Contemporary Mathematics Vol. 212, 1998, p. 185{196

Bargmann Projection, Three{Valued Functions and Corresponding Toeplitz Operators

Enrique Ramírez de Arellano Nikolai Vasilevski

Abstract

We describe the C^∗-algebra generated by the Bargmann projection and the multiplication operators by three–valued functions. The key point of this investigation is the description of one important specific case of the C^∗-algebra generated by three orthogonal projections.

The algebra generated by Toeplitz operators with three–valued symbols acting on the Fock space, and spectra of Toeplitz operators are considered as well.

Keywords: Orthogonal projections, Toeplitz operators, Fock space, operator algebras

AMS Subject Classification: Primary 47B35; Secondary 47D25

1 Introduction

1.1 The investigation of the C^∗-algebra generated by an orthogonal projection and piecewise continuous functions (in the case when this projection commutes with multiplication operators by continuous functions up to a compact operator) is quite standard (see, for example, [8, 13]) and splits basically into the two following steps: the application of the local principle for C^∗-algebras [5, 12] and the description of model (or local) C^∗-algebras generated by an orthogonal projection and the multiplication operator by the characteristic function of an appropriate measurable set. The last step is normally based on the well known description of the C^∗-algebra generated by two orthogonal projections [7, 9, 14].

However, if one would like to change piecewise continuous functions for functions having three cluster points on some set, the second step fails. There is no general description of the C^∗-algebra generated by three orthogonal projections, even in the needed specific case: the product of two of them is equal to zero. In Section 2 we study one important special case of the C^∗-algebra generated by three orthogonal projections. This allows us to carry out the desired step. In Section 3 we describe the C^∗-algebra generated by the Bargmann projection and two others: the multiplication operators by characteristic functions of two different measurable sets. In Section 4 we show how the structure of the algebra depends on these measurable sets. The corresponding Toeplitz operator algebra and the spectrum of Toeplitz operators are considered in Section 5. 1.2 We use the following standard notation: z = x + iy = (z_1, . . . , z_n) ∈ C^n ; z = (z_1, . . . , z) with the usual notion of the complex conjugation; for z, w ∈ C^n , z · w = z_1w_1 + . . . + z_nw_n; |z|^2 = |z_1|^2 + . . . + |z_n|^2(= z · z); (x, y) = (x_1, . . . , x_n, y_1, . . . , y_n) ∈

R^{2n} = R^n ⊕ R^n . Denote by dμ_n(z) the following Gaussian measure over C^n : dμ_n(z) = π^{−n}e^{−z·z}dv(z), where dv(z) = dx dy is the usual Euclidean volume measure on C^n = R^{2n} .

Denote by L_2(C^n , dμ_n) the Hilbert space of μ square–integrable functions on C^n with the following inner product: ⟨f, φ⟩ = ∫ C^n f(z)φ(z) dμ_n(z). The closed subspace F^2(C^n ) of L_2(C^n , dμ_n) consisting of all entire functions is usually called the Fock [2, 6] or the Segal–Bargmann space [1, 11].

The orthogonal Bargmann projection

P_n : L_2(C^n , dμ_n) → F_2(C^n )

is given [3] by the formula

(P_nφ)(z) = ∫ C^n φ(ζ)e^{ζ·z}dμ_n(ζ). (1.1) 2 Special case of the algebra generated by three orthogonal projections

2.1 Let H be a Hilbert space, l_0 ∈ H with ‖ l_0 ‖= 1. Denote by L_0 the one–dimensional subspace in H generated by l_0, and let

P φ = ⟨φ, l_0⟩l_0 : H → L_0

be the one–dimensional orthogonal projection of H onto L_0.

Consider two (other) orthogonal projections Q_1 and Q_2 on H with the property Q_1 · Q_2 = Q_2 · Q_1 = 0 (2.1) We are going to describe the C^∗–algebra R = R(C ; P, Q_1 , Q_2) with identity I : H → H, generated by the three orthogonal projections: the one–dimensional projection P and projections Q_1, Q_2 with the property (2.1).

2.2 Introduce Q_3 = I − Q_1 − Q_2 and denote by M_1, M_2, M_3 the images of Q_1, Q_2, Q_3 respectively. Then, H = M_1 ⊕ M_2 ⊕ M_3.

The condition L_0 ⊂ M_k is equivalent to P Q_k = P . If this is the case, we have some additional relations between generators of the algebra R. Thus, for all k = 1, 3 := 1, ..., 3 L_0 ∩ M_k = {0}.

Analogously the condition M_k ⊂ L^⊥_0 leads to the additional relation Q_k(I − P ) = Q_k.

Split the space H onto the following direct sum: H = (L^⊥_0 ∩ M_1) ⊕ (L^⊥_0 ∩ M_2) ⊕ (L^⊥_0 ∩ M_3) ⊕ M.

We have obviously L_0 ⊂ M. Let P^′ = P |M, Q^′_k = Q_k|M, k = 1, 3, I^′ = I|M.

Each M_k does not belong to L^⊥_0 , thus all these restrictions onto M are not trivial, and I^′ = Q^′_1 + Q^′_2 + Q^′_3.

Furthermore Im P^′ = L_0, Im Q^′_k = M_k ∩ M = M^′_k, and

M = M^′1 ⊕ M^′2 ⊕ M^′3.

