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1. Introduction

In the paper we study the C*-algebra generated by Toeplitz operators T, with
piece-wise continuous symbols a acting on the Bergman space A%(ID) on the unit
disk D in C (see Section 2 for exact definitions). Our aim here is to describe
explicitly each operator from this algebra and to characterize all Toeplitz operators
which belong to the algebra.

The first structural result on Toeplitz operator algebras is due to L. Coburn [5]
and goes back to early 1970s. It says, that the C*-algebra T(C(D)) generated by
Toeplitz operators with symbols continuous on D is irreducible and contains the
entire ideal IC of compact operators on A*(D). Every operator T € T(C(D)) is of
the form

T=T,+K,

where a € C(D) and K is a compact operator.
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The key property of Toeplitz operators behind this result is that the semicom-
mutator of two Toeplitz operators with continuous symbols [T,,Tp) = ToTp — Tap
is compact.

The maximal class of symbols for which the above structural result remains
true was introduced and studied by K. Zhu [17]. This class is Q@ = VMOs(D) N
Loo (D) and is the maximal C*-subalgebra of Lo, (ID) having the compact semicom-
mutator property.

However, for piece-wise continuous symbols, the semicommutators of Toeplitz
operators are no longer compact in general. This immediately leads to a much
more complicated structure for the C*-algebra generated by such operators. In-
deed, apart from the initial generators, the Toeplitz operators T, with piece-wise
continuous symbols, the algebra contains now all elements of the form

P 9k

S Tusns

k=1j=1

as well as the uniform limits of sequences of such elements.

We note that the description of the (Fredholm) symbol algebra for the C*-
algebra generated by Toeplitz operators T, with piece-wise continuous symbols
(see, for example, [13-15]) is well understood and known for a many years. At the
same time many important questions connected with the structure of the Toeplitz
operator algebra itself have remained unanswered since the very first work on this
subject. We list some of them in the following general setting.

Let A € Loo(D) be a set (linear space or algebra) of initial generating sym-
bols. Denote by 7 (A) the C*-algebra generated by all Toeplitz operators T, with
symbols from A. The following questions are of great importance.

(i) Describe the (Fredholm) symbol algebra Sym7 (A) = T(A)/T(A) N K of
the algebra 7(A), as well as the symbol homomorphism sym : 7(A4) —
Sym 7 (A); here K is the ideal of compact operators on A2(DD).

(ii) Describe a canonical representation of elements forming 7 (\A), thus clarifying
the structure of the algebra 7 (A).

(iii) Given an element sym A from the symbol algebra Sym 7 (.A), characterize an
operator A € 7 (A) having this (Fredholm) symbol.

(iv) Characterize the Toeplitz operators T, which belong to 7 (.A), as well as the
variety of their possible symbols b.

In the paper we consider the case when A is a class of piece-wise continuous
symbols (defined in Section 2). As we already mentioned, the complete answer
to (i) is well known, while questions (ii)—(iv) remained unanswered. Our aim here
is to answer to these last questions.

We mention that an intensive study has been recently devoted to the ques-
tion of when the product of two Toeplitz operators is a Toeplitz operator. Not
pretending to be complete, we cite, for example, the papers [1-4,8,9]. This in-
teresting and important problem leads to a more general question: under what
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conditions will applications all of algebraic operations (summation, product, uni-
form limit) to Toeplitz operators produce a Toeplitz operator; which combinations
of which Toeplitz operators give Toeplitz operators? If we restrict ourselves to a
specific class of initial Toeplitz operators, then the last question becomes precisely
the fourth one from the above list.

2. Symbol class and operators

Let D be the unit disk on the complex plane. Consider Ls(ID) with the standard
Lebesgue plane measure dv(z) = dzdy, z = x + iy € D, and its Bergman subspace
A2%(D) which consists of all functions analytic in D. It is well known that the
orthogonal Bergman projection B of Ly(ID) onto .A?(ID) has the following form

1 [ eQdv(Q)
L

Given a function a € L., the Toeplitz operator T, with symbol a is defined as
follows

(By)(z) =

T.: ¢ € A2(D) — B(ayp) € A*(D).

In the paper we study Toeplitz operators with piece-wise continuous symbols
and the C*-algebra generated by such operators. As was mentioned in [12], con-
sidering Toeplitz operators with piece-wise continuous symbols, it turns out that
neither the curves supporting the symbol discontinuities nor the number of such
curves meeting at a boundary point of discontinuity play any essential role for the
Toeplitz operator algebra studied. We can start from very different sets of symbols
and obtain exactly the same operator algebra as a result. Thus, without loss of
generality, we fix now a certain setup which is suitable for our needs.

We fix a finite number of distinct points T' = {¢1, ..., t,,} on the boundary v
of the unit disk D, and let

§ = min{[ty — t;], 1}
min{|t, — 5], 1}

Denote by lx, k = 1,...,m, the part of the radius of D starting at ¢, and having
length §/3; and let £ = |J;-, 5. We denote by PC(D,T) the set (algebra) of all
piece-wise continuous functions on D which are continuous in D\ £ and have one-
sided limit values at each point of £. In particular, every function a € PC(D,T)
has at each point ¢, € T two (different, in general) limit values:

_ o - _ . + _ _ .
a” (tr) = a(tp—0) 73‘tqlgcr,lt%ka(t) and a™ (tx) = a(tx+0) vatlg},l»-tk

a(t),

the signs + here correspond to the standard orientation of the boundary ~ of D.

