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(Wila)f)(@) = [ K(z - ) f(t)dt, z e (0,L)
a(p) = (FK)(p) — symbol

a(p) = 1;"—2'—#" = M=l pp=-1
v + 1 = ‘.u’ 1 ?
A problem of sound propagation in an air half-space over the earth
surface with motorway

I

a(p)=1+cyl—u?, ceR, |a(u)~ clyl

A problem of sound propagation in the water with the surface
partially covered by ice

III

a(w) = —icp +eif2 — (L +ip) — (1—ip)), ‘veo,2)
The theory of barrier options

Re(Af,f) >0, VfeH <= A issemisectorial

e = infRAf, f)

e>0 <= A is sectorial



a(p) € Leo(R),  (x(0,0)f)(z) = { fgf)’ ; 2 ](Ig’\%, L)

Wi(a) = xonF 'aF|, o, D200, L) = La(0,L) (1)

0,L) °

F  is Fourier transform

Wi(a) = FWi(a)F ™ : Byr — By (2)
oF(n) € Bay <= OF(w) = [ f(z)e*dz, f(z) € Ly(0,L)

Ey C Hy

&*(u) € Hy <= o= " f()e™dz, f(z) € Ly(0,00)
Wy(a) = PraPy (3)
Pp=FxonF " : L(R) = By, .

PE = P is projector

(Wi () X)) = (PoaX7)(u) = &F () (4)

X7 (), 97 (p) C Bay



H=1L0L <+ (f,9)a= f[f' f(z)g(z)dz
(Wﬂ(a).ft f)H = (X{U,L]Fﬂlﬂffu .f)H = (}--lﬂ,j’-f, f)Lz[R]

= @Ff, FHrm = [y e (1) *dp
F=F

Rea >0 = Wj(a) is semisectorial
Re a > & >0 = Wi(a) is sectorial

Re (Wi(a)f, f) 2 e(Ff, Ff) =&, f)

Theorem 1 (Brown and Halmos). Let a € Lo(R) and
suppose that Re a > € > 0. ThenW(a) is invertible and for all
L > 0 we have

Wia)l < - (1+J1 _ ”TE;Z) !

where
|allco = esssup,cr |a(w)].

Theorem 2 (A. Bottcher, 1994). Let

Woo(a) = X000 F 0|, ., + L2(0,00) = Lx(0, 00)

be a convolution operator on semiazis and symbol a(u) is piece-

wise continuous on R function such that W (a) is invertible.
Then for L large enough Wi(a) is invertible and

Wz (@)l = IW!.

lim
L—=oo



Semisectoriality

a(u) = a(p) + e*h* (u) + e A (u)
ht(u) € Hy, h (p) e H,
e hi) = [ fule)eFda

e tPh () = f__; f-(z)e*dx
Y

Wi(a) = Wi(a)
If @ is sectorial => Wp(a) is invertible

w(p) :=Re a(p), v:=Ima(w)

DF. uy; € R is said to be a (finite} zero of u if
essinf{u(p) : |u — p;| < 6} =0 for each 6 > 0.

D = essinf{u(y) : 1/L < |p— p;| < 0}

Aim w;(L) = oo

Upper estimates

Theorem 3. Let a € Lo(R). Suppose u > 0 a.e. and u
has exactly n > 1 finite zeros py,...,pun on R. Put w(L) =
max(wy(L), ..., wy(L)). Then for all L large enough the operator
Wi(a) is invertible and

W @)l < 8([[vlloo + 1w (9L/(2m)).



Sound propagation in an air
half-space with motorway

&
(0, Y05 20)
Sl ey
e
0 7 o
a x
Y
8p 0*p 0% .
2 i Oy? + 922 + kzp = —d(z — mﬂ)é(jy — 40)0(2 — z0) (5)
B_E(mw yaﬂ) =0, (m, y) = (U,ﬂ.} x R — motorway (f})

0z
% 0,4,0) +v0(2,,0) =0, (@) € (R\(0,0) xR — ground
)

Rev >0
k®=k:+ie (ko>0,e>0) — wave number
LAP  (Limit Absorption Principle) (8)

g>0 — ps(mw Y, 2-‘)
éi_gbps(ma Y, 3) = pﬂ(m-: Y z)



p(z,y,2) = p5(2, Y, 2)
k”y f]RfR X5 (1, ) exp(—iko(uz + By — ¥(u, B)z))dud9)

v+ (i, B)
o 5
y(u, B) = \/n.z—,u; — B2, L=k, n =k{} 1+EEE
(Wé E‘)X;L) (_.U, 48) = (I)L(}u’: B) (l[])
I 1 exp(iko(pao + (1, B)20)
=1 {2m’kg v+ (1, B) }
Ge(m, B) = yff:gf )ﬁ) — symbol (11)

