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Main object.

Spectral properties of larger finite Toeplitz matrices

ao a1 a2 a_(n-1)
a1 dao a-i1 ... a_(,,_2)
— n—1 _
An = (aj-k)] k20 = a a o a—(n-3)
an-1 dp-2 dn-3 ... a0

Eigenvalues, singular values, condition numbers, invertibility and norms of
inverses, e.t.c.
n ~ 1000 is a business of numerical linear algebra.

Statistical physics - n = 107 — 1012 - is a business of asymptotic theory.
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Limit matrix.

dap d—1 4d-2

a1 do d_1
A: ai_ 007 g
( J k)J,k—O a a a0

Question
Does spectral properties of A is a limit (in some sense) of {A,} or not?

Yes:
- properties invertibility and norms of inverses (for a larger class of
symbols);
- limiting set in a case of real-value symbols.

No:

- distribution of eigenvalue in general (complex-value) case.
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Content of the Course.

1. Infinite Toeplitz matrices.

2. Finite section method, stability.

3. Szegd's limit theorems.

4. Limiting spectral set of sequences of Toeplitz matrices.

5. Asymptotics of eigenvalues.
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Infinite Toeplitz Matrices

Boundedness

Given a sequence {a,}52__ of complex numbers, a, € C, when does the
matrix

a 4d-1 a-2
al dap a_1

A= an dal a0 e (1)

induce a bounded operator on /? := >(Z, ), where Z is the set of

nonnegative integers, Z := {0,1,2,...}? The answer is classical result by
Otto Toeplitz.
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Theorem (Toeplitz 1911)

The matrix (1) defines a bounded operator on I if and only if the
numbers {an} are the Fourier coefficients of some function a € L*°(T),

1 (27 iy —ind
an—g/o a(e')e™"™dh, nel. (2)

In that case the norm of the operator given by (1) equals

lalloo = ess sup|a(t)]-
t
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Proof. We denote by L? := [?(T) and L* := L°°(T) the usual Lebesgue
spaces on the complex unit circle T. The multiplication operator

M(a): L[> — [, f s af

is bounded if and only if a is in L, in which case ||M(a)|| = ||al/cc. An
orthonormal basis of L? is given by {e,}5°___ where
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The matrix representation of M(a) with respect to the basis {e,} is easily
seen to be

a d4d-1|4d-2 a-3 a-4
ai =0) d_1 4d—2 ad_-3

as an dai ao a_1
=/ as an a1 do

where the a,'s are defined by (2). Thus, we arrive at the conclusion that
L(a) defines a bounded operator on /?(Z) if and only if a € L and that
IIL(a)|l = ||alloo in this case.
The matrix (1) is the lower right quarter of L(a), that is we may think of
A as the compression of L(a) to the space /2 = /2(Z). This implies that
if a € L, then

1Al < lIL(a)ll = llalloo- (4)
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For a natural number n, let S, be the projection on /?(Z) given by
Snt (%K) etoe > (o3 0,0, X gy ooy X1, X0, X1, X2, - - ).

The matrix representation of the operator S,L(a)S,|Im S,, results from (3)
by deleting all rows and columns indexed by a number in
{=(n+1),—(n+2),...}. Hence, S,L(a)Sy|/Im S, has the matrix (1) as
its matrix representation. This shows that

|Al = 1SnL(a)Snl|- (5)

Because S, converges strongly (=pointwise) to the indentity operator on
1?(Z), it follows that S,L(a)S, — L(a) strongly, whence

IL(a)[ < lim/inf [[SnL(a)Snll- (6)
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From (5) and (6) we see that L(a) and thus M(a) must be bounded
whenever A is bounded and that

IL(a)ll < [IA]- (7)

Consequently, A is bounded if and only if a € L™, in which case (4) and
(7) give the equality ||A]| = ||a]|lcc. M

Clearly, if there is a function a € L* satisfying (2), then this function (or,
to be more precise, the equivalence class of L* containing it) is unique.
We therefore denote both the matrix (1) and the operator it induces on /2
by T(a). The function a is in this context referred to as the symbol
of the Toeplitz matrix/operator T (a).
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Compactness and Selfadjointness

In this section we cite two very simple but instructive results. They reveal
that Toeplitz operators with properly complex-valued symbol cannot be
tackled by the tools available for compact and selfadjoint operators.

Proposition (Gohberg 1952)

The only compact Toeplitz operator is the zero operator.

Proof. Let a € L* and suppose T(a) is compact. Let Q, be the projection
Qu:l?P—= 12 (xo,x1,x2,...) = (0,0, X, Xps1,---)- (8)

As Qn, — 0 strongly and T (a) is compact, it follows that ||Q, T (a)Qn||
converges strongly to 0. But the compression Q, T (a)Qn|Im @, has the
same matrix as T(a) whence || T(a)|| = || Q. T(a)Qn||. Consequently,
T(a)=0.m
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Because T(a) — A\l = T(a— \) for every A € C, we learn from Proposition
2 that T(a) is never of the form A/+ a compact operator unless
T(a) = M.

Proposition

The Toeplitz operator T (a) is selfadjoint if and only if a is real-valued.

Proof. This is obvious: T(a) is selfadjoint if and only if a, = 3a_, for all n,

which happens if and only if a(t) = a(t) forall t € T. m

Sergei M. Grudsky (CINVESTAV,Mexico) Eigenvalues of lager Toeplitz matrices Moscow, October 2010. 14 / 148



C*-Algebras

A Banach algebra is a Banach space A with an associative and distributive
multiplication such that ||ab|| < ||a]| ||b|| for all a, b, € A. If a Banach
algebra A has a unit element, which is usually denoted by e, 1, or /, it is
referred to as a unital Banach algebra. A conjugate-linear map a — a* of
a Banach algebra into itself is called an involution if a** = a and

(ab)* = b*a* for all a, b € A. Finally, a C*-algebra is a Banach algebra
with an involution such that ||a*al| = ||a||? for all a € A. In more detail,
we can define a C*-algebra as follows. A C*-algebra is a set A with four
algebraic operations and a norm. The four algebraic operations are
multiplication by scalars in C, addition, multiplication, and involution. The
following axioms must be satisfied for the operations:
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1) the axioms of a linear space for scalar multiplication and addition;

2) a(bc) = (ab)c for all a, b, c € A;

3) a(b+c)=ab+ ac, (a+ b)c = ac + bc for all a,b, c € A;

4) (Aa)* = Aa*, (a+ b)* = a* + b*, (ab)* = b*a* for all A € C and
a,be A

(
(2) a
(3) a
(
The norm is subject to the following axioms:
(5) the axioms of a normed space;

(6) A is complete (that is, a Banach space);
(7) |lab|| < ||a] ||b]| for all a,b € A,;

(8) ||a*all = ||a||? for all a € A.

A unital C*-algebra is a C*-algebra A which has an element e such that
ae =ea = aforall ae A. A C*-algebra A is said to be commutative if
ab= baforall a,b e A.
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If H a Hilbert space, then B(H), the set of all bounded linear operators on
H, and IC(H), the collection of all compact linear operators on H, are
C*-algebras with the usual algebraic operations, with the operator norm,

[|Ax]|
X1

and with passage to the adjoint operator as involution. The set L™ is a
C*-algebra under pointwise algebraic operations, the || - ||« norm, and the
involution a — 3 (passage to the complex conjugate). The C*-algebra L*>
is commutative, the C*-algebras B(H) and KC(H) are not commutative for
dim H > 2. The C*-algebra IC(H) is unital if and only if dim H < oo, in
which case K(H) = B(H).

An element a of a unital C*-algebra A is said to be invertible if there is a
b € A such that ab = ba = e. It it exists, this element b is unique; it is
denoted by a~! and called the inverse of A. The spectrum of an element
A of a unital C*-algebra A is the compact and nonempty set

|All = sup
x#0

spaa:={\ € C:a— Xeis not invertible in A}.
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A subset A of a C*-algebra B is called a C*-subalgebra of B if A itself is a
C*-algebra with the norm and the operations of B. The following theorem
says that C*-algebras are “inverse closed".

Theorem

If B is a unital C*-algebra with the unit element e and if A is a
C*-subalgebra of B which contains e, then spy a = spg a for every a € A.

By virtue of this theorem, we will abbreviate spy a to sp a.

A C*-subalgebra J of a C*-algebra A is called a closed ideal of A if
ajeJand jae Jforallac Aandallje J.
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Theorem

If A is a C*-algebra and J is a closed ideal of A, then the quotient
algebra A/J is a C*-algebra with the usual quotient operations,

Ma+J)=xa+J, (a+J)+(b+T)=(a+b)+J,

(a+J)b+T)=ab+J, (a+TJ) =a"+J,

and the usual quotient norm,

a-+ = inf ||la 4+ J||.
a1l = inf fla+ |

A x-homomorphism is a linear map ¢ : A — B of a C*-algebra A to
C*-algebra B which satisfies p(a)* = p(a*) and p(ab) = ¢(a)p(b) for all
a,be A. In case A and B are unital, we also require that
*-homomorphisms map the unit element of A to the unit element of B.
Bijective *-homomorphisms are referred to as *-isomorphisms.
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Theorem

Let A and B be unital C*-algebras and suppose that p : A — B is a
x-homomorphism. Then the following hold.

(a) The map ¢ is contractive: ||p(a)|| < ||a|| for all a € A.

(b) The image ©(A) is a C*-subalgebra of B.

