|ﬁ\kal =0.

For easy reference we summarize three well known facts in the theory of
Toeplitz operators in the next lemma.

Lemma 2.1. The following properties hold:
(i) let LY (D) be the closure in Loo (D) of the set of all Loo-functions having com-
pact support in D; then for each function a € L% (D) the Toeplitz operator T,
18 compact;
(ii) for each pair of functions a € Loo(D) and b € C(D) the semi-commutator
[To, Ty) = To Ty — Tap is compact;
(iii) for each pair of functions a € Lo (D) and b € C(D) the commutator [T, Ty] =
T, Ty — Ty T, is compact.

We mention as well that for a, b € PC(D,T), the semi-commutator [T}, T})
is not anymore compact, in general, while the commutator [T}, 7] remains to be
compact.

Using Lemma 2.1 it is easy to see that for any symbol a € PC(D,T), the
Toeplitz operator T, admits the canonical representations

T, =T, + Z T’Ukpa7k(TXk)T'Uk + K
k=1

= Tsa + Z Tukpa7k(TXk) + K’
k=1

=T, + mek(TXk)Tuk + K" )
k=1

where s,(z) is a continuous function on D such that the following restrictions on
coincide:

m

sa(2)ly = la<z> =3 [am ) + (@ () — 0™ (#) xa(2)] uk<z>] ,
k=1 v
and where
pag(@) =a” (tr)+ (at(tx) —a” (tr))z =a ()1 —2)+at (tp)z, k=1,....,m,

are the first order polynomials in z, ux(z) = vx(2)?, and K, K', K are compact
operators.
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Indeed, by the second statement of the lemma, each right hand side operator
is a compact perturbation of the Toeplitz operator T5, where

a(z) = sq(2) + Z {a_(tk) + (a* () — a_(tk))Xk(Z)} up(2) .
k=1

We note that each function x%(2)ur(z), k = 1,...,m, belongs to PC(D,T) and
that sq(tx) = 0 for all ¢, € T. Then the difference a(z) — a(z) is continuous at
every point of the boundary v and [a(z) — a(z)]y = 0. Thus by the first statement
of the lemma the difference T,, — T is compact.

Such representations are essentially unique in the sense that the values of
sa(z) on ~y are uniquely defined and if the function s,(z) is changed for another
one with the same boundary values, the result will be altered at most by a compact
operator.

3. Algebra 7 (PC(D,T))

We denote by 7 (PC(D,T)) the C*-algebra generated by all Toeplitz operators T},
whose symbols a belong to PC(D,T). It is well known that this algebra is irre-
ducible and contains the entire ideal K of all compact on A?(D) operators.

We give now the description (see, for details, [13-15]) of the (Fredholm)
symbol algebra Sym 7 (PC(D, T)) = T (PC(D, T))/K of the algebra T (PC(D,T)).

Let 4 be the boundary v cut at the points ¢, € T. The pair of points of ¥
which correspond to the point ty, € T, k =1,..., m, will be denoted by t; — 0 and
tr + 0, following the positive orientation of 7. Let X = LIi-; Ag be the disjoint
union of segments Ay = [0,1]. Denote by ' the union 5 U X with the following
point identification

t, —0=0r, tpr+0=1g,

where t +0 € 7, 0 and 1, are the boundary points of A, k=1,...,m.

Theorem 3.1. The symbol algebra Sym7 (PC(D,T)) = T(PC(D,T))/K of the
algebra T (PC(ID, T)) is isomorphic and isometric to the algebra C(I"). The homo-
morphism _ _
sym : 7(PC(D,T)) — Sym7 (PC(D,T)) = C(I")
is generated by the mapping of generators of T(PC(D,T))
. a(t), teny
sym : To — { alty — 0)(1 —2) + a(ty + 0)z, xz€[0,1] °
wherety € T, k=1,2,...,m.

The proof of the theorem is based on the standard local principle (see, for
example, [6,10,11]), use the localization by the points of v and the description of
each local algebra ’f’(t), ten.

In what follows we will use two different descriptions of the local algebras
’f’(tk), for ¢, € T' C v, which we now proceed to describe.
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As a Toeplitz operator T, with symbol continuous at the point t; is locally
equivalent at the point 3 to the scalar operator a(tx)l = Tj(,), the local algebra

~

T (tg) is the C*-algebra with identity generated by the single self-adjoint element
T,,, and thus is isomorphic and isometric to C(spTy,). It is well known that
spTy, = [0,1]. Thus as the first description of the local algebra ’ZA'(tk) we have:

The local algebra ’f’(tk) is isomorphic and isometric to C[0,1], and the iso-
morphism

m, o T(ty) — C[0,1]

is generated by the mapping 7, : Ty, + x, where v € Ay = [0,1].

For the second description we construct a unitary operator directly reducing
T\, to a multiplication operator.