For each k = 1,...,m, denote by xr = xx(z) the characteristic function of
the half-disk obtained by cutting D by the diameter passing through ¢, € T, and
such that x; (t;) = 1, and thus yj (tx) = 0.
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For each kK =1,...,m, we introduce two neighborhoods of the point t:
_ ) — 0
Vé:{zeD:\z—tk|<6} and V”:{zeDz|z—tk|<§},

and fix a continuous function vy = vx(z) : D — [0, 1] such that
’Uk|7];5 1, ’Uk;|ﬁ\vk// =0.

For easy reference we summarize three well known facts in the theory of
Toeplitz operators in the next lemma.

Lemma 2.1. The following properties hold:
(i) let LY (D) be the closure in Loo(D) of the set of all Lo -functions having com-
pact support in D; then for each function a € LY (D) the Toeplitz operator T,
18 compact;
(ii) for each pair of functions a € Lo(D) and b € C(D) the semi-commutator
[To,Ty) = To Ty — Tap is compact;
(iii) for each pair of functions a € Lo (D) and b € C(D) the commutator [Ty, Ty] =
T, 1y, — TyT, is compact.

We mention as well that for a, b € PC(D,T), the semi-commutator (Ta, Tp)
is not anymore compact, in general, while the commutator [T,,T,] remains to be
compact.

Using Lemma 2.1 it is easy to see that for any symbol a € PC(D,T), the
Toeplitz operator T, admits the canonical representations

To=To, + Y ToPa(T ) To, + K
k=1

=T, + Z Tuwpaie(Ty,,) + K’
k=1

=T, + Zp‘lyk(TXk)Tuk + K",
k=1

where s,(z) is a continuous function on D such that the following restrictions on v
coincide:

sa(2)], = [a(z) =3 o) + (@ () — 0 () xu(2)] uk<z>} :
k=1 Y

and where

Pai(®) =a" (te) + (aT(te) —a™ (tp))z =a (tp)(1—x)+at (tp)z, k=1,....m,

are the first order polynomials in z, ug(z) = vg(2)?, and K, K', K" are compact
operators.
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Indeed, by the second statement of the lemma, each right hand side operator
is a compact perturbation of the Toeplitz operator 15, where

(z) = sal2) + Y [a‘(tk) + (a*(ty) — a—(tk))Xk(z)] wi(z).
k=1

We note that each function xx(z)ux(z), k = 1,...,m, belongs to PC(D,T) and
that s,(t) = 0 for all ¢, € T. Then the difference a(z) — a(z) is continuous at
every point of the boundary v and [a(z) —a(z)], = 0. Thus by the first statement
of the lemma the difference T, — T; is compact.

Such representations are essentially unique in the sense that the values of
$q(z) on ~y are uniquely defined and if the function s,(z) is changed for another
one with the same boundary values, the result will be altered at most by a compact
operator.

3. Algebra 7(PC(D,T))

We denote by 7 (PC(D,T)) the C*-algebra generated by all Toeplitz operators T,
whose symbols a belong to PC(D,T). It is well known that this algebra is irre-
ducible and contains the entire ideal K of all compact on A?(ID) operators.

We give now the description (see, for details, [13-15]) of the (Fredholm)
symbol algebra Sym 7 (PC(D, T)) = T (PC(D, T))/K of the algebra 7 (PC(D, T)).

Let 7 be the boundary v cut at the points ¢, € T. The pair of points of 5
which correspond to the point t, € T', k = 1,...,m, will be denoted by ¢; — 0 and
t, + 0, following the positive orientation of v. Let X = ||/, Ax be the disjoint
union of segments Aj, = [0, 1]. Denote by T' the union 5 U X with the following
point identification

ty, —0=0, tr+0=1,

where ¢, £0 € 7, 0 and 1 are the boundary points of Ay, k=1,...,m.

Theorem 3.1. The symbol algebra Sym7 (PC(D,T)) = T(PC(D,T))/K of the
algebra T (PC(D, T)) is isomorphic and isometric to the algebra C(I"). The homo-
morphism N B
sym : T(PC(D,T)) — Sym T (PC(D,T)) = C(I)
is generated by the mapping of generators of T(PC(D,T))
, a(t), tey
sym : To— { alte —0)(1 —2) +aty + 0)z, z€[0,1]
where t, € T, k=1,2,...,m.

The proof of the theorem is based on the standard local principle (see, for
example, [6,10,11]), use the localization by the points of v and the description of
each local algebra ’ZA'(t), ten.

In what follows we will use two different descriptions of the local algebras
’f’(tk), for tj, € T' C =y, which we now proceed to describe.



530 S. Grudsky and N. Vasilevski Comp.an.op.th.

As a Toeplitz operator T, with symbol continuous at the point t; is locally
equivalent at the point t to the scalar operator a(ty)I = Tq,), the local algebra

~

7 (ty) is the C*-algebra with identity generated by the single self-adjoint element
Ty., and thus is isomorphic and isometric to C(spTy,). It is well known that
spTy, = [0,1]. Thus as the first description of the local algebra 7 () we have:

The local algebra ’j\'(tk) is isomorphic and isometric to C|0,1], and the iso-
morphism

m, o T(ty) — C[0,1]

is generated by the mapping 7}, : Ty, +— x, where x € Ay = [0,1].

For the second description we construct a unitary operator directly reducing
T, to a multiplication operator.