(c) If ¢ is injective, then ¢ preserves spectra and norms:
spp(a) =spa and ||¢(a)|| = ||a|| for all a € A.
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Fredholm Operators

Let H be a Hilbert space. An operator A € B(H) is said to be Fredholm if
it is invertible modulo compact operators, that is, if the coset A+ IC(H) is
invertible in the quotient algebra B(H)/IC(H). It is well known that an

operator A € B(H) is Fredholm if and only if it is normally solvable (which
means that its range Im A is a closed subspace of H) and both the kernel

KerA:={x € H: Ax =0}

and the cokernel
Coker A := I?/H

have finite dimensions. Thus, for a Fredholm operator A, the index
Ind A = dim Ker A — dim Coker A

is a well defined integer.
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Example

For n € Z, let x,, be the function given by x,(t) = t" (t € T). It is readily

seen that T(xn) acts by the rule

T(xn) : (%)20 = (0,...,0,x0, x1,...) if n>0,
———

T(X”) . (X.I)j.io = (X\n|7X|nH-1> X ) if n<0.
Consequently,

0 ifn>0,

dimKer T(x,) = { in| ifn<0 dim Coker T(x,) = {

whence Ind T(x,) = —nforallneZ. m

n ifn>0,
0 ifn<O,
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The following theorem summarizes some well known properties of the
index.

Theorem

Let A, B € B(H) be Fredholm operators.
(a) IfK € K(H), then A+ K is Fredholm and Ind (A + K) = Ind A.

(b) There is an e = £(A) > 0 such that A+ C is Fredholm and
Ind (A+ C) = Ind A whenever C € B(H) and ||C — A|| < e.

(c) The product AB is Fredholm and Ind (AB) = Ind A + Ind B.
(d) The adjoint operator A* is Fredholm and Ind A* = —Ind A.

The spectrum of an operator A € B(H) is its spectrum sp A as an element
of the C*-algebra B(H):

spA:={\e€ C:A— M\ is not invertible}.
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By last Theorem, the quotient algebra B(H)/IC(H) is also a C*-algebra.
For A in B(H), the essential spectrum spessA is defined as the spectrum of
A+ K(H) in B(H)/K(H),

SPessA :=sp (A+ K(H)) = {A € C: A— Al is not Fredholm},

and the essential norm ||Al|ess is defined as the norm of A+ K(H) in
B(H)/K(H),

|Alless = A+ K(H)[| = _inf [A+K].
eX(H)

Obviously,

SpessA Csp A, HAHBSS < ”A”
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Continuous Symbols

We will mainly be concerned with Toeplitz operators with continuous
symbols. Let C = C(T) be the set of all (complex-valued) continuous
functions on T. Clearly, C is a C*-subalgebra of L*°.

We give T the counter-clockwise orientation. For a function a € C, the
image a(T) is a closed continuous and naturally oriented curve in the
complex plane. If a point A € C is not located on a(T), we denote by
wind(a, \) the winding number of the curve a(T) with respect to A.

Theorem (Gohberg 1952)

Let a € C. The operator T(a) is Fredholm if and only if 0 ¢ a(T). In that
case
Ind T(a) = —wind(a, 0).
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The proof of this theorem is based on two auxiliary results.
For a € L*°, we define the function a € L™ by a(t) := a(1/t) (t € T). In
terms of Fourier series:

a(t) = i apt" = a(t)= i a_nt".

n=—oo n=—oo
Clearly,
a 4a-1 -2 ao a1 an
T(a) . a1 ao — T(E) . a_ a0 dai
an dal ao ’ d_p2 a—-1 4ao

Thus, T(3) is the transpose of T(a). The Hankel operator H(a) generated
by a is given by the matrix

a1 a2 as
d as
H(a) = (aj+k+1)jk=0 = 25
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Obviously, a generates the Hankel operator
d_1 4d-2 a-3

~ a2 a-3
HE) = ()i = | 52 7

Because H(a) may be identified with the matrix in the lower left quarter of
the matrix (3), we see that if a € L, then H(a) induces a bounded
operator on /% and

IH(a)]l < l[alloo- (9)
Since ||aljco = ||3]|c0, We also have
IH(@)I < lalloo- (10)

Proposition
If a,b € L*°, then

T(a)T(b) = T(ab) — H(a)H(b).
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We omit the proof, because once this formula has been guessed, it can be
easily verified by comparing the corresponding entries of each side.

Proposition

If c € C, then H(c) and H(C) are compact operators on I2.

Proof. Let {f,} be a sequence of trigonometric polynomials such that
lc = fallooc = 0

(for example, let f, be the nth Fejér-Césaro mean of ¢). From (9) and
(10) we infer that

IH(c) = H(fa) || < lle = falloo = o(1),

1H(€) = H(EI < lle = fall oo = o(1)

and as H(f,) and H(f,) are finite-rank operators, it follows that H(c) and
H(<) are compact. m
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Proof of Gohberg Theorem. Consider the map
©: C— B(I)/K(I?), aw— T(a)+K(/?).
This map is obviously linear, we have
p(a)" = (T(a) + K(?)" = T(a) + K(1*) = ¢(3),
above Propositions imply that

p(a)p(b) = (T(a)+K()(T(b)+K(?))
= T(ab) + K(/?) = p(ab). (11)

Thus, ¢ is a x-homomorphism. We know that ¢ is injective.
Consequently, ¢ is a x-isomorphism of C onto the C*-subalgebra ¢(C) of

B(12)/K(/?). So we have that T(a) is Fredholm if and only if a is
invertible in C, that is, if and only if 0 ¢ a(T).
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The index formula follows from a simple homotopy argument. Let ®(/?)
be the set of Fredholm operators on /2 and let GC be the set of all a € C
for which 0 ¢ a(T). If a € GC and wind(a,0) = n, then there is a
continuous function

[0,1] = GC, p+— a,

such that ap = a and a; = x,, (recall Example 7). The function
[0,1] = &), p+ T(ay)

is also continuous, and Theorem about index stability shows that the map
0,1] = Z, p+—IndT(a,)

is continuous and locally constant. Thus, the last map is constant. This
implies that

Ind T(a) =Ind T(ap) = Ind T(a1) = Ind T(xn)-

Example 7 finally tells us that Ind T(x,) = —n. =
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Theorem (Gohberg 1952)

Let a € C. The operator T(a) is invertible if and only if it is Fredholm of
index zero.

Proof. The “only if" part is trivial. To prove the “if” portion, suppose
T(a) is Fredholm of index zero, and, contrary to what we want, let us
assume that T(a) is not invertible. Then

dim Ker T(a) = dim Coker T(a) > 0,
and since
dim Coker T(a) = dim Ker T*(a) = dim Ker T(3),
there are nonzero x., y; € I? such that

T(a)xy =0, T(a)ys+ =0.
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Extend x; and y, by zero to all of Z and let L(a) be the operator (3).

Then
L(a)x; = x_ where x_ € 1*(Z) and (x_), =0 for n >0,

L(3)ys = y_ where y_ € [3(Z) and (y_), =0 for n > 0.

The convolution u * v of two sequences u, v € [2(Z) is the sequence
{(u* v)n}32 oo given by

Note that u* v is a well defined sequence in /°°(Z), because

[(ux v)al < Jlull2flv]l2 < oo,

where || - ||2 denotes the norm in /?(Z). Let b € I?(Z) be the sequence of

the Fourier coefficients of a € C C L2. Given a sequence f = (f,)%2

we define the sequence f# by (f#), := f_,. It easily seen that
(ux v)# = u? x v¥ for u,v € >(Z).
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We have
L(a)xy = b* x4 = x_,

b

L(a)ys =b"xy =y .

Hence,

y'sxy = (0% xy ) Foxg = (bryl)wxy = (v #b)xxy.  (12)

We claim that
(yf*b)*)q :yf*(b*er). (13)

This is easily verified if y; and x4 have finite supports. Because
(v # b) x4 )al < Iy # bllallxellz < llysll2llalloo 1+ 2,

(v (b x))nl < Iy E 2016 % xi 1|2 < [y ll2llalloo x4 |2,

it follows that (13) is true for arbitrary y,,x; € /?(Z). From (12) and
(13) we get
yﬁ*x+:yf*(b*x+):yf*x_. (14)
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Since (y* # x;)p = 0 for n < 0 and (yfE * x_)p =0 for n > 0, we see that

(14) is the zero sequence. In particular, (yfE * x_)p =0 for all n >0,
which means that

As y, # 0, it results that
(X_)_l = (X_)_2 = (X_)_3 =...=0.

Hence x_ = 0. This implies that L(a)x; = 0. The Fredholmness of T(a)
in conjunction with Theorem 9 shows that a has no zeros on T.
Consequently, a1 € L and as L(a=!) and L(a) are unitarily equivalent
to M(a~!) and M(a), respectively, we obtain that L(a~!) is the inverse of
L(a). It follows that x; = 0, which is a contradiction. m
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In summary, we have proved the following. If a € C, then

[T = [[T(a)lless = llalloe
Spess ( ) (T)
spT(a)=a(T)u{A e C\ a(T) : wind(a, ) # 0}.

Moreover, if a € C and 0 ¢ a(T), the Propositions 10 and 11 give

T(a )T (a)=1—H@E YH@E) € 1+ K(/?),
T(a)T(a ') =1—H(aHGEY) e 1+ K(P).