Let IT be the upper half-plane in C. Introduce the Moébius transformation

At — 2
ar(z) = zm ,

which maps the unit disk D onto II, sending the point ¢; to 0 and the opposite
point —t;, to co. We introduce the space Lo(II), with the usual Lebesgue plane
measure, and its Bergman subspace A2 (I1) which consists of all functions analytic

in II. Then ‘
(Vig)(z) = 21 w(“‘ﬂ (3.1)

(z+tr)? zZ—Ftk

is obviously a unitary operator both from Lo (II) onto L2(D), and from .A2(IT) onto
A%(D), and its inverse (and adjoint) has the form

_ 24t i —w
<n1wwo=—@HjP¢<mw+J.

It is a simple calculation to check that

Vil Vit =T

where xy is the characteristic function of the right quarter-plane in II.
We denote by Liﬂ’”}(o,w) the C*-subalgebra of L..(0,7) of all functions

having limits at the points 0 and 7. And let H(Lii}”}(o, 7)) be the algebra which
consists of all homogeneous functions of zero order on the upper half-plane whose
restrictions onto the upper half of the unit circle (parameterized by 6 € [0, 7])

belong to L({X(f’ﬂ}(O7 m). Further let T(H(Lig’ﬂ} (0,7))) be the C*-algebra generated
by all Toeplitz operators T, with symbols a € H( ig’ﬂ}(O, m)).

The function y4 obviously belongs to H (L™ (0,7)) and thus T . €
T(H(L({,g’ﬂ} (0,7))). Moreover, as shown in [12], the Toeplitz operator T, gen-
erates the algebra T (H(L{2™ (0, 7))).

The exact result is as follows.

Passing to polar coordinates on the upper half-plane II we have

L2(H) = LQ(RJr,rdr) & Lg([o,ﬂ'],de) = L2(R+,T‘d7‘) ® LQ(O,’]T) .
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We introduce (see [16]) two operators: the unitary operator
U=M®I: L2(R+,T‘d7‘) & Lg(o,ﬂ') — LQ(R) ®L2(0,7T),

where the Mellin transform M : Lo(Ry, rdr) — Lo(R) is given by

1 .
(M)A = —= [ r=Pe(r)dr

2 Jr,
and the isometric imbedding Ry : Lo(R) — A} C Lo(R x [0, 7]), which is given
by

(Rof)M6) = FN) -] —22__ o= Oti0

1 — e—27mA
The adjoint operator R : L2(R x [0,7]) — L2(R) has the form

(Rov)(N) = /1 _m/ Y\ 0)e de .

Now the operator R = RjU maps the space Lo(II) onto Lo(R), and its restriction
R| 42y + A(I1) — Ly(R)
is an isometric isomorphism. The adjoint operator
R*=U*Ry : Ly(R) — A*(I) C Ly(10)
is an isometric isomorphism of Lo(R) onto the Bergman subspace A?(II) of the

space Lo(II).

Theorem 3.2 ([16]). Let a = a(f) € H(Lig’ﬂ}((),ﬁ)). Then the Toeplitz oper-

ator T,, acting on A>(II), is unitary equivalent to the multiplication operator
Yol = RT,R*, acting on La(R). The function v,(\) is given by
2\ " —2)0 ™

"/a()\) = m/o a(9) e d6‘, A€ R, (32)

and belongs to C(R), where R = R U {—oo} U {+00} is the two-point compactifi-
cation of R.
In particular, for a = x4, we have (see [12])

1 —

7x+(/\):ma A€ER,

and
Ty, = R*v (MR.
Theorem 3.3 ([12]). The C*-algebra with identity generated by T, coinsides with

the algebra T(H(L({,g’ﬂ} (0,7))) and is isomorphic and isometric to C(R). The iso-
morphism

Ty T(H(L£7”}(O,7r))) . C(R)
is generated by the mapping w1 @ Ty, — Yy, ().
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To obtain the second description of the local algebra ’f’(tk) consider the uni-
tary operator U = RV}, and note that

Ul Uit = s (V) or Ty, = U My, (AN Uy (3.3)

Thus we have: The local algebra T (t},) is isomorphic and isometric to C(R) and
the isomorphism
' T(ty) — C(R)
is generated by the mapping ;' : Ty, + vy, (\), where X € R.
We summarize the above in the next proposition.

Proposition 3.4. For each point t,, € T, the local algebra ?(tk) consists of all
operators of the form f(Ty, ), where f € C[0,1]. Each such operator admits the
representation

F(To) = U f (1 V) U

4. Operators of the algebra 7 (PC(D,T))

As has been already mentioned, the algebra 7 (PC(DD,T)), apart from its initial
generators T, with a € PC(D, T, contains all elements of the form

P 4k
ST (4.1)
k=1j=1
as well as the uniform limits of sequences of such elements. Our aim here is to
characterize each operator from the algebra 7 (PC(D,T)) up to a compact sum-
mand.
We start with the following lemma.