Let II be the upper half-plane in C. Introduce the Mobius transformation
‘tk —Z
)
2+ 1k
which maps the unit disk I onto II, sending the point t; to 0 and the opposite
point —t; to oco. We introduce the space Lo(IT), with the usual Lebesgue plane
measure, and its Bergman subspace A2 (IT) which consists of all functions analytic

in IT. Then
. 21ty tp— 2

is obviously a unitary operator both from Ly (IT) onto Lo(ID), and from A2(II) onto
A2%(D), and its inverse (and adjoint) has the form

(Vo)) =~y ¢ (t,f - “’) |

a(z) =

(w41 w1
It is a simple calculation to check that
ViTy, Vk_l =Ty,

where Y4 is the characteristic function of the right quarter-plane in II.
We denote by Lig’”}(o,w) the C*-subalgebra of L. (0,7) of all functions

having limits at the points 0 and 7. And let H(Lig’ﬂ}(O7 7)) be the algebra which
consists of all homogeneous functions of zero order on the upper half-plane whose
restrictions onto the upper half of the unit circle (parameterized by 6 € [0,7])

belong to L™ (0, 7). Further let T(H(Lég’ﬂ}((), m))) be the C*-algebra generated
by all Toeplitz operators T, with symbols a € H(Lig’ﬁ}(O, m)).

The function x4 obviously belongs to ]'1V(L({>g’ﬂ}(07 m)) and thus T\, €
T(H(Lig’ﬁ}(O, 7))). Moreover, as shown in [12], the Toeplitz operator T, gen-
erates the algebra T (H (L™ (0,7))).

The exact result is as follows.

Passing to polar coordinates on the upper half-plane II we have

Ly(IT) = Ly(Ry, rdr) ® Ly([0,7],df) = Ly(Ry,rdr) ® Ly(0,7) .
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We introduce (see [16]) two operators: the unitary operator
U=M®&I: Ly(Ry,rdr) ® La(0,m) — La(R) ® Lo(0,7),
where the Mellin transform M : Lo (R+, rdr) — Lo(R) is given by
MOW = = [ R
( \/ 2m Jr,
and the isometric imbedding Rg : Lo(R) — A7 C Lo(R x [0, 7]), which is given
by

(Rof)(N,0) = f(N)- % e~ (A0

The adjoint operator R : Ly(R x [0,7]) — L2(R) has the form

(R5)(N) =4/ _m/ PN, 0) e N0 dp.

Now the operator R = RjU maps the space La(II) onto Ly(R), and its restriction
R| g2y« A*(TT) — Lo(R)
is an isometric isomorphism. The adjoint operator
R* =U*Ry : Ly(R) — A*(T) C Ly(T0)
is an isometric isomorphism of Ly(IR) onto the Bergman subspace A%(II) of the

space Lo(II).

Theorem 3.2 ([16]). Let a = a(f) € H(Lig’"}(o,w)). Then the Toeplitz oper-

ator T,, acting on A%(IL), is unitary equivalent to the multiplication operator
Yol = RT,R*, acting on La(R). The function v,(X\) is given by
2\ T _ —

Ya(A) = m/o a(@) e d9, AeR, (3.2)

and belongs to C(R), where R = R U {—o00} U {400} is the two-point compactifi-
cation of R.

In particular, for a = y, we have (see [12])

1 _
’Yx+(>\):m7 AER,

and
TX+ = R*%H ()‘)R'
Theorem 3.3 ([12]). The C*-algebra with identity generated by T, coinsides with

the algebra T(H(L({,g’"}(o,w))) and is isomorphic and isometric to C(R). The iso-
morphism

T ’Z'(lHT(LC{>£>)’7T}’(()7 ﬂ'))) — C(R)
is generated by the mapping w1 : Ty, — Yy, (A).
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To obtain the second description of the local algebra ’?(tk) consider the uni-
tary operator Uy, = RV}, and note that

U Uyt =7, (A or Ty, = Uy 'y, WUk (3.3)

Thus we have: The local algebra ’ZA'(tk) is isomorphic and isometric to C(R) and
the isomorphism
' T(ty) — C(R)
is generated by the mapping 7} : Ty, — vy, (N), where X € R.
We summarize the above in the next proposition.

Proposition 3.4. For each point t;, € T, the local algebra ’j\'(tk) consists of all
operators of the form f(Ty, ), where f € C[0,1]. Each such operator admits the
representation

f(TXk) = UElf(Vm (A))Uk .

4. Operators of the algebra 7 (PC (D, T))

As has been already mentioned, the algebra 7 (PC(D,T)), apart from its initial
generators T, with a € PC(D, T), contains all elements of the form

Pax
ST % (1)
k=1j=1

as well as the uniform limits of sequences of such elements. Our aim here is to

characterize each operator from the algebra 7 (PC(D,T)) up to a compact sum-

mand.
We start with the following lemma.

Lemma 4.1. For each n € N and each k = 1,...,m, there is a function s, ) =
sn,k(2) € C(D) and a compact operator K, such that

(Lo, Ty, To,)" =T, TV Ty, + T, )+ Knk -

kT Xk
Proof. We have obviously
(Z,kakﬂ,k)n - E)Z‘Tgkﬂ)g + K/ 5
Ty T7 Ty, = (Tyn Ty Tim)" + K",
k

Ve - Xk~ Vk vy,

where K’ and K" are compact operators. Thus both operators Tn TV, T, and
T, T" T,, belong to the algebra 7T (PC (D, T)). Calculating their symbols we have

Uk Xk

that
sym (Tng;kTvg - T, T" T ) = sp1(t),

Uk Xk~ Vk

where the continuous function s, x(t) on 7 has the form

snn(t) = [ (1) — vk ]x(t), teF\ (VU D\V),
ik 0, tean(ViuD\ V).
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which is a continuous function on v. Extending s, x(t) to a continuous function
on D and returning from symbols to operators we obtain the desired property. [

Corollary 4.2. For every polynomial p(x) and each k = 1,...,m, the operator
Apr = Tp,p(Ty, )Ty, belongs to the algebra T(PC(D,T)), and

(symApi)la, =p(z), =e€l01].

Corollary 4.3. Each operator A of the form (4.1) admits the canonical represen-

tation
p qi

m
A=Y "T[Te, =Tes + > Topar(Ty )T, + Ka,
i=1j=1 k=1

where s4 = sa(z) € C(D), par =par(x), k=1,...,m, are polynomials, and K 4
18 a compact operator.