Thus, T(a™1) is an inverse of T(a) modulo C(/2). In particular,
1 T72(a)lless = || T(a~1)]less and, hence,

1T @) = 1T (@)less = 1T = lla™ -
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C*-Algebras in Action

Finite Section Method

Let {A,}5°, be a sequence of n x n matrices A,. This sequence is said to
be stable if there is an ng such that the matrices A,, are invertible for all
n > ng and

sup [}4; ]| < oo.

n>ng
Using the convention to put ||[A7!|| = oo if A is not invertible, we can say
that {A,}72 is a stable sequence if and only if

limsup || A, ]| < oo.
n—-o00
Stability plays a central pole in asymptotic linear algebra and numerical

analysis. At the present moment, we confine ourselves to the part stability
plays in connection with the finite section method.

Sergei M. Grudsky (CINVESTAV,Mexico) Eigenvalues of lager Toeplitz matrices Moscow, October 2010. 36 / 148



Let A € B(/?) be a given operator and let {A,}5°; be a sequence of n x n
matrices. In order to solve the equation

Ax =y (19)
one can have recourse to the finite systems
A,,x(”) =P,y, x(M € Im P,, (20)
where here and throughout what follows P, is the projection
Po: 2= 12, (x0,x1,%0,...) = (X0, X1, - -+, Xn—-1,0,0,...). (21)

The image Im P, of P, is a subspace of /?, but we freely identify Im P,
with C". This allows us to think of A, and A.! as operators on /?: we can
make the identifications A, = A,P, and A-1 = A-1P,.

Sergei M. Grudsky (CINVESTAV,Mexico) Eigenvalues of lager Toeplitz matrices Moscow, October 2010. 37 / 148



Suppose A is invertible. One says that the method {A,} is applicable to A
if there is an ng such that the equation (20) are uniquely solvable for every
y € I? and all n > ng and if their solutions x(" converge in /2 to the
solution x of (19) for every y € /2. Equivalently, the method {A,} is
applicable to A if and only if the matrices A,, are invertible for all
sufficiently large n and A~ — A~1 strongly (i.e., A-1P,y — A~1y for all
y € 1?).

In the case where A,, = P,AP,|Im P,, one speaks of the finite
section method.
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Proposition

Let A € B(I?) be invertible and suppose {A,} is a
sequence of n X n matrices such that A, — A
strongly. Then the method {A,} is applicable to
A if and only if the sequence {A,} is stable.
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Proof. If A;1 — A~1 strongly, then limsup ||A; || < co due to the
Banach-Steinhaus theorem (= uniform boundedness principle). Hence
{A,} is stable. Conversely, suppose {A,} is stable. Then for each y € /?,

A Py — A7y || < ||AL Py — PoATYy | + [P, ATy — A7y,

the second term on the right goes to zero because P, — I strongly, and
the first term on the right is

‘|A;1(Pny - AnPnAil)/)H < MHPny - AnPnAil)/H = O(l)

since A,P,A"! — AA~1 = | strongly. m
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We remark that last Proposition can be stated as
convergence = approximation + stability;

here convergence means applicability of the method {A,} to A, while
approximation means that A, — A strongly. As approximation is usually
given (e.g., if A, = P,APp|Im P,) or enforced by the choice of {A,}, the
central problem is always the stability.

The following simple fact will be needed later.

Proposition (Invertibilites)

Let {A,} be a sequence of n x n matrices and suppose there is an operator
A € B(I?) such that A, — A and A — A* strongly. If {A,} is stable,
then A is necessarily invertible and

JA| < liminf |14, (22)
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Proof. Suppose ||A-1|| < M for infinitely many n. For x € I?> and these n,

1Pax| = 1A AnPax]| < M||AsPax|l,
1Pax| = (A7) AL Pax|| < MI|A}Pax]|.

and passing to the limit n — oo, we get
Ixll < M, ixI| < MIIAX])

which implies that A is invertible and ||A~}|| < M.
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Perturbed Toeplitz Matrices

For a € L*, let Th(a) be the n x n matrix

ao ce a_(,,_l)
Th(a) = :

an—-1 ... ao

We will freely identify the n x n matrix T,(a) with the operator
P, T(a)Pu|Im P, or even with P,T(a)P,. Obviously,

Ta(a) — T(a), T,(a)=Tn(a) — T(3)=T7(a)

strongly. In particular, Proposition (Invertibilites) tells us that the finite
section method {T,(a)} is applicable to an invertible Toeplitz operator
T(a) if and only if {T,(a)} is stable.
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Instead of the pure Toeplitz matrices T,(a), we will consider more general
matrices, namely, matrices of the form

An = Th(a) + PoKP, + WhlW, + Cp; (23)

here a € L, K € K(/?), L € K(/?), {C,} is a sequence of n x n matrices
such that ||Cy|| — 0, P, is given by (21), and W, is defined as

W, : > =7, (x0,x1,%2,...) = (Xo—1,Xn—2, - -, %0,0,0,...).

Again we freely identify Im W, C /?> and C", and frequently we think of
W, as being the matrix

0 01

0 10
Wn = .

1 00
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There are several good reasons for studing sequences {A,} with A, of the
form (23). First, the matrices one encounters in applications are often not
pure Toeplitz matrices but perturbed Toeplitz matrices. For example, if K
and L have only finitely many nonzero entries, then

Tn(a) + PoKP, + W, LW, results from T,(a) by adding the block K in the
upper left and the “reverse” of the block L in the lower right corner. Note
that, for instance,

3 70 0 0 . 0 00
5 2 0 0 :
w,| 0 00 0 {w,=| ¢ 0 O 0
R 0 0 25
0 0O 0 0 0 7 3

Secondly, consideration of matrices of the form (23) is motivated by the
following result.
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Proposition (Widom 1976)

If a,b € L*°, then

Tn(a) Ta(b) = Th(ab) — PoH(a)H(b)Pn — W,H(3)H(b) W,

The proof is a straightforward computation (once the formula has been
guessed) and is therefore omitted.
If a,b € C, then

Tn(a) Ta(b) = Th(ab) + PhKP, + W,LW,

with compact operators K and L.
Finally and most importantly, we will see that the sequences {A,} defined
by matrices of the form (23) with a € C constitute a C*-algebra.
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Algebraization of Stability

Let S be the set of all sequences {A,} := {A,}52; of n x n matrices A,
such that

sup || Anl| < oo,

n>1

and let N (the N is for "null") denote the set of all sequences {A,} in' S
for which
[[Anl| = 0.

lim
n—o0

It is easily seen that S is a C*-algebra with the operations
MAn} = {AAs}, {An} +{Bn} = {As + Bs},
{Aﬂ}{Bn} = {Aan}v {An}* = {A:}

and the norm
[{An}] := sup [|An]|
n>1

and that N is a closed ideal of S. Thus, the quotient algebra S/N is also a
C*-algebra. For {A,} € S, we abbreviate the coset {A,} + N to {A,}".
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Obviously,
[{AR}[| = lim sup || A, |-
n—o0

Proposition

A sequence {A,} € S is stable if and only if {A,}" is invertible in S/N.

Proof. If {A,} is stable, there is a sequence {B,} € S such that
BnAn = Pn + Cr/n Aan = Pn + Crlrla (24)

where C/ = C/ =0 for all n > ng. This implies that {B,}" is the inverse
of {An}".

On the other hand, if {A,}” has the inverse {B,}" in S/N, then (24)
holds with certain {C;,} € N and {C//} € N. Clearly, ||C}|| < 1/2 for all
sufficiently large n. For these n, the matrix (P, + C})|[Im P, = [+ C}, is
invertible, whence

IAZHE = 117 + Co) 7 Ball < 2||Ball,

which shows that {A,} is stable. m
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The C*-algebra S/N is very large and therefore difficult to understand. In
order to study Toeplitz operators with continuous symbols, we can bound
ourselves to a much smaller algebra. We define S(C) as the subset of S
which consists of all elements {A,} with

An = Th(a) + PoKP, + WHLW, + C,,

where a € C, K € K(/?), L € K(/I?), {C,} € N, and we let S(C)/N stand
for the subset of S/N consisting of the coset {A,}” with {A,} in S(C).

Proposition
If {An} = {Tn(a) + PaKP, + W,LW, + C,} is a sequence in S(C), then
A, — A:=T(a)+ K strongly (25)

and

W,A,W, — A:= T(3)+ L strongly. (26)
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Proof. Since W, — 0 weakly (that is, (W,x,y) — 0 for all x,y in /) and
L is compact, it follows that LW, — O strongly. As ||W,]|| = 1, we see that
W, LW, — 0 strongly. This implies (25). Because

WoA W, = To(3) + WKW, + PLP, + W, C, W,

and ||W,|| =1, (26) is a consequence of (25). m

Theorem (Silbermann 1981)

The spaces S(C) and S(C)/N are C*-subalgebras of S and S/N,
respectively.
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Proof. As the quotient map S — S/N is clearly a (continuous)
s-homomorphism and S(C) is the pre-image of S(C)/N, it suffices to
show that S(C)/N is a C*-algebra of S/N.
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We first show that S(C)/N is closed. So let
(ALY = {To(a) + PaKiPn + WaiW,} (i=1,2,...)

be a Cauchy sequence in S(C)/N. Then, given € > 0, there is an
I = I(g) > 0 such that

ALY — {AL} [l <e foralli,j> 1.
From (25) we obtain that
I T(ai) + Ki — T(a)) — K| < liminf |4} — A
< limsup [|A;, — Anll = [IHALY" — {AL}"]l <e.
n—oo
This shows that {T(a;) + K;}?2; is a Cauchy sequence. By (15)
lai = ajlloc = 1T (ai = aj)lless < I T(ai) = T(a) + Ki — Kil,

and hence {a;}%; is a Cauchy sequence. It follows that a; converges in
L to some a € L*. Since {T(a;) + K;}2; is a Cauchy sequence, we now
see that {K;}?°; is also a Cauchy sequence. Hence, there is a K € K(/?)
such that K; — K uniformly.
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Now consider { W,AiW,}. Since |W,| = 1, we have
{WaAL W} — {Wa AW} || < [{ARY — {AL} ]| <&

for all i, j > I. This shows that { W, Al W,}" is Cauchy sequence. Using
(26) instead of (25), we obtain as above that L; converges uniformly to
some L € KC(/?). In summary,

{ALY = {Ty(a) + PoKP, + WoLW,}"  as n — oo.

