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Abstract

Analysis of the asymptotic behavior of the spectral characteristics of
Toeplitz matrices as the dimension of the matrix tends to infinity has a
history of over 100 years. For instance, quite a number of versions of
Szegd's theorem on the asymptotic behavior of eigenvalues and of the
so-called strong Szego theorem on the asymptotic behavior of the
determinants of Toeplitz matrices are known. Starting in the 1950s, the
asymptotics of the maximum and minimum eigenvalues were actively
investigated. However, investigation of the individual asymptotics of all
the eigenvalues and eigenvectors of Toeplitz matrices started only quite
recently: the first papers on this subject were published in 2009-2010.

It should be noted that the most of the results in this area are
concerned to selfjoint case. These talk is devoted to some cases of the non
selfjoint Toeplitz matrices.

S. M. Grudsky (CINVESTAV) Self-Joint Lisbon, Portugal 3/27



Main object.

Spectral properties of larger finite Toeplitz matrices

ao a—1 a-oz2 ... a,(n,l)
ai dao a—-i1 ... a,(n,z)
-1
An = (aj—«k f,k:o = a a a ... a_(p-3)
dp—-1 4ap-2 @an-3 ... a0
0 .
a(t)y= > ajt/, t € T-symbol of {A,}°°,
j=—00

Eigenvalues, eigenvectors singular values, condition numbers, invertibility
and norms of inverses, e.t.c.
n ~ 1000 is a business of numerical linear algebra.

Statistical physics - n = 107 — 10'2 - is a business of asymptotic theory.
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Applications:

- the numerical solution of differential and integral equations;
- Ising model (in statistical mechanics);

- stochastic processes and time series analysis;

- signal processing;

- image processing;

- quantum mechanics.
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Qualitative significance

Structure of location of eigenvalues
Distance between eigenvalues
Points of concentration

Fast numerical calculations
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[. Two parameters:
n- dimensions of matrices;
J- number of eigenvalue

1</j<n

Asymptotics by n uniformly in j.

Il. Distance between \; and A;y1 is small:

1
IAj—Ajp1| =0 (n) — normal case

1
IAj —Ajp1| =0 (rﬂ) — special case

Aj = Ajy1 — exceptional case
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Main results-selfjoint case

For a > 0, we denote by W% the weighted Wiener algebra of all
functions a : T — C whose Fourier coefficients satisfy

[e.9]

lallai=" lal(lil +1)* < <.
Jj=—o
Put g(p):= a(e¥), ¢ € [0, 27].
(I) ais real-valued;

(I1) the range of g is a closed interval [0, ] with > 0,
g(0) = g(27) =0, g"”(0) = g”"(27) > 0, there is a g € (0, 27) such
that g(vo) = i, g'(c) > 0 for o € (0, 0), g'(c) < 0 for
o € (po,27), and g"’(¢o) < 0.
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Symbols in the class SL* are known as simple-loop symbols. (l) is
equivalent to the condition that all matrices Tp(a) (n € Z.) are Hermitian
(self-adjoint). If a € W, then g € CL*J[0,27] where || is the integer
part of .. So, the condition a € SL® with o > 1 implies, in particular, that
g belongs to C[0, 27].
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In this work, for every o > 1, we introduce a new class of symbols MSL®
(the modified simple loop class). Namely, a € MSL® if a € SL® and

(I11) there exist functions g1, g2 € W satisfying

a(t) = (t —1)qu(t) and a(t) —a(e') = (t — *)qa(t). (1)

It is easy to proof that, if a € W, then g1 and ¢» both belong to W1,
but we require the stronger condition (Il) instead.
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Symmetric case

Let further A = g(s)

(g(o) — g(s))e”
(eia _ eis)(e—ia _ eis)
g(s) —g(o)
~ 4sing =2 2 sin U+S

B(o,s):=

We will show that § is a continuous and positive function on
[0,27] x [0, 7]. We define the function 7 : [0, 7] — R by

27 o .S 27 o o, S
n(s)= 0((s)) = ~ /0 log a.5) 4y, - L /0 g 5(0:5) 4

4 tan 752 4 tan "+5

the integrals taken in the principal-value sense.
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Theorem (3)

Let « > 1 and a € MSL®. Then for every n > 1:
(I) the eigenvalues of T,(a) are all distinct: )\g") << A

(n) (M) _ (en (i — :
(I) the numbers s;™”, such that A\;™ = g(s') (j =1,..., n) satisfy

(n+1)s” +n(s") = mj + AL (), 2)

J

where Ag")(j) =o (%) as n — oo, uniformly in j;

(II1) for every sufficiently large n, (2) has exactly one solution s}") € [0, ]
foreachj=1,...,n.
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Theorem (4)

