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On the composition of Muckenhoupt
weights and inner functions

Ti={z e C: 2| =1}

l/p
perm ([ 1f@pla)  <o01<p<o0

Definition 1 A measurable function
w: T — [0, 00]
is called weight if the set w='({0,00}) has

measure (.

Definition 2 A weight w is said to belong
to the Muckenhoupt class A, (1 < p < c0) if
w € IX(T), (1/w) € LYT), (1/p +1/q = 1)
and

sup (77 | wp(t)ndtl)w (7 w-%)ut)w <,

where the supremum is taken over all arcs
I C T, and |I| denotes the length of I.

H?(T) := {f € L?(T) : fo =0,n < 0}, where
f,, is n-th Fourier coefficient of f
Definition 3 A nonconstant function

u € H®(T) is called inner function if
i)l =1 ae.




PROBLEM: Let w € A, and u 1s
inner function. Does the

superposition
(wou)(t) =w(u(t))

belong A,?

The conjecture was that the answer is YES.

WHY?

1. If p = 2 then (w o u)(t) € Az.

2. If u(t) =exp {/\E—i}} A > 0, then
(wou)(t) € Ay for p € (1,00).

= \z;;\ 2 — 1
Bit) = - [}
=TT 222 1

k=—00

For several classes of Blaschke product
(wo B)(t) € A, for p € (1,00).

Littlwood’s subordination theorem. If
f e LP(T)(H?(T)) for arbitrary inner
function u and for p € (1,00) we have

f ou € LP(T)(H?(T)).




1. Boundedness of the Cauchy
singular integral operator in weight

spaces
(S)E) = %iv.p. 5 f(i-)th (t € T)

Theorem 1 (Hunt, Muckenhoupt and Whee-
den, 1973)

S is bounded operator on the weight Lebesgue
space LP(T,w) with the norm

£l = ( [ I7OPw \dt\)

if and only if w € A, (1 <p < 0).

Reformulation 1 Let S is bounded on LP(T,w)
and u is inner function. Is S bounded on
IP(T,wou)?




2. Spectral theory of Toeplitz
operators

P := (I + 5)/2 is analytical projector

P: IP(T) — HA(T), Y fut® = ) fut"
n=-—0c0 n=0
T(a) ;= PalP : H?(T) — H?(T)

a (€ L*®(T)) is symbol of Toeplitz operator
T(a)

Theorem 2 (Simonenko) T'(a) is invertible
on HP(T) if and only if symbol a is invert-
ible in L°°(T) and function a/|a| can be rep-
resented in the form

lal

= =

b

where

i) h € H(T), (1/h) € HY(T), 1/p+1/q=1,
and

ii) |h| € A,.




Reformulation 2 If operator T'(a) 1s invert-
ible on HP(T) and w is inner function is
operator T'(a o u) invertible on HP(T)?

Really,

aou hou

laou| hou

According to Littlwood Theorem we have i)

1 ) e HYT)

howu

howu € H?(T) and (

?
lBut lhou| € A,.
The superposition a o u generates wide class of

oscillating symbols

t+1
e(t) = exp (Ati 1) < exp{idz}, z€R

If a(t) € C(T) => a(exp{idz}) € II\(R).
I1,(R) is class of continuous ZF-periodic
functions.




ANSWER THE MAIN QUESTION

Theorem 3 (Bottcher, Grudsky) .

1. If w € Ay and u 1s inner function then
wouc Ag.

2. Let p € (1,2) U (2,00) and Il}—i-é— = 1,
Further, let o be any number in interval
(fljt; ;;-5) if 1 < p < 2, OR any number in
interval (_é —Elj) if2 < p < oo. Then

w(t) =t —1|7°
is a weight i Ap, but there is Blaschke
product By such that

w(Bu(t)) = |Bu(t) — 1|77

is not a weight in A,.



Construction of By(t)

- 26| 2p—1 .
B t — ' — ! )
wt)= I1 g #= el
0, _ { (sign k) exp(—|k|), k& # 0, e 1—6p/M
¢ "—1: k:D'.r : 1+(5,EE/MJ
where
0 = min ¢ Ac " (D :
A log A/ " \log Ag :
and

& w 93;_9‘%+1,k=1}2}3.}...1
o Qk—l_gkukzoa_l:-_ga"':

M (> 0) is large enough.

For p = 2 the answer is YES, for p # 2 the
answer is NO.




THE SPECTRA IS
DISCONTINUITY ON THE
MANIFOLD OF TOEPLITZ

OPERATORS

H is Hilbert space
B(H) is the set of all bounded linear
operators on f
spA={\ e C:A— A is not invertible}
SPess A = {A € C: A — Al is not Fredholm}
A is Fredholm <= im A = im A,
dim ker A < oo and dim(H/ im A) < 00
{An}n6N c B(H)

liminfsp A,
n— 0o
={A € C:VnI\, € sp Ay such that lim A= A}
limsupsp Ay,
n—ro0 .
= {) € C: I {nx};; such that A, € sp Ay,
and ;}LIEO Anp = A}
liminfsp A, C limsupsp A, (1)
n—Co n—o0
lim ||A,—A|lz =0 = limsupsp A, CspA
fi=nee n—oo (2)

It is well known that in general neither in (1)
nor in (2) equality holds.
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f(z) € H*(R) <= f(z) = /:G g(t)e™dt, g € L*(0, 00)

P: L*(R) — H*R) is orthogonal projector
T(a)f := P(af) : H*(R) — H*(R) is Toeplitz
operator
a (€ L(R)) is a symbol of the operator T'(a)

lan—allze =0 = [[T(an)=T(a)||lz2 =0

Problem. Let a, € L®(R) and
|a, — al|r= — 0. Does the following equality

lim inf sp T'(an) = spT'(a)

nN—0o0

hold?