This completes the proof of the closedness of S(C)/N.

It is clear that S(C)/N is invariant under the two linear operations and the
involution. It remains to show that the product of two elements of
S(C)/N is again in S(C)/N. From Propositions above we infer that if
a,b € C, then

{Ta(a)}"{Ta(b)}" € S(C)/N.

Sergei M. Grudsky (CINVESTAV,Mexico) Eigenvalues of lager Toeplitz matrices Moscow, October 2010. 53 / 148



Now let a € C and K € K(/?). Then

{Tn(a)} ' {PaKP,} = {P,T(a)P,KP,}"
= {P,T(a)KPn}" — {PrT(a)QnKP,}",

where Q, = | — P, (recall (8)). Obviously, T(a)K € K(/?). Since
Qn = Q; — 0 strongly, it follows that Q,K — 0 uniformly, whence
{P,T(a)QnKPn} € N. Thus,

{Ta(a)}{P,KP,}" = {P,T(a)KP,}" € S(C)/N.
If a€ C and L € K(/?), we have

{Ta(a)} ' {WLLW,}* = {P, T (a) W,LW,, }"
= {W,W, T(a)W,LW,} = {W,T(3)P,LW,}"
={W,T@)LW,}" —{W,T(3)QnLW,}",

and it results as above that {W, T(3)Q,LW,}" € N, whence
{Ta(a) AW, LW, } = {W, T(3)LW,}" € S(C)/N.

The remaining cases can be checked similarly. m
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Corollary

A sequence {A,} € S(C) is stable if and only if {A,}" is invertible in
S(C)/N.

Proof. This is an immediate consequence of Silbermann Theorem. m

Thus, for the sequences {A,} we are interested in we have reduced the
stability problem to an invertibility problem in the C*-algebra S(C)/N.
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Stability Criteria

We now begin with the harvest from this Theory.
For {A,} € S(C), let A and A be as in ( 25)-(26). It is clear that the maps

vo : S(C)/N = B(),  {An}" = A,
Y1 :S(C)/N = B(?), {A}V — A
are well defined *-homomorphisms.
Theorem (Silbermann 1981)

A sequence {A,} in the algebra S(C) is stable if and only if the two
operators A and A are invertible.
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Proof. Consider the *-homomorphism
P =1ho @11 : S(C)/N = B(?) @ B(?), {A.}Y — (A A).  (27)

Note that B(/2) @ B(/?) stands for the C*-algebra of all ordered pairs
(A, B) (A, B € B(I?)) with componentwise operations and the norm

I(A, B)|| = max([|Al, |B)-
We claim that ¢ is injective. Indeed, if
A=T(a)+K=0, A=T@E)+L=0,

then a = 0 and hence K = L = 0, which implies that {A,}” = 0. We now
deduce that 1) preserves spectra: {A,}" is invertible if and only if A and A
are invertible. As the invertibility of {A,}" is equivalent to the stability of
{An}, we arrive at the assertion. m
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Corollary (Baxter 1963)

Let a € C. The sequence {T,(a)} is stable if and only if T(a) is invertible.

Proof. Since A = T(3) is the transpose of A = T(a) and thus invertible if
and only if A= T(a) is invertible, this corollary is an immediate
consequence of Theorem Silbermann. m

Corollary

The finite section method is applicable to every invertible Toeplitz
operator with a continuous symbol.
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Asymptotic Inverses

The following result reveals the structure of the inverse of matrices of the
form (23) for large n.

Theorem (Widom 1976 and Silbermann 1981)

Let
{An} = {Ta(a) + PaKP, + WoLW, + C,} € S(C)

and suppose T(a)+ K and T(a) + L are invertible. Then for all
sufficiently large n,

Al = To(a ) + P XP, + W, YW, + D,, (28)

where ||Dy|| — 0 as n — oo and the compact operators X and Y are given
by

X=(T(@)+K)-T@"h, Y=(T@+L)T-T@E™?.
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Proof. If T(a)+ K and T(a)+ L are invertible, then {A,}" is invertible in

S(C)/N by virtue of stability Criteria. Hence, A, is of the form

AL = T.(b) + P.XP, + W,YW, + D,

(29)

with b € C, X € K(/?), Y € K(/?), {Dn} € N. Rewriting (29) in the form

Py = An(Ta(b) + PoXPn + W,YW, + D,),

P = WoAnWa(Ta(b) + WoXW, + P, YP, + WaDoW,).

We obtain

I=(T(a)+ K)(T(b)+X), I=(T@)+L)Y(T(b)+Y),

whence

X=(T@)+K) P =T(b), Y=(T@E)+L)—-T(b).
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Finally, we deduce that
I =T(a)T(b)+ KT(b)+ T(a)X + KX = T(ab) + compact operator,

and we have that ab=1. m
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Norms

In what follows we let A and A always stand for the two operators given by
(25) and (26).

Theorem
If {A,} € S(C), then

Tim_[|Aq]| = max(||A]. | A]).

Proof. \We observed that the *-homomorphism (27) is injective. From
Theorem about x-homomorphism we therefore deduce that

max((A]L IA) = [9({An}")] = [{An}"]| = lim sup | An].
On the other hand, we know that
A < liminf[|An]l, (Al < liminf [|A,]|
n—o0 n—0o0

(note that ||W,A,W,|| = ||A,|]). m
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We remark that if A, = Tn(a), then A = T(3) is the transpose of
A= T(a), so that || T(3)|| = || T(a)||. Thus in this case last Theorem
yields the equality

Jim ([ Ta(a)[ = [IT(a)ll; (30)

which can, of course, also easily be shown directly (and even for every
aeL>).
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Norms of Inverses
A simple C*-algebra argument gives the following result.
Theorem
If {An} € S(C), then
lim [|AZ Y] = max(|[A7H], [|A7H])-

n—oo
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Proof. Suppose first that ||A~|| = oo or |AY|| = co. If

.. 1

lim inf [|A7]| < oo, (31)
then {A,} contains a stable subsequence {A, }, and it is clear that

{ Wi, An,Wh,} is also stable.So we have that ||A™!|| < oo and
|[A71|| < oo. Thus, (31) cannot hold and we have indeed lim || A || = oco.
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Now suppose that A and A are invertible. Then {A,} is stable and hence
{An}" is invertible in S(C)/N. Let {B,}” € S(C)/N be the inverse.
Then N
Tim_[|Ba]l = max((|B]. | BI).
and as A,B, — | uniformly as n — oo, we see that

lim ||B,|| = lim |AY], B=A"! B=Alm
n—-o00 n—o00
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Corollary

If a€ C, then
lim || T, (a)l = [T~ (a)l-

n— o0

Proof. Because A = T(3) is the transpose of A = T(a), this is immediate
from last Theorem. m
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Condition Numbers
The (spectral) condition number k(B) of an operator is defined by

k(B) = 1B B7*.

Theorem

If {A,} € S(C), then

lim_x(An) = max([|All, | All) max(||[ A7, [A~*]). m (32)

n—o0

From (30) and last Corollary we infer that

lim k(Th(a)) = k(T(a))

n—oo

for every a € C. However, for {A,} € S(C), the right-hand side of (32)
may be larger than max(x(A), k(A)) and thus in general larger than x(A).
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Example

Let A, = Py + PoKP, + W, LW, with

2

1
K = diag <0,—Z,o,o,...), L = diag (2,—,0,0,...).

Thus,

It follows that

1Al =3, AT =4,
Al =11+ Kl =1, A7 = [I(1+ K) ] =4,
Al =11+ Ll =3, AT =[0+L)7 =2

whence

lim k(A,) =12, max(k(A). k(A)) =6, k(A) =4 =
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Eigenvalues of Hermitian Matrices
Let {EL}5°, be a sequence of sets E, C C. The uniform limiting set

liminf E,

n—oo

is defined as the set of all numbers A € C for which there are \; € Eq,
A € E», A3 € E3, ... such that A\, — )\, and the partial limiting set

limsup E,
n—oo

is the set of all A € C for which there are \,, € E,, An, € En,, Ay € Ep,
... such that ny — oo and A\,, — A. For example, if E, = {0} for odd n
and E, = {1} for even n, then liminf E, = () and limsup E, = {0, 1}.
Clearly, we always have

liminf E, C limsup E,.
n—oo n—o00
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Theorem

If {Aq} © S(C), then

IinnlLrlf sp A, C limsupsp A, C spAUSsp A, (33)

n—o0

and if {A,} € S(C) is a sequence of Hermitian matrices, A, = A}, then

Iinnlioréf sp A, = limsupsp A, = spAUsp A. (34)

n—o0

v
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Proof. Let A ¢ spAUspA. Then A— A and (A— \) = A— Al are
stability Criteria implies that there are ng and M < oo such that

|(An = AD)7Y| < M for all n> no.
It follows that the spectral radius of (A, — A/)~! is at most M, which gives
Ur/m(0) Nsp (Ap = M) =0 forall n > no,

where Us(p) :={A € C: |A — pu| < d}.
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Consequently,
Uym(A)NspA, =0 forall n> no,

whence A\ ¢ limsup A,. This completes the proof of (33).

