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Let T be the complex unit circle and a: [0,1] x [0,1] x T — C be
a continuous function. We formally represent a by its Fourier series
in the last variable,

S - dt
Ay )= Y )ty aney) = [ axy. Bl

n=—oo

The (N + 1) x (N + 1) variable-coefficient Toeplitz matrix
generated by a is the matrix

= ()
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This report concerned with weakest conditions on a that guarantee
the uniform boundedness of the spectral norms ||An(3)|]c as
N — oo. It is easily seen that

o0

oo
1AN(a)lloo < D Moooo(@n) == D sup sup |3n(x,y)l:

n=—o0 n=—oo X€[0,1] y€[0,1]

Hence, sup ||An(a)||cc < 00 whenever a is subject to the Wiener
type condition

i Moo 00 (3n) < 0.

n—=—oo

M. Kac, W. L. Murdock and G. Szego 1953, Simonenko |.B.
2000-2005,
Erhard T. and Chao B. 2001-2004.
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If a does not depend on the first two variables,

a(t)= ) ant", é,,:/ a(t)t_”‘;:,

n=—0o0 T

then Ap(a) is the pure Toeplitz matrix Ty(a) := (éj—k)ﬁlk:o and
the above inequality for ||An(a)||cc amounts to the inequality

o0

ITn(@)lloo < D 3] = [lallw.

n=—oo
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It is well known that actually

I Th(a)[[oo < Moo(a) := sup |a(t)]
teT
and that this is even true if a is an arbitrary function in L>°(T);
The bound ||a||w is much weaker than the bound M (a), and this
leads to the question whether there is a substitute for the bound

S Macoo(3n) of the type || Tn(a)l oo < Mac(a).
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Question 1. Is there a € C([0,1] x [0,1] x T) such that

sup [[An(a)]loo = 007

Answer: Yes!

Question 2. Whether sup |[|An(2)||oo is finite if a has some
smoothness in the first two variables. While in third variable
B(X,y, ) € LOO(T)?
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Counterexamples

There exist functions a(x, t) in C([0,1] x T) such that

sup ||An(a)]]oo = 0.
N>0

Proof. Assume the contrary, that is, sup ||An(a)||cc < 00 for every
function a in C([0,1] x T). Let S denote the Banach space of all
sequences {Bn}3_, of matrices By € CINFU>X(N+1) gych that

[{Bn}R=oll := sup [[Bn|loo < 00
N>0
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By our assumption, the map
T:C(0,1]xT)—S, a— {An(a)} -0

is a linear operator defined on all of C([0,1] x T). T is bounded.
(According to the closed graph theorem.) It means that there is a
const C < oo such that

[[AN(a)][o0 < CMoc,00(a)

for all a e C([0,1] x T).

A.BOTTCHER and S.GRUDSKY (Canciin, México) Uniform Boundedness of Toeplitz Matrices with Variable Coeffici



Fix N> 2 and for j =1,...,N — 1, denote by /; the segment

Jj 1 J 1

li= N 2NN T an|

Let a; be the function that is identically zero on [0, 1]\/;, increases
linearly from 0 to 1 on the left half of /;, and decreases linearly
from 1 to 0 on the right half of /;. Put

a(x,t) = a1(X)t! + ax(x)t2 4 ... + ay_1(x)tN L.
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As the spectral norm of a matrix is greater than or equal to the ¢2
norm of its first column and as 3;(t) = aj(x) for 1 <j < N —1, it
follows that

) 2
lan(alR > S ()|~ =w-1 (1)

Since a(x,t) = 0 for x ¢ Ul; and |a(x, t)| = |a;j(x)t/| < 1 for
x € l;, we obtain that I\/Igoyoo(a) = 1. Consequently, (') gives
N —1< C?-1 forall N> 2, which is impossible.
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Definition 1.

Let 0 < a < 1. We say that a continuous functions a(x, t) on
[0,1] x T is in Haoo
if

t)— t
Ma,o0(a@) := sup sup a0, t) ~ aba, &)

<0
teTxx = x| ’

If0 < a < 1/2, there exist functions a(x, t) in Hy o such that

sup ||An(a)]]oo = 0.
N>0
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Sufficient conditions.

Case of symbols a(x, t).

Moo, oo(@) = sup sup|a(x, t)
x€[0,1] teT

Oa
M1+a,oo(a) = Ma,oo (8X>
Theorem (A)

Let o > 0. There exists a constant C(«) depending only on
such that

[[AN(3)[|oo < C(a)(Moo,00(8) + Mita,00(3))

for all functions a(x, t) in Hitq,c0-
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Lemma
If f(x) is a function in Hi4o and f(0) = f(1), then

o0

Fx)= ) fae®™™.

n=—0o0

with
M, (")

|fal < Phan|pita for [n| > 1.
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Proof of the Theorem (A)
Proof. We write a = ap + a; with

ai(x,t) = (a(1,t)—a(0, t))x+a(0,t), ao(x,t) = a(x,t)—ai(x,t).

