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We consider the Dirichlet problem for harmonic functions in a bounded
plane domain with nonsmooth boundary. The boundary curve belongs to
one of the following three classes: sectorial curves, logarithmic spirals and
spirals of power type. To study the problem we apply a familiar method of
Vekua-Muskhelishvili which consists in using a conformal mapping of the
unit disk onto the domain to pull back the problem to a boundary problem
for harmonic functions in the disk. This latter reduces in turn to a Toeplitz
operator equation on the unit circle with symbol bearing discontinuities of
second kind. We develop a constructive invertibility theory for Toeplitz
operators and thus derive solvability conditions as well as explicit formulas
for solutions.
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Elliptic partial differential equations are known to appear in many
applied areas of mathematical physics. As but a few we mention

@ mechanics of solid medium,

o diffraction theory,

@ hydrodynamics,

@ gravity theory,

@ quantum field theory,

and many others.
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In this report we focus on boundary value problems for the Laplace
equation in plane domains bounded by nonsmooth curves C. We are
primarily interested in domains whose boundaries have a finite number of

singular points of oscillating type.
z(r) = zg + r exp(2p(r)) for r € (0, ro],

where
@ r is the distance of z and z,
@ (r) is a real-valued function which tends to infinity as r — 0
or is bounded while its derivative is unbounded at r = 0.

Furthermore, ¢(r) and ¢'(r) are allowed to tend to infinity fast enough
and our study encompasses domains with nonrectifiable boundary as well.
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In most papers one treats piecewise smooth curves with corner points or
cusps.

There have been essentially fewer works dealing with more complicated
curves C. They mostly focus on qualitative properties, such as

@ existence,
@ uniqueness and

@ stability of solutions with respect to small perturbations.

The present report deals not only with qualitative investigations of
boundary value problems in domains whose boundaries strongly oscillate at
singular points but also with constructive solution of such problems.
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We restrict ourselves to the Dirichlet problem for the Laplace equation
Au = (0/0x)%u+ (0/dy)?u =0 (1)

in a simply connected domain D with boundary C in the plane of variables
(x,y) € R2. The boundary data are

u = up (2)
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Our approach to the study of elliptic problems in domains with

nonsmooth boundary goes back at least as far as
N. Muskhelishvili and |. Vekua.

It consists in reducing the problem in D to a singular integral equation on
the unit circle by means of a conformal mapping of the unit disk onto D.
The coefficients of the singular integral equation obtained in this way fail
in general to be continuous, for they are intimately connected with the
derivative of boundary values of the conformal mapping. This method was
successfully used for solving problems in domains with piecewise smooth
boundary, where the singular points are corner points or cusps. In this case
the coefficients of the mentioned singular integral equation have
discontinuities of the first kind. Since the theory of such equations is well
elaborated, one has succeeded to construct a sufficiently complete theory
of boundary value problems for a number of elliptic equations in domains
with piecewise smooth boundary.
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Note that by now the theory of singular integral equations (or, in other
terms, the theory of Toeplitz operators) with oscillating coefficients is well
elaborated, too. This fact gives us some evidence to a reasonable
solvability theory for a number of problems in plane domains with
oscillating boundary.

The persent report deals with Laplace problems for the Laplace equation

for three classes of boundary curves C, namely sectorial curves, logarithmic
and power spirals.

Sergei Grudsky (CINVESTAV, Mexico) Dirichlet problem strong singularities Mexico, January, 2012 10 / 55



Let D be a simply connected bounded domain in the plane of real
variables (x, y). The boundary of D is a closed Jordan curve which we
denote by C. Consider the Dirichlet problem (1), (2) in D with data ug on
C. As usual we introduce a complex structure in R? by z = x + 1y and
pick a conformal mapping z = ¢(() of the unit disk D = {¢ € C: || < 1}
onto the domain D, cf. Riemann mapping theorem. Throught the report

¢(0) > 0. (3)

Then problem (1), (2) can be reformulated as

AU = 0 for [(] <1,
U = U for [¢|=1,

where U(¢) := u(c¢(¢)) and Up(¢) := uo(c(Q)).