Now suppose A, = A}, for all n. Then A and A are selfadjoint and all
spectra occurring in (34) are subsets of the real line. We are left with
showing that if A € R and A\ ¢ liminfsp Ay, then A ¢ sp AUsp A. But if A
is real and not in the uniform limiting set of sp A,,, then there exists a

0 > 0 such that

Us(A)NspA,, =0 for infinitely many n,

that is,
Us(0) Nsp (Ap, — Al) =0 for infinitely many n.

As A, — Al is Hermitian, the spectral radius and the norm of the operator
(An, — )\l)_1 coincide, which gives

1 .
[(An, — A7 < 5 for infinitely many ny.
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It follows that {A,, — A/} and thus also { W, (A, — M)W, } is stable. So
A — Al and A — Al are invertible. m
Corollary

If a € C, then

liminfsp Th(a) C limsupsp T,(a) C sp T(a),

i=E2 n—00

and if a € C is real-valued, then

liminfsp Tp(a) = limsupsp T,(a) =sp T(a) = [min a, max aJ.
(=79 n— 0o

Proof. From (17) we see that sp T(3) = sp T(a) for every A € C and that
sp T(a) is the line segment [min a, max a] if a € C is real-valued. m

Sergei M. Grudsky (CINVESTAV,Mexico) Eigenvalues of lager Toeplitz matrices Moscow, October 2010. 74 / 148



Singular Values

The singular values of an operator B € B(H) on some Hilbert space H are
the nonnegative square-roots of the numbers in the spectrum of the
nonnegative operator B*B. We denote the set of the singular values of B
by ¥(B). Thus,

Y(B)={s>0:s>csp(B*B)}.

Theorem

If {An} € S(C), then

liminf X(A,) = limsupX(A,) = L(A) UX(A). (35)

=82 n—00

Proof. Since {A}An} € S(C) whenever {A,} € S(C), (35) is a
straightforward consequence of (34). m
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Corollary

If ae€ C, then

liminf X(Tph(a)) = limsupX(Th(a)) =X(T(a)) UX(T(3)). m

=9 n—00

Let V : /> — I? be the map given by (Vx); = X;. Since
spVBV =spB, sp(B*B)U{0}=sp(BB*)U{0} (36)
for every B € B(H) and because VT (a)V = T(3), we obtain

(X(T(2))* =sp T(a)T(3) = sp VT(a) T(a)V
=sp VT (a)VWT(3)V =sp T(a) T(3) = (X(T(3)))>,
that is, X(7(3)) = £(T(3)). This and the second equality of (36) imply
that
2(T(a)) U{0} = (T (a)) U {0}.
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In general, the sets X(T(a)) and X(T(3)) need not coincide: if a(t) = t,
then

0 0 0 0 1 0
1 0 0 N 0 0 1
&= 49 1 o  T@=1 9 o o
1 0 0 0 0 0
. 01 0 o 01 0
rar@=|e o 3l rate=|) ¢ 1 |

whence £(T(a)) = {1} and £(T(3)) = {0, 1}.
The set X(T(a)) is available in special cases only. Sometimes the
following is useful.
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Proposition
If a € C, then

[min |a], max |a]] € X(T(a)) C [0, max|al].

Proof.There is a K € K(/?) such that

((T(a)))? =sp T(3)T(a) = sp (T (lal*) + K)
D spESS(T(|a]2) + K) = SD ess T(]a|2) = [min |a|2, max ]a|2],

and from (15) we get
(X(T(a)))> =sp T(3)T(a) C [0, ]I T(a) ][] = [0, max|a]*]. m
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Thus if a € C and T(a) is not Fredholm, which implies that min |a| = 0,
then
Y(T(a)) UX(T(3)) = [0, max]al].

However, if a € C and T(a) is Fredholm, in which case min|a| > 0, the
question of finding

(X(T(a)) Ux(T(3))) N[0, min]al)

is difficult.
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The first Szego Theorem

First-Order Trace Formulas

The trace tr A of an n x n matrix A = (aj)7,_; is defined as usual:
trA=an1+ax+...+ am

Denoting by A1(A),..., A\n(A) the eigenvalues of A, we have
tr AK = AF(A) + ... + AK(A)

for every natural number k. The trace norm of A is defined by
|l = 01(A) + ... + 4(A),

where g1(A),...,0,(A) are the singular values of A. It well know that

IABClltx < [|A[l2]| Blfer ]| Cll2- (37)
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It is also well known that
[tr Al < || Al (38)

Finally, we denote by O the collection of all sequences {K,}%°; of
complex n x n matrices K, such that

1
— [|K]|&r — 0.
n

Theorem
Lemma If a and b are Laurent polynomials, then

{Th(a)Ta(b) — Ta(ab)} € O.
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Proof. We have that

Tn(a) Ta(b) — Th(ab) = —P,H(a)H(b)P, — W,H(3)H(b) W,.

The matrices H(a)H(b) and H(3)H(b) have only finitely many nonzero
entries. Thus, since ||Py||2 = [|Wh|l2 = 1, inequality (37) yields

1 ~ 1 ~
S IPaH(a)H(b)Pallex < — [|Pall2l| H(2)H(b)l|ex | Pnll2 = o(1),

LW HEHE)Wallie < T [ Walla HEH(B) | Wl = o1).

Theorem
Lemma If b is a Laurent polynomial and k € N, then

{Tk(b) — To(b¥)} € O.
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Proof. The assertion is trivial for k = 1. Now suppose the assertion is true
for some kK € N. Then

T, H(b) = T, (D) Ta(b) = T(b*) Tun(b) + Ko Ta(b)
with some {K,} € O. Since
[1Kn Ta(b)llex < [[Knllexll Ta(B)ll2 < [ Knllixl| £l o
it is clear that {K,T,(b)} € O. We have that
{Ta(b") Ta(b) = Ta(b*™1)} € O.

This gives that { T *1(b) — T,(b* ™)} € O. =

Theorem

Let b be a Laurent polynomial and k € N. Then

) 1 n 1 27 P
i, 5 2 M) =5 | (ble )t (39)
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Proof. First notice that
1 1
— D A(Ta(b)) = —tx T(b).
We have,
1 K 1 B 1
—tr T, (b) = —tr T,(b") + =tr K,
n n n

with {K,} € O. Since

%m« T (b%) = % (650 + ... + (b)) = %n(bk)o

= (% =5 / (")

and, by (38),
1
< ;HKnHtr = 0(1),

1
‘tr K,
n

we arrive at (39). m
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Theorems of the Szegd type say that, under certain conditions on a and F,
including that a be real-valued,

1 _L
J%n;HMR@»—%A Fa(0)) do, (40)

where A1(A) < ... < A,(A) are the eigenvalues of a Hermitian n x n
matrix A, while theorems of the Avram-Parter type state that, again under
appropriate assumptions on a and F,

Jm 23" Fs(Taa) = 52 [ Fa)) oo (41)

where s1(A) < ... < sp(A) are the singular values of an n x n matrix A.
The function F in (40) and (41) is called a test function. Throughout this
paper we assume that F is real-valued and that F is continuous on R,

F € C(R), when considering (40) and continuous on [0,0), F € C[0, c0),
when dealing with (41).
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Formula (40) goes back to Szegd [1920] who proved it for real-valued
functions a in L := L*°(0,27) and compactly supported continuous
functions F on R.

Formula (41) was first established by Parter [1986] for all F € CJ[0, c0)
under the assumptions that a is in L° and that a is locally selfadjoint,
which means that a = bc with a continuous 27-periodic function ¢ and a
real-valued function b. Avram [1988] subsequently proved (41) for all

F € C[0,00) and all a € L.

Then Tyrtyshnikov [1994-1996] showed that (40) and (41) hold for all
continuous functions F with compact support if a is merely required to be
in L2 := [2(0,27) and to be real-valued when dealing with (40).
Zamarashkin and Tyrtyshnikov [1997-1998] were finally able to prove that
(40) and (41) are true whenever F is continuous and compactly supported
and a is in L', again requiring that a be real-valued when considering (40).
A very simple proof of the Zamarashkin-Tyrtyshnikov result was given by
Tilli [1998], who also extended (40) and (41) to all uniformly continuous
functions F and all a € L', assuming that a is real-valued in the case of
(40).
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Eventually Serra Capizzano [2002] derived (41) under the assumption that
ae LP:=1P(0,27) (1 < p< o) and F € C[0,00) satisfies F(s) = O(sP)
as s — oo. Serra Capizzano's result implies in particular that (41) is valid
for all a € L' under the sole assumption that F(s) = O(s), which includes
all the results concerning (41) listed before.

In [A.Béttcher, S.Grudsky and M.Schwartz. Some problems concerning
the test functions in the Szegd and Avram-Parter theorems. Operator
Theory: Advances and Applications, Volum 187 (2008), 81-93 pp.],

we raised the question whether (40) and (41) are true whenever they make
sense. To be more precise and to exclude “oco — o0” cases, the question is
whether (40) and (41) hold for all symbols a € L (being real-valued in
(40)) and all nonnegative and continuous test functions.
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Here we make the following convention: we denote the functions under the
integrals in (40) and (41), that is, the functions § — F(a(#)) and

0 — F(|a(0)]), by F(a) and F(|a|), respectively, and if these functions are
not in L, we define the right-hand sides of (40) and (41) to be oo and
interpret (40) and (41) as the statement that the limit on the left-hand
side is co. It turns out that the answer to the question cited in the

preceding paragraph is negative:

in [A.Béttcher, S.Grudsky and E.Maksimenko. Pushing the Envelope of
the Test Functions in the Szegd and Avram-Parter Theorems. Linea
Algebra and its Applications 429(2008), pp. 346-366],

we constructed a positive a € L' and a continuous F : R — [0, o0) such
that (40) and (41) are false.
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In this work we also have proved the following result.