Lemma 4.1. For each n € N and each k = 1,...,m, there is a function sy, =
snx(2) € C(D) and a compact operator K, such that

(Tvakavk)n =T, T Tvk + Tsn,k + Kn,k .

Uk Xk
Proof. We have obviously
(T, Ty, To,)" = Top Ty, Tor + K’
T, 1" T, = (Tvl/nTkavl/n)n + K",
k k

Uk~ Xk

where K’ and K" are compact operators. Thus both operators Ty,r T} Typ and
T,,T" T,, belong to the algebra 7 (PC(D,T)). Calculating their symbols we have

Uk~ Xk
that
sym (T T T,

Uk~ Xk

where the continuous function s, 1 (t) on v has the form

s k(t):{ [o27(t) — 2] xa(®), teF\ (VLUB\ V),
n) v teyn(Viu\

¢ =Ty, T2 Ty, ) = sui(t),
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which is a continuous function on v. Extending s, x(t) to a continuous function
on D and returning from symbols to operators we obtain the desired property. O

Corollary 4.2. For every polynomial p(x) and each k = 1,...,m, the operator
Ap i =Ty, p(Ty, )Ty, belongs to the algebra T(PC(D,T)), and

(symA, i)|a, =p(x), z€l0,1].

Corollary 4.3. Fach operator A of the form (4.1) admits the canonical represen-
tation

P qi m
A= Z H Tai,j =T, + Z T'UkpA’k(TXk)T'Uk +Ka,
i=1 j=1 k=1
where s4 = s4(2) € C(D), pakr =par(x), k=1,...,m, are polynomials, and K 4

is a compact operator.

Lemma 4.4. Let f € C[0,1]. Then for each k = 1,...,m the operator As; =
Ty f(Ty, )Ty, belongs to the algebra T(PC(D,T)), and

(symAyp)la, = f(z), @ e[0,1].

Proof. Recall that the operator T, is self-adjoint and its spectrum is equal to
[0,1]. Let {pn(x)}nen be a sequence of polynomials which converges uniformly on
[0, 1] to the function f(z). Then by the standard functional calculus in a C*-algebra
we have

[Pn(T,.) = f(Tx )l = sup |pn(z) — f(2)],
z€[0,1]

and thus the operator Ay j, is the uniform limit of the sequence {7, pn (T, )Ty frnen
of elements of the algebra 7 (PC(D,T)).

Finally, the restriction (sym A x)|a, coincides with the uniform limit of the
restrictions (sym Ty, pn (T, )Tvr)la, = Pn(x), € [0,1], thus giving the desired
result. O

The next theorem starts the characterization of operators from the algebra
T (PC(D,T)) representing them in certain canonical forms.

Theorem 4.5. Every operator A € T(PC(D,T)) admits the canonical representa-
tions

A=Ts, + ZTkaA,k(TXk)Tvk + K

k=1
=Ts, + ZTuka,k(TXk) + K
k=1
=Ts, + Z fA,k(TXk)Tuk + K",
k=1
where s4(z) is a continuous function on D, uy(2) = v (2)?, far(z), k=1,...,m,

are continuous functions on [0,1], and K, K', K" are compact operators.
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Before we pass to the proof, we note that such representations have already
been obtained in Section 2 for the generators T,, where a € PC(D,T), of the
algebra A € T(PC(D,T)).

As in Section 2, these representations are essentially unique in the sense that
the values of s4(z) on v and the functions fa x(x) are uniquely defined by the
operator A, and if the function s4(z) is changed for another one with the same
boundary values, the result will be altered at most by a compact operator.

Proof. We will show the first representation only; the other two follow from the
fact that operators from the algebra 7 (PC(D,T)) commute modulo a compact
operator.

Hence, given an operator A € 7 (PC(D,T)), we introduce the functions
far(z) e Cl0,1], k=1,...,m, by

far(r) = (symA)|a,, z€][0,1].
Then the symbol of the operator A — > | Ty, fax(Ty, )Ty, has the form

m sat) tewy
sym <A_ZTkaA,k(Tx;c)Tvk> :{ Oi‘() xE’\/Aka k=1,...m’

k=1

where
sa(t) = (symA)(E) = 3 0 (1) £ax(0)(1 = xu(®)) + Far(Dx(t)
k=1

is a continuous function on v, and such that s4(tx) = 0 for all ¢, € T.
To finish the proof we extend s4 to a continuous function on ID and return
from symbols to operators. O

Theorem 4.5 and Proposition 3.4 lead to the next characterization of elements
of the algebra T(PC(D,T)).

Corollary 4.6. Every operator A € T(PC(D,T)) admits the representations

A=To, +> T Ui fak (v, V) URTy, + K
k=1

=To, + Y TuUg  far (1, V) Uk + K/
k=1

=T, + > Ui fak (v, V) UTy, + K"

where sa(z) is a continuous function on D whose restriction to vy is given by

salt) = (sym A)(t Zuk ) [Far(0) (1= xe®) + Far@Wxe(®)]
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where far(z) = (sym A)|a,, the operators Uy, are defined in (3.3), ux(x) = vi(x),
k=1,....,m, and K, K', K" are compact operators.

