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This talk is based on joint work with
Albrecht Böttcher and Arieh Iserles.

Albrecht Böttcher, Sergei Grudsky and Arieh Iserles. Spectral
theory of large Wiener-Hopf operators with complex- symmetric
kernels and rational symbols. Mathematical Proceedings of
Cambridge Philosophical Society, 151 (2011), 161-191 pp.
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A truncated Wiener–Hopf operator is of the form

(Kτ f )(t) := f (t) +

∫ τ

0
k(t − s)f (s)ds, t ∈ (0, τ). (1)

We suppose that k is a function in L2(R), so that the integral operator
in (1) is a Hilbert–Schmidt operator and thus compact on L2(0, τ) for all
τ > 0. Let sp Kτ be the spectrum of Kτ . Since Kτ − I is compact, all
points in sp Kτ \ {1} are eigenvalues. We are interested in the location
and the asymptotic behaviour of these eigenvalues as τ tends to infinity.
The basic assumptions stipulated in this reports are that the kernel
k(t − s) is complex-symmetric, which means that k is a complex–valued
function satisfying k(t) = k(−t) for all t ∈ R, and that the so-called
symbol of the operator,

a(x) := 1 +

∫ ∞
−∞

k(t) eixtdt, x ∈ R,

is complex-symmetric also.
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A.G. Fox and T. Li Resonant modes in a Maser Interferometer. Bell,
System Tech. J 40, 1961.
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The problem about the

PROPER WAVES (RESONANT MODES)

of this waveguide.
a∫
−a

k(x − s)u(s)ds = λu(x), x ∈ (−a, a)

a(µ) = (ΦK )(µ) = k (1− e2ib
√

k2−µ2
)√

k2 − µ2

k = w/c- wave number.
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If |µ| � |k|, then

b
√

k2 − µ2 = kb
√

1− (µ/k)2 ≈ bk(1− (µ/k)2 +
3
8((µ/k)4)

If b|k−3| |µ|4 � 1, then √
k2 − µ2 ≈ k − µ2/k

and
a∗(µ) = (1− eikb−i b

k µ
2
)

a0(µ) = e−iwµ2
<=> k(x) = eiwx2

Strongly oscillating symbol <=> kernel.
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A. Böttcher, H. Brunner, A. Iserles, and S. Nørsett, On the singular values
and eigenvalues of the Fox–Li and related operators. New York J. Math.,
to appear.
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A. Böttcher, H. Brunner, A. Iserles, and S. Nørsett, On the singular values
and eigenvalues of the Fox–Li and related operators. New York J. Math.,
to appear.
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The are a lot articles (numerical) that devoted to the case a0(µ) = eiwµ2 .
But there exist very few rigorous mathematical results.
The change a(t) by a∗(t).

1 The spectrum (general speaking) in not stable under (even small)
perturbation.

2 The symbol a0(µ) is strongly oscillation including the point µ→∞.
The symbol

a(µ) = k (1− e2ib
√

k2−µ2
)√

k2 − µ2

is strongly oscillating only for |µ| � k and continuous in µ→∞

a(∞) = 0

That is the symbol a(µ) in point of view Wiener-Hopf operator theory
is more simple.
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Böttcher/Widom 1994.
If K (t) is complex-symmetric and a(µ) ∈ C(Ṙ) then

lim sp
τ→∞

Kτ = Im a(µ), (µ ∈ R)

Asymptotics of eigenvalues by

τ →∞ ?
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Let k(t) is complex-symmetric and a(µ) is rational, then

k(t) =



m∑
`=1

p`(t)e−λ`t for t > 0,
m∑
`=1

p`(−t)eλ`t for t < 0,

where λ` are complex numbers with Reλ` > 0 and p`(t) are polynomials
with complex coefficients. As k(t) = k(−t) for all t ∈ R if and only if
a(x) = a(−x) for all x ∈ R, the Wiener–Hopf operators considered here
are just those with even rational symbols. Moreover, k ∈ L2(R) implies
that lim|x |→∞ a(x) = 1. Therefore we may write

a(x) =
r∏

j=1

x2 − ζ2
j

x2 + µ2
j
, x ∈ R, (2)

where ζj ∈ C, µj ∈ C, Reµj > 0, and −ζ2
j 6= µ2

k for all j , k. To indicate
the dependence of Kτ on the symbol a and in accordance with the
literature, we henceforth denote Kτ by Wτ (a).
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We provide here asymptotic expansions for individual eigenvalues. Under
additional hypotheses, namely that the set R(a) is a curve without
self-intersections and that the roots of certain polynomials are all simple,
we prove the following. We associate a number β > 0 with a, consider the
half-stripe

Sτ := {z ∈ C : Re z > 0, |Im z | ≤ β/τ},

and show that, for τ large enough, all the eigenvalues of Wτ (a) are
contained in a(Sτ ).
We consider the segments

