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Abstract

The asymptotic behavior of the spectrum of large Toeplitz matrices has
been studied for almost one century now. Among this huge work, we can
find the Szegd theorems on the eigenvalue distribution and the
asymptotics for the determinants, as well as other theorems about the
individual asymptotics for the smallest and largest eigenvalues.

The first results about uniform individual asymptotics for all the
eigenvalues and eigenvectors appeared in 2008-2009. The most of the
results in this area are concerned to self—joint case. These talk is devoted
to some cases of the non self—joint Toeplitz matrices.
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Main object.

Spectral properties of larger finite Toeplitz matrices

ao a—1 a-oz2 ... a,(n,l)
ai dao a—-i1 ... a,(n,z)
-1
An = (aj—«k f,k:o = a a a ... a_(p-3)
dp—-1 4ap-2 @an-3 ... a0
0 .
a(t)y= > ajt/, t € T-symbol of {A,}°°,
j=—00

Eigenvalues, eigenvectors singular values, condition numbers, invertibility
and norms of inverses, e.t.c.
n ~ 1000 is a business of numerical linear algebra.

Statistical physics - n = 107 — 10'2 - is a business of asymptotic theory.
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Levels of asymptotics properties the large Toeplitz matrices

|. Szegd's (first limit) Theorem
Theorem (1)

Let a € L, and let Q € C an open set contains convex hull of image
a(t)(t € T). If f is analytic in Q, then

1trf Zf(A(f)) 17T/f(a (e°%)) dp.

[1. Limit set of eigenvalues.

[1l. Individual asymptotics of eigenvalues.
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Limit of eigenvalues

So(Tu(a) = J{N}
A(a) = limsup S, (Th(a))

n—oo

|. Self-joint case: a(t) = a(t), a(t) € Loo,

A(a) = inf a(t t)].
(a) = [ess inf a ),essigg a(t)]
Il. R(a) = {z € C|z = a(t), t € T}. Let R(a) is curve without interior,
then
MNa) = R(a)

[1l. R(a)-smooth curve (with interior) with several points of power
singularities, then
ANa) = R(a)
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IV. Polynomial case.

Theorem (2)(Schmidt and Spitzer, 1961)

S
Let a(t)= > axthi(r>1,5s>1,as#0, a_, #0) be a Laurent

k=—1
polynomial, let z1(X), z2(N), ..., zr+s(A\) be the zeros of the polynomial
z"(a(t) — A), labeled so that

2] < 20 < ... < lzrs().

Then

Na) = {A € Cllz-(M)] = [zr1(A)]} -
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[. Two parameters:
n- dimensions of matrices;
J- number of eigenvalue

1</j<n

Asymptotics by n uniformly in j.

Il. Distance between \; and A;y1 is small:

1
IAj—Ajp1| =0 (n) — normal case

1
IAj = Aj1l =0 (rﬂ) — special case

Aj = Ajy1 — exceptional case

Sergei Grudsky (CINVESTAV) Sejf—joint Villahermosa, Oct. 2018

8/38



Publications about asymptotics of individual
eigenvalues. Self—joint case.

1. Albrecht Bottcher, Sergei M. Grudsky, Egor A. Maksimenko. Inside
the Eigenvalues of Certian of Hermitian Toeplitz Band Matrices.
Computational and Applied Mathematics, 233 (2010), 2245-2264 pp.

2. Deift P, Its A, and Krasovsky |. Eigenvalues of Toeplitz matrices in
the bulk of the spectrum. Bulletin of the Institute of Mathematics
Academia Sinica (New Series) 7 (2012), 437-461 pp.

Sergei Grudsky (CINVESTAV) Sejf—joint Villahermosa, Oct. 2018 9/38



3. J. M. Bogoya, Albrecht Bottcher, Sergei M. Grudsky, Egor A.
Maksimenko. Eigenvalues of Hermitian Toeplitz matrices with
smooth simple-loop symbols. Journal of Mathematical Analysis and
Applications Volume 422, Issue 2, 15 February 2015, 1308-1334 pp.

4. J.M. Bogoya, S.M. Grudsky and E.A. Maksimenko.. Eigenvalues of
Hermitian Toeplitz Matrices Generated by Simple-loop Symbols with
Relaxed Smoothness. Operator Theory: Advances and Applications,
Volume 259, 2017, 179-212 pp.