5. Toeplitz operators of the algebra 7 (PC(D,T))

In this section we show that, apart from the initial generators, the C*-algebra
T(PC(D,T)) contains many other (non compact) Toeplitz operators which are
drastically different from the initial generators. By Toeplitz operator here we al-
ways mean a Toeplitz operator with bounded measurable symbol.

Let A be an operator of the algebra 7 (PC(DD, T)). By Theorem 4.5 it admits
the canonical representation

A= TSA + ZTkaA,k(TXk)T'Uk + K.
k=1

Lemma 5.1. The operator A is a compact perturbation of a Toeplitz operator if and
only if each operator Ty, faxu(Ty,)Tve, K =1,...,m, is a compact perturbation of
a Toeplitz operator.

Proof. The “if” part is obvious. To prove the “only if” part, we assume that
A =T, + K; for some a € Lo(D). Using v in place of v,i/2 in Theorem 4.5 we
represent the operator A in its second canonical form

A=Ty + Y Ty far(Ty)+ K.
k=1

Then, multiplying by 7;, and using statement (ii) of Lemma 2.1, we have
ATvk = Ts’Avk + TkaA,k(TXk)Tvk + K2 = Tavk + KB 5
or

T’uk fAJC(TXk)T’Uk = Takas’A'uk + (KB - K2) . O

The result of Lemma 5.1 obviously remains true if we change the operators
Ty fa,k(Ty, )Ty, for either T, fa k(T ), or far(Ty)Tu, k=1,...,m.

Theorem 5.2. For any k = 1,...,m, the operator Ty, fax(Ty,)Tv, is a compact
perturbation of a Toeplitz operator if and only if the operator fa i(Ty,) is a compact
perturbation of a Toeplitz operator.

Proof. The “if” part is again obvious. To prove the “only if” part, we first reduce
the problem to the real valued function f4 ;. To this end we assume that

T far(Ty, )Ty, =T, + K1, forsome a€ Lo(D).

Passing to adjoint operators and taking into account that the functions vy and Yk
are real valued, we have

(TkaA,k(TXk)Tvk)* = TUk?A,k(TXk)T'Uk =Tz + Kz.
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Summing up these equalities we have that T, (Refar)(Ty,)Tv, is a compact
perturbation of a Toeplitz operator. Subtracting the equalities, we have that
Ty (Imfa )(Ty,)Tv, is a compact perturbation of a Toeplitz operator as well.

That is, the operator Ty, fa,k(Ty, )Tw, is a compact perturbation of a Toeplitz
operator if and only if both T3, (Refar)(Ty,)Tv, and Ty, (Imfa i)(Ty, )T, are
compact perturbations of Toeplitz operators. Thus proving the part “only if” we
can assume that the function f4j is real valued, moreover we can consider the
operator fa (T, )Ty, instead of Ty, fax(Ty, )T, -

We note as well that without loss of generality we may assume in what follows
that ¢, =i € v, because otherwise, using an appropriate rotation, we come to the
unitary equivalent operator with ¢, = ¢ € . Hence, let t;, = ¢ and let fa 1 be a
real valued function such that fa x(Ty,)Tu, = To + K for some a € Lo (D).

We introduce now the operator

(Z9)(2) = ¢(2),

which is obviously unitary on both L2( ) and A2(ID). Then, as is easy to see,

Zfak(Ty ) TunZ = Far(Ty2)Tupz) = Togy + Kz,
and thus
fa, k(Tmz)) (Turts) + Tunz)) = To + K3,
where b(z) = a(z) + a(z) )

far(Ty(2) = Far(Tyi) (I = Tup(z) — Tupz) +To + K.

The operator fax(Ty,(z)) (I Tyr(z) — Tup(z)) obviously belongs to the algebra
T(PC(D,T")) with T" = {i, —i} (that is, we have only two points of symbol dis-
continuity: ¢t = ¢ and to = —i) and its symbol is a continuous function on
(that is, a continuous function on I' which is constant on each A;, j = 1,2)
and identically equals to 0 at v N (V{ UV/) = v N (V{ UVy). Thus the opera-
tor fak(Ty,(z)) (I — Ty (z) — Tuk(g)) is a compact perturbation of some Toeplitz
operator T, with continuous symbol ¢, and thus we have finally

far(Ty,) = Tore + K3 O

By Proposition 3.4 every operator of the form f(7),), with f € C[0,1],
is unitary equivalent to the multiplication operator (f o ~vy)I. That is, the C*-
algebra generated by (and consisting of) all such operators intersects the ideal X
of compact operators in just the zero operator. This implies that an operator of
the form f(T),) is a compact perturbation of a Toeplitz operator if and only if it
is a Toeplitz operator itself.

Summarizing the above we come to the main result of the section.