Lemma 4.4. Let f € C[0,1]. Then for each k = 1,...,m the operator Ay =
Ty, [ (Ty )Ty, belongs to the algebra T (PC(D,T)), and

(symApp)la, = f(z), =ze01].

Proof. Recall that the operator T), is self-adjoint and its spectrum is equal to
[0,1]. Let {pn(x)}nen be a sequence of polynomials which converges uniformly on
[0, 1] to the function f(z). Then by the standard functional calculus in a C*-algebra
we have
[Pn(Tyi) = F(T )l = sup |pn(2) — f(2)]
z€][0,1]

and thus the operator Ay j is the uniform limit of the sequence {T, pr, (T, ) Tvy, Fnen
of elements of the algebra 7 (PC(D,T)).

Finally, the restriction (sym Ay x)|a, coincides with the uniform limit of the
restrictions (sym Ty, pn(Ty, )Tv.)|a, = Pn(x), x € [0,1], thus giving the desired
result. (|

The next theorem starts the characterization of operators from the algebra
7 (PC(D,T)) representing them in certain canonical forms.

Theorem 4.5. Every operator A € T(PC(D,T)) admits the canonical representa-

tions
m

A=To, + > Top far(Ty )T + K

k=1
m
=Toy+ Y Tufan(Ty,) + K’
k=1
m
=T5, + Z fA-,k‘(TXk:)Tuk + K",
k=1
where s4(2) is a continuous function on D, uy(z) = vi(2)?, far(z), k=1,...,m,

are continuous functions on [0,1], and K, K', K" are compact operators.
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Before we pass to the proof, we note that such representations have already
been obtained in Section 2 for the generators T,, where a € PC(D,T), of the
algebra A € T(PC(D,T)).

As in Section 2, these representations are essentially unique in the sense that
the values of s4(z) on 7 and the functions fa x(z) are uniquely defined by the
operator A, and if the function s4(z) is changed for another one with the same
boundary values, the result will be altered at most by a compact operator.

Proof. We will show the first representation only; the other two follow from the
fact that operators from the algebra 7 (PC(D,T)) commute modulo a compact
operator.

Hence, given an operator A € 7(PC(D,T)), we introduce the functions
far(x)€C[0,1], k=1,...,m, by

fAJC(x) = (Sym A)lAk , T E [07 1} .
Then the symbol of the operator A — Y7 | Ty, fa r(Ty,)Ts, has the form

- salt) ten
o <A_ZTkaAyk(TXk)Tvk>:{ OA() xE’YAk k=1,...m ~’

k=1

where
sA(t) = (sym A)(t ZU [fAk (1= xk(t)) +fA,k(1)Xk(t)}
k=1

is a continuous function on «, and such that s (tx) =0 for all ¢, € T.
To finish the proof we extend s4 to a continuous function on D and return
from symbols to operators. O

Theorem 4.5 and Proposition 3.4 lead to the next characterization of elements
of the algebra 7 (PC(D,T)).

Corollary 4.6. Every operator A € T(PC(D,T)) admits the representations

A=To, + Y T U fan (i, V) Uy, + K
k=1

at ZTukUk_lfAk (%H(/\))Uk’ +K'
k=1

=To, + > Ui fak(re V) Ui, + K7,
k=1

where s4(z) is a continuous function on D whose restriction to vy is given by

sa(t) = (sym A)(t Zuk [fA (0) (1 = xx(t)) + fA,k(l)Xk(t)} )
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where fa(z) = (sym A)|a,, the operators Uy, are defined in (3.3), uy(z) = vi(z),
k=1,....,m, and K, K', K" are compact operators.

5. Toeplitz operators of the algebra 7 (PC(D,T))

In this section we show that, apart from the initial generators, the C*-algebra
T(PC(D,T)) contains many other (non compact) Toeplitz operators which are
drastically different from the initial generators. By Toeplitz operator here we al-
ways mean a Toeplitz operator with bounded measurable symbol.
Let A be an operator of the algebra 7 (PC(D, T)). By Theorem 4.5 it admits

the canonical representation

m

A=To, + > Top far(Ty)To, + K -
k=1

Lemma 5.1. The operator A is a compact perturbation of a Toeplitz operator if and
only if each operator Ty, far(Ty, )T, k=1,...,m, is a compact perturbation of
a Toeplitz operator.

Proof. The “if” part is obvious. To prove the “only if” part, we assume that
A =T, + K; for some a € Lo (D). Using vy in place of v,i/Q
represent the operator A in its second canonical form

in Theorem 4.5 we

A= Ty, + ZTkaA,k(TXk) + K.
k=1

Then, multiplying by 7T}, and using statement (ii) of Lemma 2.1, we have

Aﬂ)k = T’s;\'uk + Z)ka,k(Txk)ﬂjk + KQ = Tavk + KS )

or

ﬂ)ka,k(TXk:)T’Uk = Tav;‘,—s;‘v;‘, + (KS - K2) . O

The result of Lemma 5.1 obviously remains true if we change the operators
Ty, far(Ty, )Ty, for either Ty, fa r(Ty,), or far(Tyi)lu, E=1,...,m.

Theorem 5.2. For any k = 1,...,m, the operator Ty, fax(Ty, )T, is a compact
perturbation of a Toeplitz operator if and only if the operator fo (T, ) is a compact
perturbation of a Toeplitz operator.

Proof. The “if” part is again obvious. To prove the “only if” part, we first reduce
the problem to the real valued function f4 . To this end we assume that

Ty far(Ty )Ty, =T, + Ky, forsome a€ Lo(D).