Theorem

Let a € L' be real-valued, let ® : [0,00) — [0,00) be monotonously
increasing and convex functions such that ®_(0) = ®_(0), and suppose
®,(a;) and ®_(a_) arein L. Let F: R — [0,00) be a continuous
function such that F(A) < ®(\) and F(—X) < ®_(\) whenever \ > Xo.
Then we have that (40) is truth.
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Limit spectral set-complex case.

Trivial case

1. Triangular matrixes:

i .
a(t) = Z ajt!
j=0
or .
a(t) = Zajt_j
j=0
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dao 0 0 ... 0

al a0 0 0
Tn(al) — an ai ao ... 0
dn-1 @&p-2 dap-3 ... 4o

spTh(a1,2) = {ao}

liminfspT,(a) = limsupspTy(a) = {a}

n—o0 n—o00
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2. Tridiagonal Toeplitz Matrices:

By a tridiagonal Toeplitz matrix we understand a matrix of the form

The symbol of this matrix is a(t) = a_1t~! + ag + art. Suppose

a_1 # 0 and a; # 0. We fix any value o = y/a_1/a; and define
Vai/a_1:=1/a and \/aja_7 := aja. Recall that Tp(a) is the
principal n x n block of T(a).
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Theorem

The eigenvalues of Tp(a) are

Aj = ap + 2/ aia_1 cos 7_21 (G=1,...,n), (42)
n
and an eigenvector for \; is x; = (x% ... xY9))T with

k .
W 2L ) gn k.
Xg —< 31> o (k=1,...,n). (43)
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Proof. Put b(t) =t + a?t~1. Thus,

0 o> 0 0
1 0 o> 0
Tb)=| 0 1 0 @?
0 0 1 0
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Since, obviously, Th(a) = ap + a1 T»(b), it suffices to prove that T,(b) has

the eigenvalues

uj:2acosn7zl G=1,...,n
and that x; = (x ... x¥)T with

Py
(J) — a~ksin (k=1,.

o .oy n)

is an eigenvector for ;. This is equivalent to proving the equalities

2 () _ . U)
QX" = Xy,
(.I) 2,() () —
+ o? Xiho = MjXel, (k=1,...,n—2)
(J) )
anl = HJXn .
Sergei M. Grudsky (CINVESTAV,Mexico) Eigenvalues of lager Toeplitz matrices Moscow, October 2010.

(44)

95 / 148



But these equalities can be easily verified: for example, (44) amounts to

kmj k+2)mj ' k+ 1)7j
a Ksin L+a2a—k—2 sin w = 2aa %1 cos U cos ( * )WJ7
n+1 n+1 n+1 n+1

which follows from the identity

sinﬁ+sin'y:2cosﬁ_’y i 5+7.

Example

Let b(t) = t + a?t~1, where a € (0,1). The eigenvalues of T,(b) are
distributed along the interval (—2c, 2«v), which is the interval between the
foci of the ellipse b(T). Also notice that the eigenvectors are localized,
that exponentially decaying, for a € (0, 1) (non-Hermitian case, b(T) is a
non-degenerate ellipse) and that they are extended for « = 1 (Hermitian
case, b(T) degenerates to [-2,2]). =
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Polynomial case

P.Schmidt and F. Spitzer. The Toeplitz matrices of an arbitrary Laurent
polynomial. Math. Scand. 8 (1960) 15-38.

Because things are trivial in the case where T(b) is triangular, we will
throughout this charter assume that

S
b(ty=> b, r>1, s>1, b ,#0, bs#0.
j=-r
As first observed by Schmidt and Spitzer, it turns out that the eigenvalue
distribution of Toeplitz band matrices is in no obvious way related to the
spectrum of the corresponding infinite matrices. To see this, choose
0 € (0,00) and put
S
bo(t) = > bt

j=—r
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Clearly, b,(T) = b(oT). We have

Th(b,) = diag (o, 0. .., 0") T,(b) diag (Qil, 072, ..., o "), (45)

and hence
sp Tn(by) = sp Ts(b). (46)

As(b) :=liminfsp T,(b)

n—o0

as the set of all A\ € C for which there exist A\, € sp T,(b) such that
An — A, and we let
Aw(b) := limsupsp T,(b)

n—-00

stand for the set of all A € C for which there are ny < np < n3 < ... and
An, € sp Ty, (b) such that A\, — A. Obviously, As(b) C Ay (b).
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Lemma

We have
As(b) C Aw(b) C sp T(b).

Proof. Let Ao & sp T(b). Then, {T,(b — X\o)} is stable, that is,

| T, 1(b — Ao)ll2 < M < oo for all n > ng. It follows that if

IA = Xo| < 1/(2M), then || T, 1(b — A)||2 < 2M for all n > ng, which
shows that Ao has a neighborhood U()\g) such that U(Xg) Nsp Tp(a) =0
for all n > ng. Consequently, A\g ¢ Ay (b). m

Corollary

We even have
As(b) CAw(b) C () sp T(by). (47)
0€(0,00)
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We will show that all inclusions of (47) are actually equalities. At the
present moment, we restrict ourselves to giving another description of the
intersection occurring in (47). ForA € C, put

QN z)=2z"(b(z) = A)=b_r+...4+(bo—N)z" + ...+ bsz'"*

and denote by z1()), ..., z1s(\) the zeros of Q(A, z) for fixed A:
r+s
Q. 2) = bs [ [(z — (M)

j=1

Label the zeros so that

2] < 2] < ... < |z45(3)]

and define
A(b) ={r € C: |z(A)| = [z+2(N)[}- (48)
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Proof. T(b) — X is invertible if and only if b(z) — A has no zeros on T and
wind(b — A) = 0. As wind(b — A) equals the difference of the zeros and
the poles of b(z) — X in D :={z € C:|z| < 1} and as the only pole of

b(z) = A=b_yz "+ ...+ (bo—A) + ...+ bsZ®

is a pole of the multiplicity r at z =0, it results that T(b) — X is invertible
if and only if b(z) — A has no zeros on T and exactly r zeros in D.
Equivalently, T(b) — A is invertible exactly if Q(A, z) has no zeros on T
and precisely r zeros in D.

Analogously, T(b,) — A is invertible if and only if Q()\, z) has no zero on
01T and exactly r zeros in o7 1D.
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Now suppose A ¢ A(b). Then |z,(\)| < |z-+1(A)]. Consequently, there is a
o such that |z,(\)| < 0 < |z,+1(A)]. It follows that Q(A, z) has no zero on
oT and exactly r zeros in ¢D. Thus, T(by/, — A) is invertible and
therefore A & ,c(0,00) SP T (by)-

Conversely, suppose there is a o € (0,00) such that X\ ¢ sp T(b,). Then,
by what was said above, Q(),z) has no zeros on o~ !T and precisely r
zeros in o~ *D. This implies that |z (\)| < 07! < |z-4+1(A)], whence

A ¢ Nb).m

Theorem (Schmidt and Spitzer)

We have
/\s(b) = Aw(b) = A(b)
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Towards the Limiting Measure

If X & A(b), then, by definition (48), there is a real number p satisfying
12:(N)| < o < |ze+1(A)]. (49)
As usual, let D,(a) = det T,(a).
Lemma
There is a continuous function
g: C\A(b) = (0,0)

such that
. - 1/n _
nllm |Dp(b — A)| =g(\)

uniformly on compact subsets of C\ A(b). If ¢ is given by (49), then

2 - do
g\ —exp [ loglby(e) ~ N 5. (50)
0 T
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Theorem
(Hirschman) The measures du, converge weakly to the measure which is
supported on \(b) and equals

1 1]0g  0g

— A(Db). 1
27 g | on © onp ds on NA(b) (51)

In other terms,

1 ¢ 1 1 |og g
7 2 AT = o fo #0255 | 5o+ 5200 e

(52)
for every ¢ € C(C) with compact support.
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The ranges b(T) for two Laurent polynomials

and the eigenvalues of the matrices T,(b).
(Legacy of Olga Grudskaya)
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The ranges b(T) for two Laurent polynomials

and the eigenvalues of the matrices T,(b).
(Legacy of Olga Grudskaya)

n=150 n=200

of 7
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The ranges b(T) for two Laurent polynomials

and the eigenvalues of the matrices T,(b).
(Legacy of Olga Grudskaya)

n=150
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Asymptotics of eigenvalues and eigenvectors

Much attention has been paid to the extreme eigenvalues, that is, to the
behavior of )\J(-") as n — oo and j or n — j remain fixed. The pioneering
work on this problem was done by Kac, Murdock, Szegé (1953), Widom
(1958) and Parter (1961).

Recent work on and applications of extreme eigenvalues include the
authors:

@ S.Serra Capizzano and P.Tilli 1996-1999,

@ C.Hurvich and Yi Lu 2005,

@ A.Novoseltsev and |.Simonenko 2005,

o A.Bottcher, S.Grudsky and E.Maximenko 2008.