Theorem 5.3. An operator A € T(PC(D,T)) is a compact perturbation of a
Toeplitz operator if and only if every operator fa p(Ty,) is a Toeplitz operator,
where far = (symA)|a, and k=1,...,m.
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The next theorem gives the description of the symbol of a Toeplitz operator
for the case when A € T(PC(D,T)) is of the form A =17, + K.

Theorem 5.4. Let A = T, + K. Thus all the operators (sym A)|a, (Ty,), where
k=1,...,m, are Toeplitz, i.e., (symA)|a, (Ty,) = Ta, for some ar € Loo(D).
Then the symbol a of the operator T, is given by

where sa(z) is a continuous function on D whose restriction to 7y coincides with

540 = (ym A)(E) — D [(sym A)[ 4, )1~ xe0)) + (sym A)|, (Du(0)] 17 (1)
k=1
Proof. Follows directly from Corollary 4.6. (]

Note that the operators f(7Y, ) and f(7T, ), being unitary equivalent, can be
Toeplitz operators only simultaneously. That is, the question whether an operator
A € T(PC(D,T)) is a compact perturbation of a Toeplitz operator reduces to
the description of the Toeplitz operators in the algebra 7 (H (Lig’”} (0,7))). By
Theorem 3.3 this algebra can be generated by T alone, and thus consists of all
operators of the form f(T, ), where f € C[0, 1].

The known result on Toeplitz operators in the algebra 7 (H (Lig’”}((), m))) is
contained in the next proposition.

Proposition 5.5 ([12]). For any symbol a = a(f) € H(Lig’ﬂ}(o,w)), the Toeplitz

operator T, belongs to the algebra T(H(Lig’ﬂ}((), 7))), and is the following function
of the operator T,

T :fa(TX+)a
where y
222 In(1—2) —Inz [T I AN
fa(x)—Tm/o a(9) ( - > do .

For a number of specific examples of symbols a = a(f) € H(Lig’”}(O, 7)) and
corresponding functions f, € C[0, 1], see [12].

Corollary 5.6. For each function a = a(w) = a(e) € H(Ligm}((),ﬂ')), where
w=re? €II, and each k = 1,...,m, the Toeplitz operator

Ty, = VTV, !
belongs to the algebra T(PC(D, {ty, —tr}) and has the symbol

bi(z) = alan(2) = a <itk — Z) .

z 4tk

Here the operator Vj, is given by (3.1).
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We can describe now the symbols of a wide variety of Toeplitz operators
in T(PC(D,T)) which are drastically different from the initial generators. All
of them have at each point of discontinuity ¢, € T, in general, infinitely many
limit values reached by the hypercycles starting at ¢; (i.e. the images under the
Mobius transformation oz,;l of rays on the upper half-plane II starting at origin)
and parameterized by functions from Liﬂ’”}(o,w). We note that each of these
(bounded) symbols b have one-sided limit values at the point ¢; and these limit
values coincide with the values of sym T} at the endpoints of Ay:

b(ty — 0) = (symTp)(0r), b(tx +0) = (symTp)(1x).

Corollary 5.7. For every function aj = ax(w) = ax(e') € H(ng’ﬂ}((), 7)), where
w=re? €I, k=1,...,m, and every function s(z) € Lo (D) having limits at all
points of v and such that s|y € C(v), the Toeplitz operator T, with symbol

b(z) = s(z) + :1 a <itk - z) ()

z 4t

belongs to the algebra T(PC(D,T)).

6. More Toeplitz operators

In the previous section we reduced the description of Toeplitz operators in the al-
gebra T (PC (D, T)) to the description of Toeplitz operators in T(H(Lig’ﬂ}((), 7))).
We show now that the algebra T(H(L({,g’ﬂ} (0,7))) contains many more Toeplitz
operators than described by Proposition 5.5. Indeed, as we will see, it also contains
(bounded) Toeplitz operators whose generally unbounded symbols a(f) may not
have limits at the endpoints 0 and 7 of the segment [0, 7].

We recall that the Toeplitz operator T, with symbol a(f) belongs to the
algebra T(H(L({,g’ﬂ} (0,7))) if and only if the function 7,(X), defined by (3.2),
belongs to C(R).

Remark 6.1. Given a symbol a(f), in what follows we will study the behavior of
the corresponding function v, (A) when A — +oo. It is clear that the behavior of
a(f) near the point 0, or 7, determines the behavior of v4(A) near the point +oo,
or —oo, respectively. The equality

—22 7 -2\ [T -
Ya(o)(—A) = W/o a(0)e* do = m/o a(m — 0)eXN =9 g

2\ g _
= m/o a(m — 0)e” M d0 = Yo(n_g)(N)

permits us to reduce this study to only one case, say considering the symbol a(6)
in a neighborhood of 0 and ~,(\) in a neighborhood of +cc.
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We continue to consider the homogeneous symbols of zero order on the upper
half-plane IT identifying them with functions a(6), where 6 € [0, 7].