Passing to adjoint operators and taking into account that the functions vy and x
are real valued, we have

(Tvk fA,k(TXk)Tvk)* = Tvk?A,k(Txk)Tvk = TE + K2 .
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Summing up these equalities we have that T, (Refar)(Ty, )Ty, is a compact
perturbation of a Toeplitz operator. Subtracting the equalities, we have that
To,(Imfa i) (Ty, )Ty, is a compact perturbation of a Toeplitz operator as well.

That is, the operator T, fa x(Ty, )Ty, is a compact perturbation of a Toeplitz
operator if and only if both T, (Refa )Ty, )Tv, and Ty, (Imfa x)(Ty, )Ty, are
compact perturbations of Toeplitz operators. Thus proving the part “only if” we
can assume that the function f4j is real valued, moreover we can consider the
operator fa i(Ty,)Tw, instead of Ty, fak(Ty, ) Toy-

We note as well that without loss of generality we may assume in what follows
that t, =i € v, because otherwise, using an appropriate rotation, we come to the
unitary equivalent operator with ¢, = i € . Hence, let ¢, = i and let fa 1 be a
real valued function such that fa (T, )Tu, = T, + K1 for some a € Lo (D).

We introduce now the operator

(Ze)(2) = ¢(2),
which is obviously unitary on both Ls(ID) and A%(D). Then, as is easy to see,
Zfak (D) T Z = far(Ty ) Tunz) = Toy + K2,

and thus
Fake(Ty2) (Tur(z) + Tupz) =Ty + K,

where b(z) = a(z) + a(z), or
Far(Ty) = Far(T(e) (I = Tup(e) = Tun() + To + K.

The operator fa r(Ty,(z)) (I —Typ(z) — Tuk(g)) obviously belongs to the algebra
T(PC(D,T")) with T" = {i,—i} (that is, we have only two points of symbol dis-
continuity: ¢; = 4 and t = —i) and its symbol is a continuous function on
(that is, a continuous function on I' which is constant on each Aj, j = 1,2)
and identically equals to 0 at v N (V/ UV/) = v N (V{ UVY). Thus the opera-
tor far(Ty,(2)) (I — Tup(z) — Tuk(z)) is a compact perturbation of some Toeplitz
operator T, with continuous symbol ¢, and thus we have finally

fAJC(TXk) =Tpre + K5. O

By Proposition 3.4 every operator of the form f(7),), with f € CJ0,1],
is unitary equivalent to the multiplication operator (f o~ )I. That is, the C*-
algebra generated by (and consisting of) all such operators intersects the ideal K
of compact operators in just the zero operator. This implies that an operator of
the form f(T),) is a compact perturbation of a Toeplitz operator if and only if it
is a Toeplitz operator itself.

Summarizing the above we come to the main result of the section.

Theorem 5.3. An operator A € T(PC(D,T)) is a compact perturbation of a
Toeplitz operator if and only if every operator far(Ty,) is a Toeplitz operator,
where far = (symA)|a, and k=1,...,m.
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The next theorem gives the description of the symbol of a Toeplitz operator
for the case when A € T(PC(D,T)) is of the form A =T, + K.

Theorem 5.4. Let A = T, + K. Thus all the operators (sym A)|a, (Ty, ), where
kE=1,...,m, are Toeplitz, i.e., (symA)|a,(Tx,) = Ta, for some a € L(D).
Then the symbol a of the operator T, is given by

a(z) = sa(z) + Y ar(2)vi(2)
k=1

where s4(2) s a continuous function on D whose restriction to vy coincides with

m

salt) = (sym A)(t) = Y [(sym A4)[, (0)(1 = xa(®) + (sym A) 5, (Wxe ()] v (1)
k=1
Proof. Follows directly from Corollary 4.6. (]

Note that the operators f(Ty,) and f(T, ), being unitary equivalent, can be
Toeplitz operators only simultaneously. That is, the question whether an operator
A € T(PC(D,T)) is a compact perturbation of a Toeplitz operator reduces to

the description of the Toeplitz operators in the algebra T(H(L({)g’ﬁ}(o,w))). By
Theorem 3.3 this algebra can be generated by 77 alone, and thus consists of all
operators of the form f(T) ), where f € C[0,1].

The known result on Toeplitz operators in the algebra ’T(H(Lig’”}(o7 m))) is
contained in the next proposition.

Proposition 5.5 ([12]). For any symbol a = a(f) € H(Lig’ﬁ}(o,ﬂ)), the Toeplitz
operator T, belongs to the algebra T(H(Lig’ﬂ}(Q m))), and is the following function
of the operator T\,

T, = fa(TX+)7

fa(x):LxQIn(lfx)flnx/oﬂa(g) (17x> "

T (1—-2)—=x x

where

i

For a number of specific examples of symbols a = a() € H(L({)g’ﬂ}(o, m)) and
corresponding functions f, € C[0,1], see [12].

Corollary 5.6. For each function a = a(w) = a(e?) € H(Lig’ﬂ}(Oﬂr)), where
w=re"? €I, and each k =1,...,m, the Toeplitz operator

Ty, = ViT. V!
belongs to the algebra T (PC (D, {t), —tx}) and has the symbol

be(z) = aan(2) = a <¢t’“ - Z> .

z 4tk

Here the operator Vi, is given by (3.1).
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We can describe now the symbols of a wide variety of Toeplitz operators
in 7(PC(D,T)) which are drastically different from the initial generators. All
of them have at each point of discontinuity ¢, € T, in general, infinitely many
limit values reached by the hypercycles starting at ¢ (i.e. the images under the
Mobius transformation a,;l of rays on the upper half-plane II starting at origin)
and parameterized by functions from L;{,g’w}(o7 7). We note that each of these
(bounded) symbols b have one-sided limit values at the point ¢; and these limit
values coincide with the values of sym T} at the endpoints of Ag:

b(tk — 0) = (Syme)(Ok) s b(tk + 0) = (sym Tb)(lk) .