H.Widom (1958)
a=3 g(yp):=a(e¥), g(0)=0, g'(0)=0, g"(0)>0

"(0 B% 1 .
)\J(n):gQ()<n7—T:1> <1+nv_|f1)+0<,ﬁ), Jj — fixed
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The purpose of this report is to explore the behavior of all )\J(-"). That is the
)

as n — oo uniformly by parameter d := nﬂl € (0, ).

asymptotics of )\J(-"

1. Tridiagonal Toeplitz Matrices

al(t) = a_1t*1 + a9 + a1t

)\J(-") = a9+ 2y/aja_1 cos nj{ 1
2. )
a(t) =
2(t) ")
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Real value symbols.

The function a is a Laurent polynomial

with r > 1, a, # 0, and 3 = a_ for all k. That is a is real-valued on T.
It may be assumed without loss of generality that a(T) = [0, M] with

M > 0 and that a(1) = 0 and a(e’¥°) = M for some g € (0,27). We
require that the function g(x) := a(e’) is strictly increasing on (0, ©o)
and strictly decreasing on (g, 27) and that the second derivatives of g at
x =0 and x = ¢q are nonzero. For each \ € [0, M], there exist exactly

one p1(A) € [0, o] and exactly one p2(\) € [po — 27, 0] such that

g(e1(N) = glw2(N) = A;
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wo—2m  pa(N) 0 pi(r) ¥

We put
¢1(A) — p2(N)

p(A) = - 5

Clearly, ¢(0) =0, ¢(M) =, ¢ is a continuous and strictly increasing
map of [0, M] onto [0, 7].
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For A € C, we write a — ) in the form

a(t)= A = t7(at* +.. .+ (a0 - Nt +...+a,)
2r
= at7" [[(t—z(N) (53)
k=1
with complex numbers z,(A). We may label the zeros z;(\), ..., z2,()\) so

that each z is a continuous function of A € C. Now take A € [0, M].
Then a — X has exactly the two zeros e#1()) and e/#2()) on T. We put

2(0) = &0,z (N) = &0,
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For t € T we have (53) on the one hand, and since a(t) — A is real, we get
o 2r 1
a(t) =X = a(t)—-A=3t <—zk)\)
(1 (® II (20

B 2r B , 2r 1
-z <kﬂ_lzk(x)> =l (t— Zk(A)) (54)

k=1

Comparing (53) and (54) we see that the zeros in C\ T may be relabeled
so that they appear in pairs zx(A), 1/Zx(\) with |z4(\)| > 1. Put

uk(A) = zx(A) for 1 < k < r —1. We relabel z,12()), ..., z2,()) to get
Zor—k(A) = 1/T(A) for 1 < k < r—1. In summary, for A € [0, M] we have

Z:={z(\),....z—1(N), 7N 22N 7 5(N),..., 22,(\)}
= {1 (N), ..., ur_1(N), PN 2N 1/7, (V). 1T (M)} (55)
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Put

r—1

) =[] (1 -

k=1

V4

Uk()\)

): o
r—1

do(A) = (=1)"are™ T uk(V).
k=1

For t € T we then may write

a() — A = dp(N)e™?™) (1 -

Sergei M. Grudsky (CINVESTAV,Mexico)
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Widom'’s formula

H.Widom proved that if A € C and the points z1(\),. .., z2,()\) are
pairwise distinct, then the determinant of T,(a — \) is

det To(a=N)= > CWJ (57)
JCcZ|J|=r

where the sum is over all subsets J of cardinality r of the set Z given by
(55) and, with J := Z\ J,
1

CJ:HZr H Pa— WJ:(—l)ra,Hz.

zeJ ZGJ,WE] zeJ
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Lemma (1)
Let A\ € (0, M) and put

J1 = {ul, ooy U1, ei‘Pl}, J2 = {ul, ooy lUp—1, ei‘PQ}.
Then

) dyei(eto)
W, =dye'¥, Cj = —-——
A Ty S 2i sing ’

) dye~ilp+o)

W, =dye """, C)=—"-———

2 E 2 2i sinp

Where do == do(A) = (1) 2,V [T uk(N); @A) i= ¢ = 522,
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1 r—1 1 -1
d:=di(A) = |hy(efer (M) hy (efe2(N))]| k]-ll (1 a Uk(>\)Us(>\)> (%8)
h)\(e’ﬂ"l(/\)) =l _ eisol()‘)/uk()‘)
A) = = i )
e( ) h)\(eupg()\)) I;I;II 1-— e“‘”()\)/uk()\)
0

Theorem (A)
For every \ € (0, M) and every § < dy,

g 0 = A

[sin ((n+1)p(X) +6(\)) + O(e*")] .
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Lemma (2)

There is a natural number ny = no(a) such that if n > ng, then the
function

fo: [0,M] = [0,(n+ 1)x], F(A)=(n+1)p(A)+06(N)

is bijective and increasing.
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Main result.

Theorem (1)

If n is sufficiently large, then the function
[0,M] = [0,(n+ 1)x], A~ (n+1)p(N)+6(N)

is bijective and increasing. For 1 < j < n, the eigenvalues )\J(-”) satisfy

(n+ 1)o(A") + 60y = 7j + 0(e~"),

and if >\J(-:3 € (0, M) is the uniquely determined solution of the equation

(n+ 1)p(A?) + 607 =

then [A" — A7 = O(e~n).
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Iteration procedure.

Here is an iteration procedure for approximating the numbers )\J(-Z) and thus

the eigenvalues AJ(-"). We know that ¢ : [0, M] — [0, 7] is bijective and
increasing. Let ¢ : [0, 7] — [0, M] be the inverse function. The equation

(n+1)p(A) +60(\) =nj

is equivalent to the equation

A= (),

n+1

We define )\( ),)\( DAl iteratively by

', 7J27
A(”)—¢( ”j> A0 [P0 %) for k=0,1,2
0 n+1)’ Thktl T n+1 T
Put 7Y = SUPxc(o,m) %.
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Theorem (2)

There is a constant g depending only on a such that if n is sufficiently
large, then

ko1 oD
‘)\J(',nl?_)‘J('i”Sfyo(nll) n+1 Jig)
@(Aj,o)

forall1 <j<n andall k> 0.
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Asymptotics of the eigenvalues.

Theorem (3)
We have

YT G CLC)) ((e(w(d))V) G <w/(d)9(w(d))) ‘

n+1 n? n?

Where d = % and O(.) means that

o ((e(wd»)z - w(dw(wd»)  const (D) + (o)

n? n?

Where "const” does not depend of n and d € (0, 7). In particular

() _ gy~ L1A)0((d)) (1)
A = () 1t 0(5)
uniformly in d from compact subsets of (0, 7).
This is asymptotics for inner eigenvalues!
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Asymptotic for extreme eigenvalues.

Theorem (4)
If n— oo and j/n — 0, then

NC STl C) (e(w(d)))k +O<nl4) (60)

= k! n+1
- CO () (14 2)vo(5) @
- 2O o(2), @)
w=1[" (ij (<)> et} - gg”,’f(%))) cotfd  (63)

(10) coincides with Widom's formula. But (10) holds if d = % < 1,
while Widom's formula holds for j is fixed.
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Even case.

Let be g(—¢) = g(¢). (g(v) = a(e'?)), then
g(r) = M, p1(A) = —p2(\) € [0,7], p(A) = 220 = 0,(2) and
function ¥(x) := p~(x) = g(x).
This the main formula has the form

P = (o) - 1D (1)

Remark

J

Starting with )\J(-g), )\(-"73), ... instead of )\J(-ﬁ) one can get as many terms of
the expansions (8) or (9) as desired.
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Examples.

We consider T,(a), denote by /\J(.") the jth eigenvalue, by /\(.") the
approximation to )\J(") given by Theorem (1), and by )\(k) the kth

approximation to )\(") delivered by the iteration procedure. We put

A&") = max ] — )\(-'Zk)\, A( " — max \)\ (n)]
1<j<n S 1<j<n

We let wy be the constant (63), denote by

() _g”(0)< ) )2< wo )
Ajw = 2 n+1 1+n+1

Widom's approximation for the jth extreme eigenvalue given by (61), and
put

m _ (+D* ) (0
ALW—TM ~ A
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Example (1)
(A symmetric pentadiagonal matriz) Let

a(t) =8 — 5t — 5t~ + t2 + t=2. In that case

g(x) = 8 — 10cos x + 2 cos 2x = 4sin? % -+ 16sin4%,

a(T) = [0,20], and for A € [0,20], the roots of a(z) — \ are e~ #(N),
e u(N), 1/u(N) with

5—v1+4X Y vi+ar—1
©(\) = arccos ———— = 2arcsin —F———,
4 2V/2
54+ vITar /542 +5/1+4r
u(N) = +
4 2v/2
and we have
4
,/0 :2 :7:2 5—2
£0)=2 w= 5 V5
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Example (1)

The errors Afk") are

[n=10 [n=20 |[n=50 |n=100 |n=150
5.4-107 [ 1.1-10711[5.2.107% | 1.7-107 | 9.6 - 10768

A

and for AS(") and AJ("‘}V we have

[n=10 [n=100 [n=1000 |n= 10000
A" 190.102[1.1-104]1.1-10°¢ [1.1.10°8
Al [22.1074 281077 | 2.9-10710 | 2.9. 10712
A (111075 ]1.5-107° | 1.5-10723 | 1.5 10°17
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Example (1)
| n=10| n=100| n=1000 | n = 10000 | n = 100000

A", [ 1462 |1.400 [1.383 | 1.381 1.381
AY), 10997 |1.046 |1.034 | 1.033 1.033
AY), | 0840 |0.979 0970 | 0.968 0.968
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Example (2)

(A Hermitian heptadiagonal matriz)
a(t) =24+ (=12 = 3\t + (=12 + 3i)t L 4+ it — it 3,
g(x) = 48sin? g +8sin3x.