Ik,τ :=

[(
k − 1

2

)
π

τ
,

(
k +

1
2

)
π

τ

]
In this way we obtain family of rectangles

Sk,τ := {z ∈ Sτ : Re z ∈ Ik,τ}.
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We prove that if τ is sufficiently large then each set a(Sk,τ ) contains
exactly one eigenvalue, and the eigenvalue λk,τ in a(Sk,τ ) has an
asymptotic expansion

λk,τ ∼ a(kπ/τ) +
c1(kπ/τ)

2iτ +
c2(kπ/τ)

(2iτ)2 + . . .

with computable coefficients c1(kπ/τ), c2(kπ/τ), . . .. We also show that
eigensubspaces are all one-dimensional and describe the structure of the
eigenfunctions.
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The Wiener–Hopf determinant

Let U ⊂ C be a sufficiently small open neighbourhood of R(a) and take a
point λ ∈ U \ {a(0), 1} such that the roots ω2(λ), . . . , ωr (λ) are all
distinct. We then have

a(x)− λ
1− λ =

(x − ξ1(λ)) . . . (x − ξ2r (λ))

(x2 + µ2
1) . . . (x2 + µ2

r )
=

r∏
j=1

x2 − ωj(λ)2

x2 + µ2
j

.

Thus, ξ1(λ), . . . , ξ2r (λ) are simply the roots ±ω1(λ), . . . ,±ωr (λ) labelled
in a different manner.
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A. Böttcher, 1989:

det Wτ

(a − λ
1− λ

)
= eκτ

∑
M

WMewMτ (3)

where κ = κ(λ) is some constant, the sum is over all subsets
M ⊂ {ξ1, . . . , ξ2r} of cardinality r , and, with Mc := {ξ1, . . . , ξ2r} \M and
R := {µ1, . . . , µr},

wM :=
∑
ξj∈Mc

iξj ,

WM :=

∏
ξj∈Mc ,µm∈R(iξj + µm)

∏
µ`∈R,ξk∈M(µ` − iξk)∏

µ`∈R,µm∈R(µ` + µm)
∏
ξj∈Mc ,ξk∈M(iξj − iξk)

.

The point λ belongs to sp Wτ (a) if and only if (3) is zero, whereby its
algebraic multiplicity is its multiplicity as a zero of (3).
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The dominant terms in (3) are those for which

Im wM =
∑
ξj∈Mc

Im ξj (4)

is minimal.
The two candidates for sets M with minimal values (4) are given by

Mc
1 := {−ω1,−ω2, . . . ,−ωr}, Mc

2 := {ω1,−ω2, . . . ,−ωr},

e−κτ det Wτ

(a − λ
1− λ

)
= WM1ewM1τ +WM2ewM2τ +

∑
M 6=M1,M2

WMewMτ , (5)
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Fix an open neighborhood U ⊂ C of R(a). Then sp Wτ (a) ⊂ U for all
sufficiently large τ . Let Π = {z ∈ C : |Im z | < δ, a(z) ∈ U}. For z ∈ Π
consider the two functions

Q(z) :=
r∏
`=1

(z − iµ`),

P(z) :=
r∏
`=2

[z − ω`(a(z))]

and set
b(z) :=

Q(−z)2

Q(z)2 ·
P(z)2

P(−z)2 .
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It be λ = a(z) with z = ω1 = ω1(λ) in Π. The equation
det Wτ ((a − λ)/(1− λ)) = 0 may be written in the form

e2iτz = b(z)(1 + ϕτ (z)) (6)

where
ϕτ (z) =

∑
M 6=M1,M2

W−1
M1

WMe(wM−wM1 )τ .
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Lemma

If 0 /∈ Π or if 0 ∈ Π but the roots ω2(a(0)), . . . , ωr (a(0)) are distinct, then

ϕτ (z) = O(e−2δτ ) and ϕ′τ (z) = O(τe−2δτ )

uniformly in z ∈ Π.
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Main results

Theorem (1)

Let clos I be the closure of I in [0,∞] and suppose that for λ in a(clos I)
the roots ω2(λ), . . . , ωr (λ) are distinct. Then there exists a τ0 such that
the following is true for every τ > τ0.

(a) If λ = a(z) ∈ U is an eigenvalue of Wτ (a) such that Re z ∈ Ik,τ for
some k ∈ Kτ (I), then z ∈ Sk,τ .

(b) For each k ∈ Kτ (I), the set a(Sk,τ ) contains exactly one eigenvalue
λk,τ of the operator Wτ (a). The algebraic multiplicity of this
eigenvalue is 1.
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Theorem (1)

(c) The function
Φk,τ (z) :=

kπ
τ

+
1

2iτ log b(z)

is a contractive map of Sk,τ into itself and, letting

z(0)
k,τ :=

kπ
τ
, z(n)

k,τ := Φk,τ (z(n−1)
k,τ ) (n ≥ 1),

we have
λk,τ = a(z(n)

k,τ ) + O(1/τn+1) as τ →∞

uniformly in k ∈ Kτ (I), that is, there exist constants Cn <∞
independent of k and τ such that

|λk,τ − a(z(n)
k,τ )| ≤ Cn/τ

n+1

for all τ > τ0 and all k ∈ Kτ (I).
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Corollary

If the points ω2(1), . . . , ωr (1) are distinct then Wτ (a) has infinitely many
eigenvalues for every sufficiently large τ .