()17
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For 1 < p < o0, we denote by HP(DD) the Hardy space on the unit disk.
By the conformal mapping z = ¢(() the space is transported to the
so-called Hardy-Smirnov space EP(D) of functions on D. A holomorphic
function f on D is said to belong to EP(D) if

sup / F(2)|P |dz] < oo,
rE(O,l) Cr

where C, is the push-forward of the circle [(| = r by z = ¢((). It is easy to
see that f € EP(D) if and only if

{/¢'(Q) F(c(C)) € HP(D). (5)
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We will also study boundary value problems in Hardy-Smirnov spaces
with weights EP(D, w). Set

Q=T (1- &)™ ©)

Pt Ck
for ¢ € D, where {(3,...,(n} are pairwise different points on the unit
circle. Here, p1, ..., p, are real numbers in the interval (=1/q,1/p), p

and g being conjugate exponents, i.e. 1/p+1/qg = 1. A holomorphic
function f in D is said to lie in EP(D, w) if

sup | [f(2)|P[w(c™}(2))]P |dz| < oo.
rE(O,l) Cr
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It is well known that for each harmonic function u(x,y) in D there is an
analytic function f(z) in D whose real part is u. We therefore look for a
solution u of problem (1) and (2), which has the form v = Rf with
f € EP(D,w). The boundary condition u = ug is understood in the sense
of nontangential limit values of u almost everywhere on C.

Definition
Given any Dirichlet data ug on C of class LP(C, w) in the sense that
/TIUO(C(C))I”\W(C)\"\C'(C)!!dC\ < o0,
we shall say that problem (1), (2) possesses a solution in REP(D, w) if

there is a harmonic function v in D, such that u = Rf for some
f € EP(D,w) and u = up on C.
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h (<)
w(¢)¢/¢'(¢)
for ¢ € D, where h™ is an analytic function of Hardy class HP(DD).

Q)
*oieem) = Y

F(c(¢)) =

for ( € T,and
Uo(€) = uo(c (€))

This problem can in turn be reformulated as
LR b
w(Q)/I(C)  w(Q)¢/(Q)

) = Uo(¢)

2

for ( € T, where

h™(¢) = h*(¢) € HP(D)
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Finally, we transform the Dirichlet problem to

a(Q) ™ (¢) + h™(¢) = &(¢) (7)

for ( € T, where

WO T _ WO, 2,
= w0 {70 = wo o (-1, 7€)

a(¢)

and g(¢) = 2Up(Q) w() /().
arg ¢'(¢) = a(e(C)) — arg ¢ — 3
for ¢ € T, where a(c(¢)) is the angle at which the tangent of C at the

point z = ¢(() intersects the real axis. Note that g € LP(T).
Remind that

h(¢) € HP(D), h™(C) € HP(D)
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Let now

d’, CeT,

(Sreg)(¢ . (,

stand for the singular Cauchy integral. If 1 < p < oo, then St is a
bounded operator in LP(T), and the operators

Ps = % (1 £ S1)

prove to be continuous projections in LP(T) called analytic projections.
PZ LP(T) = HPE,

whence Py HP* = HP* and Pf HPT = 0.

+

HP" = HP(D), HP~ @ {c} = HP(D)
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On applying P{FF to both sides of equality (7) and taking into account
that (P h7)(¢) = h=(c0) and h~(c0) = ht(0) = h*(0), we get

(T(2)h7)(C) +h7(0) = g7 (<) (8)

for ( € T, where
T(a) := PfaPf

is a Toeplitz operator with symbol a on LP(T) and g™ (¢) = (P{ g) (¢).

Theorem

o Ifu=Rf With fe EP(D w) is a solution of the Dirichlet problem
in D, then h™ (¢ )/ (C) f(c is a solution of system (8)

e Ifht e Her is a solution of (8) then

u(c(€)) =R (A (C)/w(C)€/(C)) is a solution of the Dirichlet

problem in D.
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Corollary (Exat formula)

If the operator T(a) is invertible on the space HP™ and

(T 1)) =1, (9)
then the Dirichlet problem in D has a unique solution of the form

(W(g)lc/(g) ((T(a)_lgﬂ(C)—%(T(a)‘1g+)(0) (T(2)'1)(Q)))

with z = ¢(¢), where g+ = P <2uo(c(§))m{y c’(C)) :

u(z) =R

Remark

Condition (9) is actually fulfilled in all cases to be treated in this work.
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Proof of Corollary Exat formula