For any Li-symbol a(f) we define the following averaging functions, which
correspond to the endpoints of [0, 7],

and
0 T
cwO) = [ oV, DY) = [ D udu,
0 T—0

for each p=2,3,....

The next theorem gives the conditions on the behavior of Li-symbols near
endpoints 0 and 7 guaranteeing that the corresponding Toeplitz operators belong
to the algebra 7 (H (L™ (0,7))).

Theorem 6.2. Let a(f) € L1(0,7) and suppose that for some p,q € N,
lim 9~PCP(9) = ¢, (¢ C) and Jim ¢ DY) =d, (€ C). (6.1)

Then va(A) € C(R).

Proof. Consider first the case when p = 1 and A — +4oc0. Integrating by parts we
have
2X T _one 1
Ya(A) = m/o e ng )(9)

22 —27A 4/\2 ™
= T OV + s / CiP(0) e do.
0

Taking into account the first equality in (6.1), we have Please check = :=
2\ e—2mA in the equation. Is it
Ya(A) = PR M () correct?
4)\2 C1 T —_2\0 4)\2 (4] & _oxg
T o /O O™ do+ T — 5 /0 a(0)0 e~ dp

==L\ + L(\) + 3()),

where limg_.o a(0) = 0.
It is obvious that for sufficiently large A, |I1 (\)| < e. Then,

2w\ e 2mA

LN =ea - T =

and thus for sufficiently large A, |I2(\) — ¢1] < e.
To estimate I3, we select a sufficiently small § to guarantee that

sup |a(f)] <e.
0€(0,6)
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Then

6 s
|I3(\)| < const A? (/ a(0)0 e dp +/ 0 =220 d9>
0 5

) T
< const, <)\25/ Oe M a0 + /\26_2A6/ 9d6‘>
0 b

< const (e + )\26_2)\6) )

That is, for sufficiently large A\ we have as well that |I3(\)| < conste, and the
above three inequalities yield
li A)=c.
) =a

The case when ¢ = 1 and A — —oo follows from Remark 6.1 and the case
just considered. The continuity of 7, () in all interior points of [0, 7] is obvious.

The proof for the cases when p > 1 and g > 1 is quite analogous and requires
repeated (p-times, or ¢g-times) integration by parts. O

We give now several examples of symbols bounded or unbounded near the
endpoints of [0, 1] and which oscillate approaching the endpoints.

Ezxample. Let
a(@) =07" sinf~™, where 0<B<1, a>0. (6.2)

This symbol oscillates near 0, is bounded when 3 = 0, is unbounded for all 3 €

(0,1), and is continuous at the another endpoint 7 for all admissible values of the

parameters. That is we need to analyze the behavior of a(f) near the point 0 only.
According to calculations of Example 4.4 in [7] we have that

go—B+1
cV(9) = —— cosf "+ O(6° "), when 60— 0. (6.3)

Thus, if a > 3 then
lim 6~ CV(0) =0,
0—0

and the first condition in (6.1) is satisfied for p = 1.

Further, if & <  we need to consider the averages of the higher order. Indeed,
formula (6.3) implies that

C?(9) = 0(H**P+2), when 6 —0
and, more generally, that
CP(9) = O(BP*~P*P) | when 60— 0.

Thus for each a < 3 there is py € N such that ppaw > 3, and thus the first condition
in (6.1) is satisfied for p = po.

That is, the Toeplitz operator T, with symbol (6.2) does belong to the algebra
T(H (Lig’”} (0,7))) for all admissible values of the parameters.
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Ezxample. Let
a(f) = (sin@)~? sin (sind)~*, where 0<B<1, a>0. (6.4)

This symbol oscillates near both endpoints of [0, 1], is bounded when 5 = 0, and
is unbounded for all 8 € (0,1).

Analogously to the previous example one can show that if poav > 3 then both
conditions in (6.1) are satisfied for p = po, and thus the Toeplitz operator T;, with

symbol (6.4) belongs to the algebra T(H(Lig’ﬂ} (0,7))) as well.

We show now that not all oscillating symbols, even bounded and continuous,
generate the Toeplitz operators which belong to T(H(Lig’ﬂ} (0,7))).

Ezample. Let
a(f) = 6" = 'm? (6.5)

As the symbol oscillates near the endpoint 0, we examine the behavior of 7,(\)
when A — +o00. Changing the variable t = 26, we have

2\ N i —2\0
7“(”:71_e—w/0 6 =2 dp

2 —1 27T\
= —i—él———j/ te tdt
0

1— 6—277)\
(2/\)_Z —27A —27A
= e (1= 7™ —2mAe™™™)

2N (1+0(N),

where limy_, o0 0(\) = 0.

That is, the function 7, (A) oscillates and has no limit when A — 400, and
thus the Toeplitz operator T, with symbol (6.5) does not belong to the algebra
T(H(LEL™(0,7))).