The first three iterations in Theorem 1(c) give for λk,τ

a(z0) + 1
2iτ a′(z0)c1(z0) + 1

(2iτ)2

[
a′(z0)c2(z0) + a′′(z0)

2 c1(z0)2
]

+ 1
(2iτ)3

[
a′(z0)c3(z0) + a′′(z0)c1(z0)c2(z0) + a′′′(z0)

6 c1(z0)3
]

+ O
(

1
τ4

)
,

where

c1(z0) = log b(z0), c2(z0) =
b′(z0)

b(z0)
log b(z0),

c3(z0) =
b′(z0)2

b(z0)2 log b(z0) +
b′′(z0)b(z0)− b′(z0)2

2b(z0)2 (log b(z0))2.
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If a is real valued, which occurs if and only if k(t) = k(−t) for all t, then
Wτ (a) is a selfadjoint operator. In this case |b(x)| = 1 for x ∈ R, hence
the function Φk,τ in Theorem 1(c) maps Ik,τ into itself and becomes

Φk,τ (x) =
kπ
τ

+
1

2τ arg b(x)

for x ∈ Ik,τ . It follows in particular that all eigenvalues are real, as they
should be for a selfadjoint operator.
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Eigenfunctions

Theorem (2)

Suppose that the numbers µ1, . . . , µr are distinct. Let λ be an eigenvalue
of Wτ (a) and assume that the roots ω2(λ), . . . , ωr (λ) are distinct. Then
every eigenfunction ϕτ ∈ L2(0, τ) of Wτ (a) corresponding to λ is of the
form

ϕτ (t) =
r∑

j=1

[
cjeiωj (λ)t + cr+je−iωj (λ)t

]
, (7)

satisfies ϕτ (τ − t) = θϕτ (t) for all t ∈ (0, τ) with θ ∈ {±1},
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Theorem (2)
and can be rewritten in the form

ϕτ (t) =



r∑
j=1

2cjeiωj (λ)τ/2 cos
(
ωj(λ)

(
t − τ

2

))
for θ = 1,

r∑
j=1

2icjeiωj (λ)τ/2 sin
(
ωj(λ)

(
t − τ

2

))
for θ = −1.

The coefficients cj can be computed from the linear algebraic system.
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Numerical examples

a(x) =
−(16 + 68i)− (10 + 30i)x2 − (3 + 2i)x2 + x6

(12 + 16i) + (20 + 12i)x2 + (9− 4i)x4 + x6 =

= 1 + 2
∑3

k=1
αkµk

x2 + µ2
k

(8)

where α = [−1,−i,−2] and µ = [1, 1 + i, 3− i].

Figure: The range R(a) is indicated on the left, while the range of b on (0,∞) is
indicated on the right. The latter is traced out clockwise, starting and
terminating at 1.
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Figure: The eigenvalues, denoted by small discs and overlaid on R(a), for
τ = 20, 50, 100.
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Speed of convergence

Table: The error |z (n)
k,τ − λk,τ | for τ = 20, k = 10, . . . , 17 and the iterations

n = 0, 1, 2, 3, 4.

10 11 12 13 14 15 17
0 9.84−02 7.69−02 6.02−02 4.75−02 3.80−02 3.10−02 2.19−02
1 3.69−03 2.68−03 1.95−03 1.42−03 1.03−03 7.55−04 4.11−04
2 1.40−04 9.47−05 6.38−05 4.26−05 2.82−05 1.84−05 7.70−06
3 5.33−06 3.55−06 2.09−06 1.28−06 7.70−07 4.51−07 1.44−07
4 2.03−07 1.18−07 6.85−08 3.86−08 2.10−08 1.10−08 2.71−09
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Table: The error |z (n)
k,τ − λk,τ | for τ = 100, k = 50, 55, . . . , 85 and the iterations

n = 0, 1, 2, 3, 4.

50 55 60 65 70 75 85
0 2.09−02 1.62−02 1.26−02 9.87−03 7.86−03 6.38−03 4.48−03
1 1.66−04 1.19−04 8.50−05 6.11−05 4.42−05 3.21−05 1.73−05
2 1.32−06 8.69−07 5.75−07 3.79−07 2.48−07 1.62−07 6.72−08
3 1.05−08 6.37−09 3.89−09 2.35−09 1.40−09 8.14−10 2.60−10
4 8.32−11 4.67−11 2.63−11 1.46−11 7.86−12 4.10−12 1.01−12
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Figure: The speed of convergence of a(n)
k,20 for growing n. The equispaced points

z (0)
k,20 are denoted by white circles, the first iteration z (1)

k,20 by filled-in discs and the
eigenvalues λ(n)

k,20 by white stars.
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