Corollary 5.7. For every function ay, = ay(w) = ay(e") € H(Lig’ﬂ} (0,7)), where
w=re? €, k=1,...,m, and every function s(z) € Loo(D) having limits at all
points of v and such that s|, € C(7), the Toeplitz operator Ty, with symbol

b(z) = s(z) + iak (itk - Z) wun(z)

Pt z 4+t

belongs to the algebra T (PC(D,T)).

6. More Toeplitz operators

In the previous section we reduced the description of Toeplitz operators in the al-
gebra 7 (PC(D, T)) to the description of Toeplitz operators in T(H(Lig’ﬂ} (0,7))).
We show now that the algebra T (H (L™ (0,7))) contains many more Toeplitz
operators than described by Proposition 5.5. Indeed, as we will see, it also contains
(bounded) Toeplitz operators whose generally unbounded symbols a(6) may not
have limits at the endpoints 0 and 7 of the segment [0, 7].

We recall that the Toeplitz operator T, with symbol a(f) belongs to the
algebra T(H (L™ (0,7))) if and only if the function v4()\), defined by (3.2),
belongs to C(R).

Remark 6.1. Given a symbol a(#), in what follows we will study the behavior of
the corresponding function ~y,(\) when A\ — 4oo. It is clear that the behavior of
a(f) near the point 0, or 7, determines the behavior of v, () near the point +o0,
or —oo, respectively. The equality

_2)\ ™ _2/\ T o
Yo (=N = Tz /O a()e’d0 = 75 /0 a(m — )™= dg

22X T _
= m/o a(m = 0)e™*2d0 = Yo (r—g)(A)

permits us to reduce this study to only one case, say considering the symbol a(6)
in a neighborhood of 0 and 7,(\) in a neighborhood of +oc.
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We continue to consider the homogeneous symbols of zero order on the upper
half-plane IT identifying them with functions a(f), where 6 € [0, 7].

For any Li-symbol a(f) we define the following averaging functions, which
correspond to the endpoints of [0, 7],

7] T
c(g) = / a(u)du, D(H) = / a(u)du
0 T—0
and
0 T
) (6) = / COD(w)du, DP(6) = / DV (u)du,
0 T—0

for each p =2,3,....

The next theorem gives the conditions on the behavior of L;-symbols near
endpoints 0 and 7 guaranteeing that the corresponding Toeplitz operators belong
to the algebra T (H (L™ (0,7))).

Theorem 6.2. Let a(f) € L1(0,7) and suppose that for some p,q € N,
lim 97PCP(9) =¢, (€ C) and Jim DY) =d, (€ C). (6.1)

Then 74 (A) € C(R).

Proof. Consider first the case when p = 1 and A — +oc0. Integrating by parts we
have

2 m
7N = T / e dCiD(6)
e 0

2) e 2mA 4N? g
- (1) (1) —2)0
1 o2 Cy () + 1—e—2“/0 i (0)e do.

Taking into account the first equality in (6.1), we have

22 67270\
Ya(A) = 1_ -2 CL(Ll)(W)

4A2 C1 i 4A2 C1 i
L[ pe2M g 7/ 0)0 e 22 9
+1—€727T’\/0 € +1—€727T’\ 00(()6
= Il()\) + IQ(/\) + 13()\) 5

where limg_.o a(6) = 0.
It is obvious that for sufficiently large A, |I;(\)| < €. Then,

2\ e 2™

L) = -7 x>

and thus for sufficiently large A, |[I2(A\) — ¢1| < e.
To estimate I3, we select a sufficiently small § to guarantee that

sup |a(f)| <e.
0€(0,6)
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Then

4 ™
[I3(A)| < const A? (/ a(6)8 e~ d9+/ f o220 d@)
0 s

5 ™
< const ()\25/ Oe 27N 4o + N2 2N / 0 d@)
0 5

< const (5 + )\2672>\6) .

That is, for sufficiently large A we have as well that |I3(\)| < conste, and the
above three inequalities yield

lm 7,(\) =¢1.

A——+00
The case when ¢ = 1 and A — —oo follows from Remark 6.1 and the case
just considered. The continuity of 7, (\) in all interior points of [0, 7] is obvious.
The proof for the cases when p > 1 and ¢ > 1 is quite analogous and requires
repeated (p-times, or ¢-times) integration by parts. O

We give now several examples of symbols bounded or unbounded near the
endpoints of [0, 1] and which oscillate approaching the endpoints.

FEzample. Let
a(@) =0 sinf~*, where 0<B<1, a>0. (6.2)
This symbol oscillates near 0, is bounded when 8 = 0, is unbounded for all 5 €
(0,1), and is continuous at the another endpoint 7 for all admissible values of the
parameters. That is we need to analyze the behavior of a(6) near the point 0 only.
According to calculations of Example 4.4 in [7] we have that

9&—B+1
cH () = cos0™% +0(0** Pty when 60— 0. (6.3)
«

Thus, if o > 3 then
lim 0~ (M (9) =0,
6—0
and the first condition in (6.1) is satisfied for p = 1.
Further, if & < 3 we need to consider the averages of the higher order. Indeed,
formula (6.3) implies that
C2 () =0(0**P*+2) | when 60— 0
and, more generally, that
CP(9) = O(6P*=P*P)  when 6 —0.
Thus for each a < 8 there is py € N such that ppa > 3, and thus the first condition
in (6.1) is satisfied for p = po.
That is, the Toeplitz operator T, with symbol (6.2) does belong to the algebra
T(H (ng’ﬂ}(O7 m))) for all admissible values of the parameters.
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Ezample. Let
a(f) = (sinf)~? sin (sinf)™, where 0<3<1, a>0. (6.4)

This symbol oscillates near both endpoints of [0, 1], is bounded when 8 = 0, and
is unbounded for all 8 € (0,1).