Gﬂ(ﬂ‘&c’) o P r—'g‘l ==
Go(u, 8),|n € R, |B] < 1 G:(p, B),| 1 € R, |B| 2¢1

Go(=v1—P%B) Ge(£vI- B, 8)

Go(00, ) <\ Ge(o0, B)

1 1
Go(0, B) \G*-’(D* B)

semisectorial sectorial



Theorem 6. Let L € (0,00) and € € [0,&0] where gg > 0 and
small enough. Then equation (10) has a unigue solution in the
space Ey 1 for every B € R. Moreover for each L € (0,00) there
exists an indepentent of € € [0,&o] constant My such that

”X;L(#: 5)”1,2{]112] < My,

and
21_1}}] HX;L(M B) — XIIL(P"s ﬁ)||1,2{1112] = 0.

DF. f(x, y,2) € ML, <=

el

. f(=z,y,2) € C}(R? x (0,00));
2. £(2),&(2) € C[0, 0]

£(z) = |l £y EJHLE{IRE]: &1(2) = l}g(: ‘4 2)

Ly(R?)
and

Ll_}ﬂ'{l] ||f(: If] z) =% f(& " D)”LZ{RE} =0,
af af
az(:'?z) az(:'aﬂ)

3. lim &(2) =0, Jlim £1(2) =0.

lim
22—

Ly(R?)




Justification of LAP

Theorem 7. The problem (5)-(8) for arbitrary € > 0 has a
unique solution of the form (9)

pe(, Y, 2) = p=5(2, Y, 2) + @e(T, Y, 2)

=
where cpg(m,"gfé ML, and for every (z,y,2) € R? x (0,00) there
exist
]:J—I}}} {P-‘l(m! Y 3) = ﬁpﬂ(mz Y, Z},

li_r}%pe,ﬁ(m: Y, z) = pﬁ(mr Y, 25).
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Asymptotics by distance

1. Along the motorway

Theorem 8. Let the coordinates (zo, Yo, %0) of a source be
fized and fix the coordinates x and z of the receiver (z,y, z).
Then

eikﬂ(y_yﬂ} ( 1 )
as |yl = o©

0o(z,Y,2) = c——— + 0| ——
0(2,3:2) (¥ — %o)? (y — 20)?
where L ik
- A
e = =2 X{1(0, 1) + Ziveob.

2. Outside the motorway

Theorem 9. Let 1 € (—fr,?r]\{—%, %} Then for fized z and
(mﬂw Yo, Eﬂ) we have

1 — ikozv N L |
—LX&'L(—- cos1), —sin ) 7 +0 (—)

wo(Rcost), Rsiny) = 72

where R = \/x* + y* — o0.
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Asymptotics by L — oo
Two-dimensional problem

0°p(z, 2)
Ox? A 022
(z,2) € R x (0,00)

dp _
5-(2,0)=0, z€ (0,a)
op
5-(2,0) +iwp(z,0) =0, =R\ (0,0)
Rev >0
LAP

p(z, 2) = ps(z, 2) + pL(z; 2)

k{]V XL ,U.-} ——tk pr—y(p)z)
fR v+ y(p s

'r(p») = x/ﬁ

(WLG) () X7 (1) = (PLG) () Xf (1) = fr(p)

v etko(zop+z07(1))
M=ty B (Z‘H‘k(v + "r(m})

XL (_Li.) EE" 21.‘*-&5
Qs(au) G U:ul Tt 1)_23|1 = #lsll o+ ﬂ'lsr 8 & (_11 1)

12

32p(m, 3) I kﬂp(m’ Z) — _6(;1: - mﬂ)é[z — ZUJ;

(17)

(18)



G(p) = G4 (u)G- (1) (19)
_Vite _VI-p
Gi(p) = m: G_(p) = (1)

v+ 1 — p?=ay(p)a-(u)
T-YG) = G;'PTGZ! : PTLy(R, 0,41) = P*Ly(R, o)
K@G) =TYG) -T(G™)
BL(G) = PLTH(G)Pp + Wi (K(G))Wy (20)

. Theorem 10. Let € = 0. Then for arbitrary L > 0 operator
WL(G) = PLGPy : Ly(R, o) — La(R, 95), s € (—1,1), is invertible
and for L > 1 the following evaluation holds

TG || Lo(Rgs) < 1L

where ¢; does not dependent on L.
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”XE(P") al (BL(G)fL)(#) HLQ[R,;};} < CZL_HKEi 8 € (Us 1)

k{] 174

(1) —ik(ua ()2
e f“‘ V+'r(p5) -

|@1(m, 2) — Poo(, 2)| < c3L™*
where 3 does not dependent on L > 1 and (z,2z) € R x (0, 00)

Bi(G) ~ PH(T7YG)+T7}G) - G )Pt
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