Let dj(”) = % then under the conditions of previous Theorem
o] (n)
() _ n(di7) o
)‘j _g(dj )_’_;(n_‘_l)k—f_A:i (_/),

where AL is o(n%(dj(")(w - dj(")))a—l) if1<a<2and
(n)
o 9 (m— c]J("))> if « > 2 as n — oo, uniformly in j. The coefficients ry

ne

can be calculated explicitly; in particular,

n(s) =—g'(s)n(s) and nfs) = %g”(S)n2(S) +&'(s)n(s)n'(s)-
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Symmetric complexvalue symbol

o0
a(t) = Z ajt/, aj=a_j.
Jj=—00

an(t) = cisin(cot?) + % (a4 0524102, te[-mnl

1 1. (1—m)32 — (7 +1)3/2
ao=—=-——=I, (1 =
5 6 167 co cos(m2cp)

S. M. Grudsky (CINVESTAV) Self-Joint Lisbon, Portugal 16 /27



0.25

0.20

Im z

0.05

0.00

0.25 0.50 0.75 1.00 1.25 1.50 175

Figure: Image of the symbol a;(t) and eigenvalues of the matrix Tgo(a1)
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a(t) e W a>2, g(¢)=a (ei“")) , ¢ €[0,27].

oo
lalla =D lal (Uil +1)* < oo

j=—00

. g(p
R(a
R(a
g

g(2m — ¢) — symmetric.

)=
) — is simple curve without self-intersection
) = (Mo, M), Mo # M.

#0, ¢ € (0,m).
g"(2m) # 0, g"(w) #0.

2

)
IV. g"(0) =
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Main Idea

where
e, = {w:gp—i—i(ﬂgoe [c/n, m—c/n], 6 € [-C/n, C/n]}
with ¢ > 0 and C > 0.

Ro(a) = {gn(®) : 0 € M}
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Lemma (1)
Let a(t) € W®, a > 2, and satisfies condition 1.-2.-3.-4. Then the map

gn(¥) : My — Rn(a) is bijection for n large enough.

Lemma (2)
Let ¢ = (¢ +id) € My, a(t) € W*, a >0, and m = [a]. Then

m ()
an) = g(0) + 3

k=1

m+1

Z an k() (i6)X,

where o, (¢) € WO, and
lanillo = o(n*=®), k=0,1,.

and
lanms1llo = O(a™72).
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Let gn(1,n(A)) = A, then introduce following functions

(an(t) = A)ei#1nY)
(t _ eitpl,n()\)) (t—l _ eigal,n(k))

1 logby(,)\) 1 log by(7, \)
9,7()\) = 277” /]T 77_ — eiSDl,n(/\) dr — 277_” /’E —7- ~ e*i@l,n()\) dT, AE R,,(a)

ba(t,\) =

, A € Rp(a),

Nn(s) 1= 0n(gn(s)), s € M.

Consider two sequences

dj,n _ 7TJ d 77n(dj,n)

n+1’ G = Gon = n+1"

< S ,
“n+1
where ¢, — 0.
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Introduce small domains

Mjn(a) = {s €Ny(a), |s—ejn



Theorem (5)
Let a € CSL¥, oo > 2. Then for sufficiently large natural number n the
following statements hold:

@ all eigenvalues Tp(a) are different, and \; , € g(N; (a)) for
j=1,2, ..., n

@ values s; , such that \j, = gn(sj,n) satisfy the equation
(n+1)s +nn(s) = mj + An(s), j=1,2..,n (3)

with |An(s)| = o(1/n%=2) where A,(s) — 0 as n — oo uniformly
respect to s € ,(a).

@ Equation (3) have a unique solution in the domain T; »(a).
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Theorem (6)

Under conditions of Theorem 5

where

_ o(@), a =2,

Ag”)(j) 0 <d’(77;ig)> ’ o> 2.

as n — oo uniformly in j and d = d; ,. The coefficients r can be

calculated explicitly; in particular

1

r(p) = —&'(e)n(e) and n(p)= Eg”(cp)nz(cp) + &'(e)n(e)n' ().
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Remark

For small j, (j2/n — 0) we have following asymptotics from Theorem 6,
for a > 2,

7 2

Ajn = Gt tol 1),
=60+ Gy o ()

where -

T 0

G — g2( )
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Location the eigenvalue relative to R(a)

o= o)~ £9) o (1)

n+1 n?
Ren(d;n)

, then

.g'(&j,n) (Imn(dj n)) L0 ( L > .

Ajon = g(€jn) +i nt1 )

Ajn is located on the normal to curve R(a) in the point z = g(e;j 5) with
exactitude to O ()

"(ej.n)l din 1 ,
& (¢j.0)Im 1(d).n)] +0 <2> — distance between \; , and R(a).
n+1 n ’
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Numerical example

Approximations:

A g(di) — g'(e)n(y)

Lj n+1 7’
w . &@mle) | 38" (e)nP(e) + &' (@)ne)n (¢)
Asj = 8(djn) — +
J ’ n+1 (n+1)2
Errors:
Agn) = max | = — A ,
J Aj
A = max |22 0 ,
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a(t)e W59 v §>0
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n 20 40 80 160 | 320

A | 3.2¢-03 | 8.8¢-04 | 2.3e-04 | 5.9¢-05 | 1.5e-05

ALY | 3.9e-04 | 5.6e-05 | 7.2¢-06 | 9.2¢-07 | 1.2¢-07
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