Then An(a) = An(ao) + An(a1). Obviously,
An(b(9e(®) = (b (%) 54) = Du®) (). (1)

where Dy (b) = diag(b(j/N))jN:0 and Ty(c) = (ej—k)jN—k:O'

Taking into account that ||Dy(b)||oc < Mso(b) and
[| Th(€)||oo < Moo(c), we obtain that

[|An(a1)]]oo < Moo(x)Moo(a(1, t)—a(0, t))+Ms(a(0, t)) < 3Ms o(a)-
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As ag(0, t) = ap(1, t)(= 0), Lemma gives

oo
()= D NS
n=—oo
with
Ma (8xao(x,t
a3(1)] < Mgtz ()

for |n| > 1. From (' I) we infer that

[AN(aR(1)e*™™) ][0 < Moo (€2™™) Moo (ap(t)) = Moo (ah)-
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Thus, by (”I)

[An(aol|oe < + ) My
[n|>1
1 (Oxao(x, t))
0 CV,OO X 9
< Moo(ap + 22tar 2. |n[iFo :

ln|>1

Since ap(x, t) = a(x, t) — ai(x, t) and dyxai(x, t) is independent of
X, we get

Me 00 (Oxao(x, t)) = My oo(0xa(x, t)) = Mita,00(a).
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Furthermore,

1
Moo (ad) = fgg/o ao(x, t)dx

< Moo,oo(a) + Moo,oo(al) < 4MOO,OO(3)'

S Moo,oo(aO) = Moo,oo(a - 31)

In summary,

||AN(a)”OO < 7I\/Ioo,oo( + 22+a7'(' Z ’n’1+a M1+a,oo(a)7
[n|>1

which implies the assertion at once.
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a(x, t) € Haoo(a)
sup [|An(3)]]oo < 007
N>0
If « > 1= vyes! Ifa<%:>no
1
vy e [=:1.]7
aelyl]

Theorem (B)

If a(x, t) is a function in Hy oo with o > 1/2, then there is a
constant C(«a) < oo depending only on « such that

[|AN(3)]loo < C(@)(Mso,00(a) + My oo(a)) forall N > 0.

1
= -7
« R
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Case of the symbol a(x, y, t)

Let 0 < a < 1. We denote by H, o, the set of all continuous
functions a: [0,1] x [0,1] x T — C for which

|3(X27y7 t) - a(X17y7 t)’

My 0o,00(@) = sup sup sup - < 00,
teT ye[0,1] x1,%2 X2 — xi|
t) — t
Moo.a00(a) := sup sup sup [a(x. 52, 1) a(;(,yl, ) < 00,
teT x€[0,1] y1,y2 ly2 =y
and

A t
Me ,00(2) := sup sup sup | 23(X17);2’y17y27 3’
teTxiyy X2 — Xx1|*|y2 — yi|
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where Aja(x1, X2, y1, y2, t) is the second difference
Doa(xi, x2, 1, Y2, t) = a(xz, y2, t)—a(xe, y1, t)—(a(x1, y2, t)—a(x1, 1, t))

and sup,, ,, means the supremum over all z, z, € [0, 1] such that
Z1 ;ﬁ Vo

Theorem

Let a(x,y,t) be a function in Hy 0o with a > 1/2. Then there
exists a constant E(a) < oo depending only on « such that

[[AN(3)[loo < E(a)(Ma,a,00(2)+Ma,o0,00(2)+Moo,a,00 (3) + Moo 00,00

j§)
~
~

for all N > 0.
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Discontinuous generating functions

For 0 < a <1, we denote by H, , the Banach space of all
continuous functions f : [0,1]> — C for which

[lla := Moo,00(f) + Ma,oo(f) + Moo,a(f) + Ma,a(f) < oo,
where My, oo (f) is the maximum of |f(x,y)| on [0,1]? and

[f(x2,y) — f(xa,y)|

Mo,o(f) = sup sup ,
o y€[0,1] x1,%x2 |X2 - X1|a
f —f
Moo o(f) = sup sup‘ ) (;(,y1)|’
x€[0,1] y1.¥2 ‘)/2 - }/1|

As>f
sup sup |As (X1,CYX27)/1,}/2)a’7
X1,%X2 Y1,Y2 X2 — Xl‘ ’)/2 - Y1‘

<
Q
—~~
)
N—r
I

Let L°°(T, Hq,o) be the set of all measurable and essentially
bounded functions a: T — Hg q.
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Theorem
Let a € L>°(T,Hy,), where a >1/2. Then

[1An(a)lleo < D(e) sup [a(x, ¥, t)l]ae
te

with some constant D(a)) < oo depending only on «.

Let a € L°°(T, C?([0,1] x [0,1]), then

|| Apell < oo
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