D.R. Fanerick and W.Y. Lee.
Hyponormality and spectra of Toeplitz

operators. Trans. Amer. Math. Soc. 348,
4153-4174 (1996).

CONJECTURE of Fanerick and Lee: The
answer is YES.
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Particular cases

sp(T(a)) = {» € C: infla(z) — Al =

0}u{X € C: ilég\!a(m)—)\] >0 and
wind(a(z) — A) # 0}

2. ¢ € O(R), R = RU {—00} U {+o0}
(a(—o0) # a(+00))

a(+00)
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3. C(R) + H>®(R) |
4. PQC = ((H*R)+C(R))N(H=(R) + C(R)) U C(R)

is class of the piecewise quasicontinuous

perredie~functions.

APR) = {cheﬁkﬂ Ar € R,cr € C}

=1

is a class of the continuous almost periodic
functions.

6. AP(R) + C(R)

13



For all these classes the answer the question by
Fanerick and Lee is YES.

BUT: in general case the answer s
NO!

SAP(R) := AP(R) U C(R)

is class of the semi-almost periodic functions.

a € SAP(R) = a(z) = u(z)a(z)+(1—u(z))ai(z)+ao(z),
where
a-(x),a;(x) € AP(R),
u(z) € C(R)

with u(+o0) = 1 and u(—o00) =

ag(z) = C(R )

with ag(c0) = 0.
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Figure 1t h(A) = (A = 1/2)*24(\ + 1/2)*
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Figure 2: h(A) = AMA + 1/4)3(A +1/2)° (A = 3/4 —/2)5 (A + 2/3 + i/3)°
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Theorem 4 (B, Gru, Sp) There ezist {a,}
and a 1 SAP(R) such that

lan — allz~ — 0

5D T(an) = SDeas T(an) = T,5p () = 5pes, T(a) = D.

T D

SRS

MR 3
P

liminfsp T (a,) = lim supT'(a,) = T.

REREQ n—00

BUT! spT(a) =D

bzk = A%k, bzk+1 =@

liminfsp T'(b,) = T # limsupsp T'(b,) = D.
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Asymptotic spectra of Toeplitz
matrices are unstable

a(t) € Lo(T), T={teC: |t| = 1}

a(t) ~ D 2 a;t" is Fourier series of a

Tlg) = Gy ;u} =0 is the infinite Toeplitz
matrix

Tn(a) = {a;—x}?1—o is the finite Toeplitz
matrix

/ @y @-1 G=y i Bepgl Ooy I

a1 5 - N o

ay @ Qg ity

n Op-1 @p-2 ... @1 ey
= = =i e o = B_i
\ Q1 2 (lp—1 5] )

1/2

o
%
fef T« | 3 Il < 00
J=—00

Z fjtj =" Z fjtj, ]P)n_ Z fjtj

j=—00 §=0 j=—o0

T(a) := PaP : H¥(T) — H*(T)
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T.(a) := PnalP, : HX(T) — H(T)

a € C(T) = spT(a) ={N € C| 3t € T,a(t) = A} J
{xe C| xgéi% la(t)—A| > 0 and wind (a(t)—A) # 0}

spT(a)

n

sp(Tu(a)) = | J{ )

k=0

A(a) = limsup spT,(a)

n—roQ
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Theorem 5 (B6, Gru, Sp) There exist {c,}
and c in L* such that ||c, — ¢|[po — 0 and

spT(¢) = 8p.,, Te) = DU (2 + D),

TU@2+T) if nis odd,
T TU(2+D) if n is even.
C i
—= SPICs

spT'(Cn) = SPess T'(Cn) = {

b

QN
\

L
=]
—
—
Ak
7
x

an

liminf sp T(c,) =TU 2+ T)
n—0od
limsup sp T(c,) =TU(2+D)
n—0od
sp T(c,) =DU (2+ D)
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Theorem 6 (Schmidt and Spitzer, 1961)
Letat) = Yi optr 21,8 3 1, gy &
0, a_p # 0) be a Laurent polynomial, let
21(A), 22(A), ..., Zres(A) be the zeros of the poly-
nomial 2" (a(t) — A), labelled so that

2] < || < .. < faras(A)
Then
A@) = {2 € C | (V)] = [z}

THE MAIN QUESTION:

IS THE SET A(a) STABLE?

The answer is yes for polynomial of bounded
degree.

'The answer is NO in general case.
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Theorem 7 (Bo6ttcher, Grudsky) There exist
a™ € C(T) such that ||a™ — a||r,, — 0, but

113;3;1} Ala™) # Ala)
a(t) = t74(33 — (¢t +t2)(1 — B)¥/4)
Aa)={ e C | eTalt) =M}

0¢& Aa)

3 ;
a" = 7133 — (t+ )20, (}) 124

||a,” = ﬂ““Lm — 0 and

0 € Ala™), foralln=>2

20
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