Applying the operator T(a)~! to (8) yields
BH(Q) + T(a) "t (0) = (T(2)"8") ()

for all { € T. Since both sides of the equality extend to holomorphic
functions in the disk, we can set ( = 0, obtaining

21t (0) = (T(a)"e") (0)

by (9). Hence it follows that the solution of (8) is unique and it has the
form

Q) = (T()7'e") (©) - 5 (T()7'e™) O(T()'1)(©).

as desired.
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Factorization of symbols

A bounded linear operator A on a Hilbert space H is said to be normally
solvable if its range im A is closed. A normally solvable operator is called

Fredholm if its kernel and cokernel are finite dimensional. In this case the
index of A is introduced as

ind A := a(A) — B(A),

where a(A) = dimker A and (A) = dim coker A.
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The symbol a(¢) of a Toeplitz operator T(a) is said to admit a
p-factorisation, with 1 < p < oo, if it can be represented in the form

a(¢) = a" (¢)¢"a (¢), (10)
where £ is an integer number,

at e HIt a- € HP &{c}, (1)
1/at € HPT, 1/a= € HI” @& {c},

p and g are conjugate exponents (i.e. 1/p+1/q =1), and
(1/a™)Sr(1/a7) is a bounded operator on LP(T). (12)

The functions a™ and a~ in (10) are determined uniquely up to a
constant factor. On putting the additional condition a~(oc0) = 1 one
determines the factorisation uniquely.
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Theorem (Simonenko)

An operator T(a) is Fredholm in the space HPY if and only if the symbol
a(¢) admits a p -factorisation. If T(a) is Fredholm, then ind T(a) = —k.

Corollary (Invertibility)

An operator T(a) is invertible on HP™ if and only if the symbol a(()
admits a p -factorisation with k = 0. In this case

(T(a))™! = (1/a")Pf(1/a7).
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Given a nonvanishing function a € C(T), we denote by ind,(1)(0) the
winding number of the curve a(T) about the origin, or the index of the
origin with respect to a(T).

Theorem

Suppose a € C(T). Then the operator T (a) is Fredholm on the space
HP* if and only if a(¢) # 0 for all { € T. Under this condition the index
of T(a) is given by

ind T(a) = _inda(’ﬂ‘)(o).
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We now introduce the concept of sectoriality which is of crucial
importance in this report.

Definition

A function a € L°°(T) is called p-sectorial if essinf |a({)| > 0 and there
is a real number g such that

22% | arg (exp(2po)a(()) | < max{p, q} (13)

for all ¢ € T.

Definition

A function a € L*°(T) is said to be locally p-sectorial if essinf |a({)| > 0
and for any (o € T there is an open arc containing (o, such that (13) is
satisfied for all ¢ in the arc with some ¢g € R depending on (p.
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Theorem

e Ifa(C) is a p-sectorial symbol, then the operator T(a) is invertible
in the space HPT.

e Ifa(C) is a locally p -sectorial symbol, then T(a) is a Fredholm
operator in HP ™.
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Suppose h € GH>™™, that is h € H>®" and 1/h € H>®T. Then the
operator T(h) is invertible in HP*, (T(h))~ = T(1/h). Analogously, if
h € GH®°~ then the operator T(h) is invertible in HP* and

(T(h)™ = T(1/h).

Theorem

o Leta(¢) = h(¢)ao(C), where h € GH®* and ag € L>°(T). Then
the operator T(a) is Fredholm in the space HP™ if and only if the
operator T(ag) is Fredholm, in which case ind T(a) = ind T (ap).

o Leta(¢) =c({)ao(¢), where c € C(T) and ag € L>°(T). Then
T(a) is Fredholm in HP* if and only if c(¢) vanishes at no point of T
and T(ag) is Fredholm, in which case

ind T(a) = ind T(ao) - inC(T)(O).
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We give a brief summary on Toeplitz operators with symbols having
discontinuities of the first kind. Let PC stand for the space of all piecewise
continuous functions on T which have at most finitely many jumps.
Suppose a(¢) € PC and (3, ..., (, are the points of discontinuity of a.
Given any § € C and (o € T, we introduce a function a; ¢, € PC by