[n=10 [n=20 |[n=50 |n=100 |n=150
A" 6.6-107]1.2-107[7.6-10%* | 1.4-107% | 3.3 .10~

[n=10 [n=100 [n=1000 |n=10000
A" 110.102]14-104]15.10°¢ |15 1078
A 32,1074 (581077 | 5.9-10710 | 5.9.1013
A |1.4.1075 (24107 | 25-10713 | 2.6 - 10~
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Example (2)
| n=10| n=100| n=1000 | n = 10000 | n = 100000

A", [ 5149 |7.344 |7.565 | 7.587 7.589
AY), | 4106 |7.386 |7.623 | 7.645 7.647
Al), 12606 7370 |7.633 | 7.656 7.658
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New problems

1. Extremums of higher orders
» a(1) =0 and a(e*) = M, o € (0, 27);

g(x) =: a(e™) iz strictly increasing on (0, o) and strictly decreasing

on (o, 27) and
g'(0) = g"(0) = g"'(0) = &'(¢0) =
with g'V(0) # 0 and g’V(<po) #0;

» Several extremums of different orders;

g"(po) = 8" (o) =0

» Complex values even symbols a(e*) = a(e™™), x € (0, ).
Limit spectral set A(a) = Im(a).

2. Continuous case.
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Eigenvectors

The adjugate matrix adj B of an n x n matrix B = (bjk)ﬂkzl is defined by
(adj B)jx = (—1) T det My

where M; is the (n — 1) x (n — 1) matrix that results from B by deleting
the kth row and the jth column. We have

(A— M) adj (A — ) = (det(A — ).

Thus, if A is an eigenvalue of A, then each nonzero column of adj (A — A/)
is an eigenvector. For an invertible matrix B,

adj B = (det B)B™L. (64)

Formulas for det T,(b) and T, 1(b) were established by Widom and
Trench, respectively.
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Theorem

Let  b(t)=X7__ bith = bt I[P 7(t—z) (teT)

wherep >1,q>1, b, #0, and z1, ..., z,, 4 are pairwise distinct nonzero
complex numbers. If n > p+ q and 1 < m < n, then the mth entry of the
first column of of adj T,(b) is

[adj Ta(b)lmi = D> CIW]D Sm.: (65)
JCZ,[J|=p zeJ
where Z = {z1,...,2p1q}, the sum is over all sets J C Z of cardinality p,

and, with J := Z\ J,

1
G-T= I - w-1s5]]-
zeJ  zeJwel zeJ
1 1 1
Sm,J,z == T H - -
b, z™ wel\() Z—Ww
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Formulas for the eigenvectors
(in the case a(e'¥) = a(e™ %))

Introduce the vectors y,E") with the following coordinates:

() —an(m @ _rfl . 1 (_1)k+1
i = sin (mg(n) + 227 ) E@(A)(ujmmnjwﬂm>a

(") sin p(A)
(ui(A) = M) (uj(A) — PN A, (ui(N))’

Let W,S”) be the normalized vector y,E”) and v be normalized eigenvector.

Theorem (5)

where  Q;(\) =

A=,

Q(V[En)7 W[SH)) S Ce_n67
where C and § depend only on the symbol.
In the nonsymmetric case the formulas for y,E") are a little more
complicated.
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Numerical results

Given Tp(a), determine the approximate eigenvalue )\J(':“) from the equation

(n+ 1)p(A?) + 0Ny = 7.

Put (m) ()
Lo )
T O PRGN

[[w; (A |2

We define the distance between the normalized eigenvector vj(”) and the

normalized vector W( n) by

o, wf?) = mig Il — w2l = /2= 2047, wi?)

€T Wi
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and put

A" = max ])\(-") — A}ﬁ)\,

1<j<n

AD), = max o(v/”, w),

1<j<n T
n _ " (),
A = max [ To(a)uf?) = A .

The tables following below show these errors for three concrete choices of
the generating function a.

For a(t) =8 — 5t — 5t~ + t2 + t~2 we have

[n=10 |n=20 n =50 n=100 |n=150
A" 154.107[1.1.101 |52.10725 [ 1.7.10% | 9.6 - 10768
A, 1201076 1110720 | 2.0-10723 | 1.9- 10744 | 2.0 - 10765
A 18.0.1076]27-10710(3.4.10723 | 2.2.107% | 1.9- 10765
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If a(t) =84 (—4 — 2i)t + (—4 — 2i)t~ L + it — it! then

[n=10 [n=20 |[n=50 n=100 |n=150
A" 138.108[28.10713]2.9.10730[5.9.10%8 | 1.6- 10785
A, 11.8.1077 | 4710713 {2.0.10720 | 7.0 - 1057 | 2.4 1084
A 154.1077(1.3.10712 | 2.7-10729 | 6.7- 10757 | 1.9- 10784

In the case where a(t) = 24 + (=12 — 3i)t + (=12 + 3i)t =L +it3 — it 3
we get

[n=10 |n=20 |n=50 |n=100 |n=150
A" 166-106[1.2.1071|7.6-10724 | 1.4.10°% | 3.3-10767
A 11.9-1076]1.3-10710 | 2.0.10723 [ 7.2 10745 | 2.8 - 106
A [ 25.1075|8.6-10710(7.3-10723 | 1.9- 10744 | 5.9. 10766
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Complex value case

a(t)=t"Y1—-t)*f(t), acR\N

where
1. f(t) € H* N C>.
2. f can be analytically extended to a neighborhood of T\{1}.

3. The range of the symbol a R(a) is a closed Jordan curve without
loops and winding number -1 around each interior point.
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Figure: The map a(t) over the unit circle.
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Symbols with Fisher—Harturg singularity.

agp(t) = (1 —t)%(—t)7, O<a<|fl <1

Conjecture of
H.Dai, Z.Geary and L.P.Kadanoff, 2009

n I
)\J(- N EN (WJ . exp{(2a+ 1) og})

n

L . 2mj
where w; = exp (—I T) .
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Lemma (3)

Let a(t) = t~1h(t) be a symbol that satisfies the following conditions:

1. he H*.
2. R(a) is a closed Jordan curve in C without loops.
3. windy(a) = —1, for each X in the interior of sp T (a).
Then, for each \ in the interior of sp T(a), we have the equality

Dn(a—A) = (=1)"h2"1

for every n € N.
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Proof.

[ ho 0 0 0 0 T
hi — X hg 0 0 0
ho hi — X\ hg - 0 0
Tath—an=| .2 0T ()
ho-1 ha2 hp3 -+ hg 0
L hn hn1 hn—2 -+ hi—AX| hg i
and
hi — X ho 0 0
ho hi— X\ ho 0
Ta(a—A)=| : : : o
hn-1 ha2 hp3 -+ ho
hn hn—l hn—2 to hl - A
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Applying Cramer's rule to (66) we obtain

_1 n+2 D”(a B A)

-1 . _
{Tn-l-l(h At)} (n+1,1) ( D,H_l(h - )\t) .

(67)

We claim that h(t) — At is invertible in H*. To see this, we must show
that h(t) # At for all t € D and each | € D(a). Let / be a point in D(a).
For each t € T we have h(t) # At because X ¢ 0D(a) = R(a). By
assumption, windy(a) = —1 and thus,

— 1 = windg(a — A) = windg(t "th(t) — A) = windg(t ! (h(t) — At))
= windg(t ) 4+ windg(h(t) — At) = —1 4 windg(h(t) — At).
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It follows that windg(h(t) — At) = 0, which means that the origin does not
belong to the inside domain of the curve {h(t) — At: t € T} . As h € H™,
this shows that h(t) # At for all t € D and proves our claim.

If b is invertible in H°°, then T,;ll(b) = Th+1(1/b). Thus the (n+1,1)
entry of the matrix Tnjrll(h(t) — At) is in fact the nth Fourier coefficient of
(h(t) = At)~1,

Inserting this in (67) we obtain

Du(3-) = (~1)" 2 Dpsa(h(t)-e) |

(t) — )\t] = (-1)"hg™

n

e

which completes the proof.
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Theorem (6)

Let a be the symbol a(t) = t~1h(t) where h satisfies the following
conditions:

1. he H*.

2. h(t) = (1— t)°f(t) with o« € R{\N and f (e”) € C(—m,].
3. h has an analytic extension to a neighborhood W of T\{1}.

4. R(a) is a closed Jordan curve in C without loops.

5. windy(a) = —1, for each X in the interior of sp T(a).

Then for every small neighborhood W,, of zero in C and every
A € sp T(a) N a(W) not contained in W, is

D,,(a . )\) _ (_ho)n+1 t>,\,+2‘]9-/(t/\) - f(l)r(:)\jnilslln(aﬂ) + Rg(n, )\)] ’

where Ro(n,\) = O (n=%=%~1), n — oo, uniformly with respect to X in
a(W). Here ap = min{a, 1}.
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Theorem (7)

Under the hypothesis of theorem (6) we have the following asymptotic
expression for \;:

og(n) . wja'(wj 2*(wj
A = a(wj)+(a+1)wja/(wj)| glf I @ ,f i) log (C a,((w;))j)
o J

Y0 SN
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Figure: The solid blue line is the range of a. The black dots are sp T,(a)
calculated by Matlab. The red crosses and the green stars are the approximations,
for 1 and 2 terms respectively. Here we took oo = 3/4.
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Figure: The dotted red and solid green lines, are the errors of the approximations,
with 1 and 2 terms respectively. Here we took oo = 3/4.
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