Analogously to the previous example one can show that if pgar > 3 then both
conditions in (6.1) are satisfied for p = pg, and thus the Toeplitz operator T, with

symbol (6.4) belongs to the algebra ’T(H(L;{,g’ﬂ}(o7 m))) as well.

We show now that not all oscillating symbols, even bounded and continuous,
generate the Toeplitz operators which belong to T(H(Lig’”}(o, m))).

Ezxample. Let

a(e) — 9 = ezlne . (6.5)
As the symbol oscillates near the endpoint 0, we examine the behavior of 7,(\)
when A — +o00. Changing the variable ¢ = 20, we have

2A " i ,—2\0

) —i 2T\ )
L7 / thetdt
0

1— e—27‘r>\

20) , <
_1(76%<F(7/+1)7/2'ﬂ->\t (& tdt).

2T ) 2T
/ thetdt g/ etdt < e 2™
0 0

Ya(A) = 2X) T (T(i + 1) + O(e”*™))..
where limy_, 4o 0o(A) = 0.

That is, the function 7, (A) oscillates and has no limit when A — +oo, and
thus the Toeplitz operator T, with symbol (6.5) does not belong to the algebra
T(H(LL™(0,7))).

The symbol

Since

we have that

a(f) = (sinf)’
provides us with an example for which the corresponding function 7, () does not
have limits both when A\ — 400 and A — —oc.

To give a characterization of Toeplitz operators in T(H(Lig’w}(o, m))) which
have L,-symbols we need the following auxiliary result.

Theorem 6.3. Let a(0) € Loo(0,7). Then for each real valued monotone function

q(X\) such that
: (Y,
lim ¢(\) =+oc0 and lim

Moo A—too A =0 (6.6)
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we have

lim (% (A +a(N) - %(/\)> =0.

A—Foo
Proof. We calculate

_ 2(A+a(V) " —2(At+q(M\)0
Ya(A+q(N) —7a(X) = m/o a(f)e g

2 T
e 0 —2X\0 do
1— 67271')\ A a'( )6

20\ + g(\ m
1 ( j?fai?x» / a(@)e™ (1 — e dp
— e~ s 0

2(A +4(V) 2) L
* (1 —e—2n(Ara(V) ] — e—27mX /0 a(f)e o

=1L\ + I2(N).

Let A — 400, we introduce o(\) = (Aq()\))~/? and start estimating I, (\)

a(N)
|, (V)] < const <A [ tato)ie 1 - e ag
0

+ A/ la(0)|e= M d9>
a()

a(N) T
< const <)\|q()\)| / 0e 22 dh + A/ e 2N d0>
0 a(N)

o\ e—QAU(A) 1—e2Xa(¥)
< const </\|q()\)\ <— Q) N + 5e )

e 2T _ 6—2)\0'()\)
(=)

1/2
< const ((q(») ) 1) e (>) _

A A

By the second condition in (6.6), for each ¢ > 0 and corresponding sufficiently
large A\, we have

|Il ()\)‘ <e€.
We estimate now Io(\):

(V)] < const |g(V)| / a(6)] 2 df
0

T A
< const [g(\)| / e~ 22 dh < const £>\) .
0
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That is, for sufficiently large A\ we have as well that
(N <e,
and thus
JJim (%(A +a(N) - 'Ya(>‘)) =
The case when A — —oo follows from Remark 6.1 and the above arguments. [

Given any a(f) € Lo (0,7), we introduce now two modified averaging func-
tions which correspond to the endpoints of [0, 7]

2 o 2 T
! (0) = m/0 a(w)du and D4(0) = 2y /7r_9a(u) du.  (67)
We note that these functions are connected with the old averages by
2 2
m C(gl)(g) and D;(g) = m Dt(ll) (9) .

Both functions C/(0) and D! (f) are bounded, moreover C,(0) € C(0,n]
and D7 (0) € C[0, 7). That is, to check whether Toeplitz operators with symbols
C'(0) and D7, (0) belong to the algebra ’T(H(Lig’w}(()7 m))), one needs to study the
behavior of these function near a single point only, 0 for C? (0) and 7 for D/, (9).

The next theorem shows that the study of general L.,-symbols is equivalent
to the study of these two much more easily treatable functions.

Theorem 6.4. Let a(f) € Loo(0,7). Then v.()\) € C(R) if and only if
Yer (A) € C(R) and  ~p,(A) € C(R). (6.8)

Co(0) =

Proof. Let v,(\) € C(R). Consider first the case when A\ — +oco. We will integrate

by parts in
2X g 2 0 o
Yo, (A) = 1 — e27A /0 (1 20 /0 a(u) du) e do.

Before doing so we mention that

0 o—2hu 23k > e—2(A+n)0
Ax(0) = 20 gy = SN E
A(0) /9 Tz d / Ze ; 200 + )

n=0
Thus we have

2\ % & T
’YC(’I ()\) = m <<_2AA(0)A a(u) du) + 2A a(@)AA(Q) d9>
0
_ DA [T 2A — 1 " —2(A+n)0
= 71_672“\/0 a(u) du + 1—6*2“2)\4—71/ a(f)e do

_ ANAN(m) ([T e=2m(A+n)
,_7176_270\/0 a(u)du—|— _27T>\Z Drn)e Ya(A+n).