Sergei Grudsky (CINVESTAV) Sejf—joint Villahermosa, Oct. 2018 10/38



Main results-self—joint case

For a > 0, we denote by W% the weighted Wiener algebra of all
functions a : T — C whose Fourier coefficients satisfy

[e.9]

lallai=" lal(lil +1)* < <.
Jj=—o
Put g(p):= a(e¥), ¢ € [0, 27].
(I) ais real-valued;

(I1) the range of g is a closed interval [0, ] with > 0,
g(0) = g(27) =0, g"”(0) = g”"(27) > 0, there is a g € (0, 27) such
that g(vo) = i, g'(c) > 0 for o € (0, 0), g'(c) < 0 for
o € (po,27), and g"’(¢o) < 0.
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Symbols in the class SL* are known as simple-loop symbols. (l) is
equivalent to the condition that all matrices Tp(a) (n € Z.) are Hermitian
(self-adjoint). If a € W, then g € CL*J[0,27] where || is the integer
part of .. So, the condition a € SL® with o > 1 implies, in particular, that
g belongs to C[0, 27].
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In this work, for every o > 1, we introduce a new class of symbols MSL®
(the modified simple loop class). Namely, a € MSL® if a € SL® and

(I11) there exist functions g1, g2 € W satisfying

a(t) = (t —1)qu(t) and a(t) —a(e') = (t — *)qa(t). (1)

It is easy to proof that, if a € W, then g1 and ¢» both belong to W1,
but we require the stronger condition (Il) instead.
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Symmetric case

Let further A = g(s)

(g(o) — g(s))e”
(eia _ eis)(e—ia _ e—is)
g(s) — &(0)

- s 0—S i O—S '
4sm—2 sin &%=

B(o,s):=

We will show that § is a continuous and positive function on
[0,27] x [0, 7]. We define the function 7 : [0, 7] — R by

27 o .S 27 o o, S
W)= 00 = - [ gfl0.5) 4, _ 1 / g 5(0:5) 4,

" 4r tan 75  4r tan 75°

the integrals taken in the principal-value sense.
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Theorem (3)

Let « > 1 and a € MSL®. Then for every n > 1:
(I) the eigenvalues of T,(a) are all distinct: )\g") << A

(n) (M) _ (en (i — :
(I) the numbers s;™”, such that A\;™ = g(s') (j =1,..., n) satisfy

(n+1)s” +n(s") = mj + AL (), 2)

J

where Ag")(j) =o (%) as n — oo, uniformly in j;

(II1) for every sufficiently large n, (2) has exactly one solution s}") € [0, ]
foreachj=1,...,n.
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Theorem (4)

Let dj(”) = % then under the conditions of previous Theorem
o] (n)
() _ n(di7) o
)‘j _g(dj )_’_;(n_‘_l)k—f_A:i (_/),

where AL is o(ia(dj(”)(w - d.(”)))a—l) if1<a<?2and

n J
d_(") 5 o
o L& (m— c]J("))> if « > 2 as n — oo, uniformly in j. The coefficients ry

can be calculated explicitly; in particular,

n(s) = —'(s)n(s) and rs) = %w”(SW(S) + ¢ (s)n(s)n (s)-
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Inner eigenvalue

Symmetric symbol: ¥(¢) = g(¢) = (a(e?))

Normal case: g'(¢) #0 (e < nj_jl < m —¢€). Inner eigenvalues

. Cl nﬂ—j
e 2E) o

J n+1

Distance between next eigenvalues is

°(3)
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Extreme eigenvalue

Exceptional case: (n+1> <e.

(n) _ mj W
)\ g( +1>+O<n3> n—|—1_6
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Symmetric complexvalue symbol

o0
a(t) = Z ajt/, aj=a_j.
Jj=—00

an(t) = cisin(cot?) + % (a4 0524102, te[-mnl

1 1. (1—m)32 — (7 +1)3/2
ao=—=-——=I, (1 =
5 6 167 co cos(m2cp)
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a(t) e W a>2, g(¢)=a (ei“")) , ¢ €[0,27].

oo
lalla =D lal (Uil +1)* < oo

j=—00

. g(p
R(a
R(a
g

g(2m — ¢) — symmetric.

)=
) — is simple curve without self-intersection
) = (Mo, M), Mo # M.

#0, ¢ € (0,m).
g"(2m) # 0, g"(w) #0.

2

)
IV. g"(0) =
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Main Idea

where
e, = {w:gp—i—i(ﬂgoe [c/n, m—c/n], 6 € [-C/n, C/n]}
with ¢ > 0 and C > 0.

Ro(a) = {gn(®) : 0 € M}
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Lemma (1)

Let a(t) € W®, a > 2, and satisfies condition 1.-2.-3.-4. Then the map

gn(¥) : My — Rn(a) is bijection for n large enough.