The symbol

a(f) = (sin )’
provides us with an example for which the corresponding function 7,(\) does not
have limits both when A\ — +o00 and A — —oc.

To give a characterization of Toeplitz operators in 7 (H (Lig’ﬂ} (0,7))) which
have L..-symbols we need the following auxiliary result.

Theorem 6.3. Let a(0) € Loo(0, 7). Then for each real valued monotone function
q(X\) such that

lim ¢(A\) =+oc0 and  lim a)

A—+oo Aotoo A =0 (6.6)

we have
Jim (3a(A+a(0) = 7)) = 0.
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Proof. We calculate

_2(M+a) " —2(A+q(A)0
Ya(A+ (V) =7V = m/o a(f)e dg

2\ " —2x0
= 672“/0 a(f)e do

2(\ + ¢(\ ™
=1 ( ; ?A(_thZ())\_)) / a(f)e X (1 — e~ dp

2(A +4q(V) 2) .
* (1 —e2r0H() T 1 _ e2m /0 a(f)e™="" do

=LA+ 2().

Let A — 400, we introduce o(A\) = (Ag()\))~/? and start estimating I;(\)

a(N)
|11 (\)| < const <)\/ la(0)]e=**|1 — efzqo‘)9| do
0

+ A la(8)|e 2 d9>

o(N)
< const <)\|q e M ap + )\/ e~ 2N d9>
a(N)
) —2X o (N) 1— e 22 a(N)
<
< const <)\|q ( o\ + e )

e~ 22T _ —2)\0'()\)
)

1/2 1/2 A \1/2
< const <(£)i\)> e 2an) ' + @ +e A4 e 77) ' ) )

By the second condition in (6.6), for each ¢ > 0 and corresponding sufficiently
large A\, we have

|11(A)| <eg.

We estimate now Io(\):

IL(V)] < const |g(V) / " a(0)] e do
)
).

s
< const |q(/\)|/ e 22 dh < const
0

That is, for sufficiently large A we have as well that
(M| <,
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and thus

Jim (3 a) 7)) =0

The case when A — —oo follows from Remark 6.1 and the above arguments. [

Given any a(f) € Loo(0,7), we introduce now two modified averaging func-
tions which correspond to the endpoints of [0, 7]

2
1—e20

2

[ T
L (0) = / a(u)du and D.(0) = m/70a(u)du. (6.7)

We note that these functions are connected with the old averages by
2 2
1—e~ 1—e~
Both functions C/,(0) and D, (f) are bounded, moreover C’(0) € C(0,n]
and D! (0) € C[0,7). That is, to check whether Toeplitz operators with symbols
C!(6) and D!, (0) belong to the algebra T(H(Lig’w}(o, m))), one needs to study the We changed “... one

Cl(0) = —CM(0) and D(0) = —DM(0).

behavior of these function near a single point only, 0 for C? () and 7 for D/ (f).  need ... 7 to “... one
The next theorem shows that the study of general Lo.-symbols is equivalent needs ..”. Do you
to the study of these two much more easily treatable functions. agree?

Theorem 6.4. Let a() € Loo(0,7). Then v,(\) € C(R) if and only if
ver (A) € C(R) and ~p,(A) € C(R). (6.8)

Proof. Let 7,(\) € C(R). Consider first the case when A — +o0o. We will integrate

by parts in
22 (2 [ Y
Yer (V) = 1_em/0 (1_620/0 a(u)du)e d.
Before doing so we mention that
o] 72)\u St —2(A+n)0
A(0) = 20 gy, = N
A(0) /9 1—e~ T / z;)e " ;2(/\4-70

Thus we have

9 s
yor (A) = % ((—214)\(6‘)/0 a(u) du)

O +2/0 a(0) Ay (9) d9>

AN () [T 20« 1 " —2(A+n)8
_—1_67277)\/0 a(u)du+1—e*2”>‘z/\+n/ a(f)e do

ANAN(m) [T 1— e 2m(n)
:_71—6_2’”/0 a(u)du—|— =T Z D) Ya(A+n).
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Using the uniform boundedness |y, (A+n)| < |74l (r) and separating the leading
term we come to the equality

o0

Yo ( Z e Ya(A+ 1) +0(1). (6.9)
n—O

It is obvious that

A A N A
A+n)2  A4+n A+n+1 A+n)2A+n+1)"

Thus taking into account that

i(x\+n)2(:\\+n+1)zo(§)

n=0

we obtain

- A A A A 1
Z /\+n - <1_A+1+/\+1_A+2+A+2_"')+O<X) = Lo(l).

That is from (6.9) we have

020 = 7u00) + 3 2 () = 7a(ho0)) (1)
n= O

As 7,(N) € C(R), for any e > 0 there is A\g > 0 such that for each A > \g and each
n € Zy we have

|A/a()‘ + TL) - ’ya(+00)| <e.