35,¢,(C) :==exp (zfarg ( — Ci)))

for ( € T, where arg z € (—m, ). It is easily seen that a;, has at most
one point of discontinuity at { = (g, with jump

a6 (e°7C) = exp(ifm),
ac(e%7) = exp(—ifrm).
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If a(e* () #0 for all k =1,...,n, then there are complex numbers f,
with the property that

a(e (k)

W = exp (ZkaTr) s

and so

2(O) = <O I .. (©): (14)
k=1

where ¢ € C(T).
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Theorem (PC)

Let a(¢) € PC. Then the operator T(a) is Fredholm in HP* if and only
if
o a(et() A0 forall (€T

1 1
® there are integer numbers Ky such that kx — — < Rfx < K + —.
q p

Under conditions this Theorem, the index of the operator T(a) in HP™
is actually given by

ind T(a) = — (inder) (0) + Y 44 ), (15)
k=1
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Sectorial curves

In this section we consider a simply connected domain D € R? whose
boundary C is smooth away from a finite number of points. By this is
meant that C is a Jordan curve of the form

c=Jc,
k=1

where Cx = [zx_1, zx] is an arc with initial point zx_; and endpoint z
which are located after each other in positive direction on C, and z, = z.
Moreover, (zx_1, zx) is smooth for all k.
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Definition

The curve C is called p-sectorial if, for each k =1,...,n, there is a
neighbourhood (z; , ;") of zx on C and a real number ¢y, such that

3 if p>2
sup la(z) — pi| < { 25 _ > 2, (16)

ze(z, 7))\ {2} T(p—1), if 1<p<2,
where a(z) is the angle at which the tangent of C at the point z intersects
the real axis.

V.
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Example (1)

If z, is a corner point of C, then the angle at which the tangent of C at
Z intersects the real axis has jump jix < ™ when z passes through z. It
follows that (16) is fulfilled at zx with a suitable @y, if p > 2, and is
fulfilled if moreover jyx < (p— 1), if 1 < p < 2.

If zx is a cuspidal point of C, then the angle has jump jx = ™ when z
passes through z,. Hence, condition (16) is violated, i.e. cuspidal points
are prohibited for sectorial curves.
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Example (2)

z(e®) =0+ i6|0|*sin|f|™, |6 <e, a>0, SER.
If p > 2, this curve is p— sectorial for any a.

If 1 < p<2and |da| <tanS(p — 1), then this curve is p— sectorial.

Example (3)

z(e®) =0(1 +usin|0]7®), |0 <e, a>0.
This curve is not p— sectorial.

Sergei Grudsky (CINVESTAV, Mexico) Dirichlet problem strong singularities Mexico, January, 2012

34 /55



Dirichlet data on sectorial curves

Theorem

Suppose C is p -sectorial for 1 < p < oo and w(¢) = 1. Then the
Toeplitz operator (8) corresponding to this curve is invertible.

We shall have to proof that the Toeplitz operator with symbol
() = exp (— 12 arg ¢ (¢))
p

is invertible. Recall that arg¢’(¢) = a(c(¢)) —arg¢ — g for ¢ € T.
The idea of the proof is to represent the symbol in the form

a(¢) = ¢(€)ao(<);

where ag is p-sectorial and ¢ € C(T) is such that ind(1y(0) = 0.
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Theorem (p -sectorial)

Let C be a p-sectorial curve. Then the Dirichlet problem has a unique
solution u = Rf with f € EP(D) and this solution has a following form in

D
1 ¢+ci(2) d¢
I —(z) uo(c(¢)) a

forz € D. )

u(z) =R
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Begin proof of Theorem p -sectorial

According to previous Theorem, a(¢) admits of p-factorisation of the
kind a(¢) = a™(¢)a=(¢). On other hand

OV
(0= (5"

for ( € T. In the case of p-sectorial curves the angle a(z) is bounded, and
so the curve C is rectifiable. By a well-known result the derivative ¢/(¢)

belongs to H*, whence ¢/¢/(¢) € HP* and ¢/¢/(¢) € HP~ @ {c}.
Comparing this with a(¢) = a™(¢)a=(¢) we get