544 S. Grudsky and N. Vasilevski Comp.an.op.th.

Using the uniform boundedness [y, (A+n)| < ||7q| 1. ) and separating the leading
term we come to the equality

AOEDY ﬁ%OA-n) +0(1). (6.9)

n=0
It is obvious that

A N A
A+n)2  A+n A+n+l A+n)2A+n+1)’

Thus taking into account that

Y (>\+n)2(i\\+n+1) :OG)

n=0

we obtain

o0
A A A A A 1
_(1_ _ S 2) =14001).
T;J()\—&-n)z ( Al Adl Atz Tage >+O<A) Fo(l)

That is from (6.9) we have

16 () = 200 + 3 sy (A ) = 20(50) + ).
n=0

As y,()\) € C(R), for any ¢ > 0 there is A\g > 0 such that for each A > \g and each
n € Zy we have

[Ya(A+n) = Ya(+0)| < €.

Thus fOI' A > /\() we have
’YC,L Ya ()\ n)Z

n=0

+o(1) =e+o(1),

or

lim yer (A) = Ya(400) .
y—+00

The proof that

lim vp, (A) = Ya(—00)

Yy——00

follows now from Remark 6.1.
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Let now y¢r (A) € C(R). Assuming that A — +o00, we have

22 T oy, [
Ya(A) = 17*2“/ e d/ a(u) du
—¢ 0 0

™ T 6
- 27):27& (62”‘/ a(u) du + 2>\/ (/ a(u) du> e 2N d@)
I—e 0 0 0
- A <>\/ O (0)(1 — e20) =2 g
1—e—27 0

4 %67277)\(1 _ 672/\77)051(7['))

222 1— 6—277()\+1)

_ , _ . , 1 —27A
Ayer (N) S0 1) T2 Yo (A4 1) + O(Xe )
2
=X (A) — =y (A +1 Ae 2™
16, () = o e (A 1) + 00
That is, we come to the following equality
Yor (A+1 Con py
Yo, (A) =y, (A +1) + 70‘:\(_1_ . ) +0(e7 %) = %/(\ ). (6.10)

Changing, if necessary, the initial symbol a(f) by adding a constant, we may
assume without loss of generality that

li / =0.
A

Introduce the function
a(A) = sup [yvor, (€],
E>A

which is non increasing and satisfies

lim a(A) =0.
A——+oo
Substitute
A1, A+2, ., A+ [h-a 2],
for A in (6.10), where [-] is the entire part of a number; summing up the obtained
equalities, we have

WC(/,(/\—l-n—l-l)

O —27TA
i1 TOmee™)

no
Yo, (A) = vo, (A +no+1) +
n=0

where ng = no(\) = [A-a'/2(\)].
We assume now that
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That is, there exists a sequence {A,}72, which tends to 400 and such that for
some o > 0

[va(Ag)| >0, forall k=1,2,....
We denote by Eq(A) the left hand side of the equality in (6.11) and estimate it:

. 1 —27A
[Ev(Ae)| < 2a(/\k)+04(/\k)nzzom +O((no + 1)e ")
A +ng+1 .
= 2l el RN Of(mo + e~*™)
=2a(Ax) + a(Ax) In ( ot 1> +0((no + 1)e~2m)

< const (oz()\k)(l + al/Q(/\k)) + O((no + l)e’%)‘k))
< const (oz(/\k) +O((no + 1)6727r)\k)) )

We denote now the right hand side of the equality in (6.11) by E2(\) and estimate
it:

'Ya )‘k+n — Ya(Ar)
Eo(X
2( k) )\k—i—n Z A+
A +n
= %) I S0+ o(1) + B (M)
where
(A +n) (A
Faa(h) = Z’Y k — Ya k)

A +1n

As the function ng = ng(A) satlsﬁes (6.6), we make use of Theorem 6.3. That
is, for each k € N there is o5 > 0 such that for each n € [1,n9] NN

[Va(Ak) = Ya(Ak +1n)| < o and klim 0,=0.
—00

‘We have
A+ ng(A no( e
|Es0(Mk)| < o In 2 0(Ar) < of k)7
/\k )‘k
and thus
n )\ n )\ 2 n >\
Ea(M) — Ya(Ak) - 0(h) <0 moAw) Y mo(A)
Ak Iy 3

This yields

|E2(Ax) =

|'Ya(2)\k)‘ . nO(Ak) > "ya(;‘k” Oél/Z()\k)’

Ak
or

g
|E2(Ak)| > 1 a'Z(\).
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Substituting Fy(A;) and Eq(A) in (6.11) by their estimates we have
const (a(Ar) + Ag a2 (A) e 2 4 672‘”)%) > %al/Z()\k) .

Now, if
6—27r/\k

then we come to a contradiction, and thus
lim ~,(A\) =0.

A——+o0

If (6.12) does not hold then there exist oy > 0 and a subsequence {\g, }72, of the
sequence {\;}32; such that for each [ € N

67271-)\;” > o al/Q(/\kl)-
Then substituting A = A, in (6.10) we come to

6_47T/\kl 6—47T)\kl
2 + 2 1 +
g1 o1

o
+ const e 2L >
Ak, + 1) Ak,
which again leads to a contradiction.
The proof that 7,(A) is continuous at the point —oo again follows from Re-

mark 6.1. O

As a final remark we note that the above results uncover a variety of Toeplitz
operators in 7 (H (Liﬁ’”} (0,7))) whose bounded symbols belong to a more general
class than one of Proposition 5.5, extending thereby the descriptions of Toeplitz
operators in 7 (PC(D,T)) of Section 5.

At the same time we have shown that the algebra T(H(Lig’ﬁ}(O,w))) con-
tains as well bounded Toeplitz operators with unbounded symbols. The detailed
exploration of this interesting phenomenon and of its impact to Toeplitz operators
in T(PC(D,T)) we leave for a further study.
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