Thus for A > A\g we have
> A

ey ) = raltod)l < 3

+o(l)=e+0(1),

lim e (A) = 7a(+00) .
y=-Foo

The proof that

lim yp; (A) = ya(—00)

Y——00

follows now from Remark 6.1.
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Let now y¢r (A) € C(R). Assuming that A — +o00, we have

2 us 0
Ya(A) = %/ e_zwd/ a(u) du
1—e 0 0
2) “omn [T ([ —2x0
=—=> € a(u) du + 2\ a(u)du | e de
1 € 0 0

—29 —2)0
:1—e2ﬂ>‘</0/ ) e dg

1
+ 5 e N1 — e‘””)C’é(w))

2\2 1— 6—27T()\+1)

— , _ . , 1 —27A
Aver (N) 0D T-c yor (A +1) +O(Xe )
A\ 27\
= Avycr (A) — F(A+1 Ae " T
ver (A) )\+1“/ca( +1) +O0(Ae™")
That is, we come to the following equality
Yor (A+1 Con a (A
*ycg(A)—fyc;(A+1)+7aA(+l )+O(e 27N = VT() (6.10)

Changing, if necessary, the initial symbol a(8) by adding a constant, we may
assume without loss of generality that

AEI—iI-loo ’YC/ (A) =0

Introduce the function
a(A) = sup [yver (€],

§2A
which is non increasing and satisfies
AEIJPOO a(A)=0.
Substitute
A+1, A+2, ., A+ [Nat2)N)],

for A in (6.10), where [-] is the entire part of a number; summing up the obtained
equalities, we have

glel A+n+1)

—27A
Zing1 1O

vyor (A) —ver (A +no + 1) +Z

Ya(A+ 1)
11
Z Adn (6.11)
where ng = ng(A) = [A-a/2(\)].
‘We assume now that

)\El}rloo ’)/a(A) 7& 0.
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That is, there exists a sequence {A;}72; which tends to 400 and such that for
some o > 0
Na(\e)| >0, forall k=1,2,....

We denote by E1()) the left hand side of the equality in (6.11) and estimate it:

1

By ()] < 20(0) + a(A) z T

—27T A
T +O((no+1)e ")

/\k+n0+1

<
<2a(Ag) + a(Ag) In N1

+0((no + 1)e ™)

=2a(A;) + a(Ax) In < /\k 1

< const (a(/\k)(]. + al/Z()\k)) +0((no + 1)67277&))

) + O((no + 1)6727!')\’“)

< const (oz(/\k) + O((no + 1)6_27T)\k)) .

We denote now the right hand side of the equality in (6.11) by E2()) and estimate
it:

A/a )\k P)/a )\k +n PYa(Ak)
Es(\) =
2(Ak) = = /\k—l—n Z A +n
A +
= 7a(\) In k’m+qn+Em@m,

Ak
where

Z P)/a Ak + TL P)/a(Ak)

E22)\k A +n

As the function ng = ng(A) satlsﬁes (6.6), we make use of Theorem 6.3. That
is, for each k € N there is oy, > 0 such that for each n € [1,n9] NN

[Ya(Ak) — Ya(Ax +n)| < op and klim 0, =0.

We have
|E2,2()\k)| < o In Ak + nO(Ak) < nO()\k) ’
Ak A
and thus
A A 2 I\
Ey(Me) = Ya( k) - no(Ak) <0 10 () + o no(Ak) .
/\k )\k /\k

This yields

aQu)l m0Ak) o [ra(Ak)
2 = 2

Ey(Ag)| >
B2 > "

0[1/2(/\}%)7

or
[B2(W)] = 7 a2 ().
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Substituting Eq(A;) and Ea(Ag) in (6.11) by their estimates we have
const (a(A) + Ak a2 () e 2 4 672”)"“) > % o 2(\).

Now, if
e*27’l’)\k

then we come to a contradiction, and thus

AEI—iI-loo ’ya(A) =0

If (6.12) does not hold then there exist 01 > 0 and a subsequence {\g, }72; of the
sequence {\g}72, such that for each [ € N

e—QﬂAkl >0y 041/2(/\161)-

Then substituting A = A\g, in (6.10) we come to

747’I’)\k 7477>\k
e e ! 1 a
—+——— |1+ + conste ™M > —
o5 of] Ak +1 Ak,

which again leads to a contradiction.
The proof that «,(\) is continuous at the point —oo again follows from Re-
mark 6.1. (]

As a final remark we note that the above results uncover a variety of Toeplitz
operators in 7 (H (Liﬂ’”}(o, 7))) whose bounded symbols belong to a more general
class than one of Proposition 5.5, extending thereby the descriptions of Toeplitz
operators in 7 (PC(DD, T)) of Section 5.

At the same time we shown that the algebra T(H(Ligm}((),w))) contains
as well bounded Toeplitz operators with unbounded symbols. The detailed explo-

ration of this interesting phenomenon and of its impact to Toeplitz operators in
T(PC(D,T)) we leave for a further study.
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