/e (©)a*(0) = {/(O)A/a(<))-
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End proof of Theorem p -sectorial

The left-hand side of this equality belongs to H'* and the right-hand
side to H1~ @ {c}. Hence it follows that

¢Yd(Qat(¢) = ¢
ge(Q)/a=(€) = ¢

where c is a complex constant. The factorisation a(¢) = a*(¢)a(¢) with

at(¢) = <(1/¢70),
Q) = =/

Cc

(T(@) ™ = {/(QPF/ (),

which is due to Corollary Invertibility.

and
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Dirichlet data on logarithmic spirals

Let X, be a horizontal half-strip of the form
2,={3€C:R3>0,33€(0,a)},a>0.

z = Ly(3) := exp(—€'*3)

of the half-strip into the complex plane C,.
The mapping z = £,(3) is conformal if and only if a < 27 cos .
Forv € [0,a], set R, ={3 € C:R3 >0, I3 = v}. Then the curve
Sv,p = Ly(Ry) is a spiral.

v
= ¥ cot 17
= (e g ) exp (0 coter). (17)
Cav@ = SO#P U Sa#p U bav‘P’

where Sy, and S, , are given by (17) and the arc b, , by
z = exp (—e"Pw) with v € [0, a].
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The conformal mapping z = ¢, ,(¢) of D onto D, , given by

crold) =exp (e 2 in (47 1)) (18)

1 ¢+1
ith 1 = — - 5T
with 7 =n(¢), n(¢) P o1
gp—g—argg—acosap—gsincp|n|77+\/772—1|,
if (€ (1),
a
, p —arg( — — cos p arccosn,
arge, (¢) = T 19
3790( ) if Ce[la 7Z]a ( )
s a .
p+ 5 —arg(— —sing In(n+ /17 -1),
if ¢e(—11).

We introduce the Toeplitz operator T(a, ) with symbol

Q) = o (=12 g ,(0)),
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Theorem (Logarithmic spiral)

The operator T(a,) in HPT with 1 < p < oo is Fredholm if and only if

a
p # — cos .
v

a
o If p> — cos, then T(ay) is invertible in the space HP™.
™

o Ifp< 2 cos @, then ind T(as,) = 1.
T

Sergei Grudsky (CINVESTAV, Mexico) Dirichlet problem strong singularities Mexico, January, 2012 41 /55



Begin proof of Theorem Logarithmic spiral

Introduce the function

hap() = exp ( — Zi (- ;siw In(n+ /n? = 1)),

which obviously belongs to GH*". Indeed,
exp(— ga sinap), if ¢e(1,),
|ha, o (O)] = p
17 if C € (_Zv 1)7

aa,go(C)
hae(C)

a0(¢) =
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End proof of Theorem Logarithmic spiral
Hence ap(¢) is a PC function with discontinuity points {1,2, —2}. One

verifies readily that

argag(e¥~ 1) = % 3, arg ap(e®t 1 % ( + acos go)
arg ap(e?~1) = % (m 4 acos ), argap(e®" z) = % ( + acos ap)
arg ao(e'** (=) = 5 3, arg ao(e’*(—2)) = 3

We thus conclude that ag({) possesses a representation (14) with

(1:1,§2:Z,C3:—zand
11

fl—;(l—jrcoscp), f2:f3:55.

Observe that
1 < < 1
== 2 =173 < —.
q P
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Theorem

o Ifp> 2 cos ¢, then the Dirichlet problem has a unique solution in
T
REP(D,,,) given by

_ 1 ¢+ 5(2) ) d¢
u(z) =R o 7( —al) 0(cap(¢)) ¢

forz e D,,.

o Ifp< 2 cos ¢, then the Dirichlet problem has infinitely many
T
solutions in REP(D, ) given by

O(Ca7go(<)) dg

(o) =it o@D 6@ 1]

1-h(z) 1-cah(z) Jrm—ch(2)

for z € D,,,, where c is an arbitrary real constant.
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Remark

If p= (a/m) cos ¢ then the operator T(aa,) is not Fredholm. One can
show that it has zero null space and dense range in this case. What is still
lacking is an explicit description of the range.
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Dirichlet data on spirals of power type

Let 2> 0 and v > 0. Consider the domain D, in the plane of complex
variable 6 that is bounded by curves

Son, = {#E€C:RO>1, I0=0},
Sary = {0E€C: 0=(R0+12), RO > 1},
by = {0EC:0=(1+130), S0 € (0,a)}.