Lemma (2)
Let ¢ € Ny, a(t) € W*, o >0, and m = [a]. Then

m
gn Z

k=1

m+1

/6 —i—Zank /5)

where o, (¢) € WO, and
lanillo = o(n*=®), k=0,1,.

and
lanms1llo = O(a™72).
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Let gn(1,n(A)) = A, then introduce following functions

(an(t) = A)ei#1nY)
(t _ eitpl,n()\)) (t—l _ eigal,n(k))

1 logby(,)\) 1 log by(7, \)
9,7()\) = 277” /]T 77_ — eiSDl,n(/\) dr — 277_” /’E —7- ~ e*i@l,n()\) dT, AE R,,(a)

ba(t,\) = . A e Rpy(a),

Nn(s) 1= 0n(gn(s)), s € M.

Consider two sequences

mj nn(d', )
T

.jvn n_i_]-'

< S ,
“n+1
where ¢, — 0.

Sergei Grudsky (CINVESTAV) Sejf—joint Villahermosa, Oct. 2018 25/38

Introduce small domains

Mjn(a) = {s €Ny(a), |s—ejn



Theorem (5)
Let a € CSL¥, oo > 2. Then for sufficiently large natural number n the
following statements hold:

@ all eigenvalues Tp(a) are different, and \; , € g(N; (a)) for
j=1,2, ..., n

@ values s; , such that \j, = gn(sj,n) satisfy the equation
(n+1)s +nn(s) = mj + An(s), j=1,2..,n (3)

with |An(s)| = o(1/n%=2) where A,(s) — 0 as n — oo uniformly
respect to s € ,(a).

@ Equation (3) have a unique solution in the domain T; »(a).
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Theorem (6)

Under conditions of Theorem 5

where

_ o(@), a =2,

Ag”)(j) 0 <d’(77;ig)> ’ o> 2.

as n — oo uniformly in j and d = d; ,. The coefficients r can be

calculated explicitly; in particular

1

r(p) = —&'(e)n(e) and n(p)= Eg”(cp)nz(cp) + &'(e)n(e)n' ().
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Remark
For small j, (j/n* — 0) we have following asymptotics from Theorem 6,
for a > 3,

I& J2
Ai.n = g(0) + C3m +0 <m) ;

where
2 g//(o)

G=—
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Location the eigenvalue relative to R(a)

o= o)~ £9) o (1)

n+1 n?
Ren(d;n)

, then

.g'(&j,n) (Imn(dj n)) L0 ( L > .

Ajon = g(€jn) +i nt1 )

Ajn is located on the normal to curve R(a) in the point z = g(e;j 5) with
exactitude to O ()

"(ej.n)l din 1 ,
& (¢j.0)Im 1(d).n)] +0 <2> — distance between \; , and R(a).
n+1 n ’
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Numerical example

Approximations:

A g(di) — g'(e)n(y)

Lj n+1 7’
w . &@mle) | 38" (e)nP(e) + &' (@)ne)n (¢)
Asj = 8(djn) — +
J ’ n+1 (n+1)2
Errors:
Agn) = max | = — A ,
J Aj
A = max |22 0 ,
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a(t)e W59 v §>0

n 20 40 80 160 | 320

A | 3.2¢-03 | 8.8¢-04 | 2.3e-04 | 5.9¢-05 | 1.5e-05

ALY | 3.9e-04 | 5.6e-05 | 7.2¢-06 | 9.2¢-07 | 1.2¢-07
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Symbols with Fisher—Harturg singularity.

aa 5(t) = (1 — t)*(—t)7, O<a<|fl <l

Conjecture of
H.Dai, Z.Geary and L.P.Kadanoff, 2009

)\J(.n) ~ anp (wj - exp {(2a +1) |og}> ,

n

2mj
where w; = exp (—/ ) .
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Complex value case

a(t)=t7Y1 -t f(t), acR\N
where
1. f(t) € H® N C™.
2. f can be analytically extended to a neighborhood of T\{1}.

3. The range of the symbol a R(a) is a closed Jordan curve without
loops and winding number -1 around each interior point.
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Figure: The map a(t) over the unit circle.
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Lemma (3)

Let a(t) = t~1h(t) be a symbol that satisfies the following conditions:
1. he H*.
2. R(a) is a closed Jordan curve in C without loops.
3. windy(a) = —1, for each X in the interior of sp T(a).
Then, for each A in the interior of sp T(a), we have the equality

Da(a — A) = (~1)7hztE [h(t)l_M] B

for every n € N.
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Theorem (7)

We have the following asymptotic expression for \;:

)\j = a(wj) == (CY -+ 1)WJ8,(wj)|ogI$n) + Wjaln(wj) |Og ( az(wj) 2)

Cod (wj)w

2
+ O (Iogrfn)) , N — 00,

_ _j2m
Wherewj—exp< = )
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Figure: The solid blue line is the range of a. The black dots are sp T,(a)
calculated by Matlab. The red crosses and the green stars are the approximations,
for 1 and 2 terms respectively. Here we took oo = 3/4.
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