The boundary of D, , is thus the composite curve C,, = So , USs, U b .
Given any § > 0, we define

z = hs(0) = exz(;@)

for 0 € D,,,. This function maps D, onto a domain D, , 5.
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Consider the curve hs(Sp~) in the z-plane. Introduce the polar
coordinates r = |z| and ¥ = arg z.

ro= (RO)79,
9 — R,

and so the equation of hs(So ) reduces to
r=19"°

with 9 > 1. In this way we obtain what will be referred to as the power
spiral.

Note that the curve hs(Sp,) is rectifiable if and only if § > 1. Indeed,
the integral

Lks(So)) = [V @)2 + (@) av

0079*5,/ o 9
:/1 1+@d

is finite if and only if 6 > 1.
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Theorem

Assume v € (0,1/2] and 6 > 0. If a > 0 is small enough, then
hs : Ds — D, 5 is a conformal mapping.
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The conformal mapping z = ¢,,5(¢) of D onto D, ., 5 given by

expa(2in (n+ /2= 1) +1)"
(f In (n + \/ﬁ> n 1)75

with n = (), 2() =3 S

Introduce the function 3(¢) = ; In (7] +/n? — 1> +1of (€D.

ca,w,é(C)

(20)

- | =
Ny

()t
V14+¢23(1-0)

¢ors(C) = fw (1+6(C)7)
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We consider the problem in space RE,(D, .5, w), where w = (1 — ()™

Theorem (Power spiral)

Let v € (0,1/2], 6 > 0 and let ¢, ~ 5(¢) be the conformal mapping of D
onto D, 5 given by (20). Then operator T(a,s) corresponding to
region D, - s is Fredholm if and only if

p#0

1
o If —= < <0, then the operator T(a,,s) is invertible.
q

1
o If0<pu< I then operator T(aas) is Fredholm and
ind T(aamg) = —1.
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Begin proof of Theorem Power spiral

Consider the Toeplitz operator T(a,,5) with symbol

s7,6(C) = eXP( i arg ¢y 6 (C))ﬁg
2 1-1/)~*
= exp ( =t arg ¢, 5 (C))W

— exp (== arg el Q) ()"

Set

hanys(¢) = exp ( — H (©))7) € GH=*

aa,'y,é(g)

QO(C) a ha,’Y,J(()
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End proof of Theorem Power spiral

im argao(Q) — lim arga(Q) = zw(; )
ClgknmgadC)—-ciEmegadC) = %,
C_)ellionj(_l)arg a0(¢) — C_)elli[grg(_l)arg a(¢) = %
(=1 =1 (= -1 and
1

l\.)\r—l
T =

h=;+% fo=1f3 =

Thus according to Theorem PC operator T(a, . 5) is Fredholm if and only
if uw# 0.
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Theorem (Solution)

Let v €(0,1/2], 6 > 0 and let z = ¢, 5(¢) be the conformal mapping

of D onto D, s given by (20).

1
o If—— < u <0, then the Dirichlet problem has a unique solution in

q
REP(D,,,5, W) given by

u(z) =%

forz €D,y 5.

/T 2mi¢ -l 5(2)

—1
LCHensle) o ) %
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Theorem (Solution)

1
o If0<u< E, then the Dirichlet problem has a solution in
REP(D,,,5,w) if and only if

1

27 ©
(2
g/o uo(¢ay,5(€'?)) cot 5 dep =0.

Under this condition, the solution of the Dirichlet problem in
REP(D, 5, w) has the form

-1 Y(z 1—c ! (2
’(2) =R 1<p o) o 1) C)

T % (c5.5) (20)

) UO(Ca;y,J(C)) d¢
¢—1 C;i,s(z)

for z € D, s, where zyg = ¢, ~,5(0).
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Remark

In the case j1 = 0 the operator T(a, . s) is not Fredholm. So it is reason
to introducer the weight spaces.
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