A simple Halmos–like [7] argument shows that the operator P |_M 0_k : M^′_k → L_0 is a bijection, thus all spaces M^′_k are one–dimensional. Let M^′_k = {c · m_k : c ∈ C }, then the space M is three dimensional and thus l_0 = α_1 · m_1 + α_2 · m_2 + α_3 · m_3 for some α_1, α_2, α_3 ∈ C .

If some α_k = 0, then M^′_k ⊂ L^⊥_0 , which leads to M_k ⊂ L^⊥_0 . Thus all α_k ≠ 0 and |α_1|^2 + |α_2|^2 + |α_3|^2 = 1. Represent H as the following direct sum:

H = (L^⊥_0 ∩ M_1) ⊕ (L^⊥_0 ∩ M_2) ⊕ (L^⊥_0 ∩ M_3) ⊕ (M^′_1 ⊕ M^′_2 ⊕ M^′_3),

then each of the projections has the following form:

Q_1 = I + 0 + 0 +

1 0 0 0 0 0 0 0 0 ,

Q_2 = 0 + I + 0 +

0 0 0 0 1 0 0 0 0 ,

Q_3 = 0 + 0 + I +

0 0 0 0 0 0 0 0 1 ,

P = 0 + 0 + 0 + α_1α_1 α_1α_2 α_1α_3 α_2α_1 α_2α_2 α_2α_3 α_3α_1 α_3α_2 α_3α_3 .

2.3 Theorem Let L^⊥_0 ∩ M_k ≠ {0}, k = 1, 3, then the algebra R = R(C ; P, Q_1 , Q_2) is isomorphic to C^3 ⊕ Mat_3(C ).

The isomorphism ν : R −→ C^3 ⊕ Mat_3(C )

is generated by the following mapping of the projections ν : P −→ ((0, 0, 0), γ_1 √ γ_1γ_2 √ γ_1γ_3 √ γ_1γ_2 γ_2 √ γ_2γ_3 √ γ_1γ_3 √ γ_2γ_3 γ_3 ),

ν : Q_1 −→ ((1, 0, 0),

1 0 0 0 0 0 0 0 0 ),

ν : Q_2 −→ ((0, 1, 0),

0 0 0 0 1 0 0 0 0 ),

ν : Q_3 −→ ((0, 0, 1),

0 0 0 0 0 0 0 0 1 ), where γ_1 =‖ Q_1l_0 ‖^2, γ_2 =‖ Q_2l_0 ‖^2, γ_3 = 1 − γ_1 − γ_2.

Proof. Introduce the following unitary operator on H:

W : I ⊕ I ⊕ I ⊕ ω_1 0 0 0 ω_2 0 0 0 ω_3 ,

where ω_k = α_k/|α_k|.

Then we have obviously

~P = W^{−1}P W = 0 + 0 + 0 +

|α_1|^2 |α_1α_2| |α_1α_3| |α_2α_1| |α_2|^2 |α_2α_3| |α_3α_1| |α_3α_2| |α_3|^2 ,

~Q_1 = W^{−1}Q_1W = I = 0 + 0 +

1 0 0 0 0 0 0 0 0 ,

~Q_2 = W^{−1}Q_2W = 0 + I + 0 +

0 0 0 0 1 0 0 0 0 ,

~Q_3 = W^{−1}Q_3W = 0 + 0 + I +

0 0 0 0 0 0 0 0 1 ,

and the algebra R = R(C ; P, Q_1 , Q_2) is naturally isomorphic to the algebra ~R = W^{−1}RW =

R(C ;^~P ,^~Q_1,^~Q_2) generated by the projections^~P ,^~Q, and^~Q_2 (and of course, by I or^~Q_3).

The last algebra is naturally isomorphic to C^3 ⊕ Mat_3(C ).

To finish the proof one needs to follow the correspondence of generators and to use new quantities γ_1 = |α_1|^2 =‖ Q_1l_0 ‖^2, γ_2 = |α_2|^2 =‖ Q_2l_0 ‖^2 and γ_3 = |α_3|^2 = 1 − γ_1 − γ_2.

3 Algebra generated by the Bargmann projection and three{valued functions

3.1 Let X_1 and X_2 be two disjoint measurable sets in R^n = R^n_x , and let

X^′_k = X_k + iR^n_y , k = 1, 2

be the corresponding sets in C^n = R^n_x + iR^n_y .

Introduce the characteristic functions χ_X 0_k of the sets X^′_k and the orthogonal projections Q_k = χ_X 0_k I acting on L_2(C^n , dμ_n), here k = 1, 2.

Furthermore let Q_3 = I − Q_1 − Q_2.

The aim of this section is to describe the C^∗–algebra R = R(X_1, X_2) with identity I generated by the Bargmann projection P = P_n (1.1) and the projections Q_1, Q_2 acting on L_2(C^n , dμ_n) .

We have obviously Q_k · Q_j = δ_{kj}Q_k, k, j = 1, 3, and I = Q_1 + Q_2 + Q_3.

3.2 Introduce the following operators:

The unitary operator U : L_2(C^n , dμ_n) → L_2(R^{2n} ) = L_2(R^{2n} , dxdy), defined by (Uφ)(z) = π^{− n2} e^{− z�z2} φ(z), or (Uφ)(x, y) = π^{− n2} e^{− x2+y22} φ(x + iy); the Fourier transformation F : L_2(R^n ) → L_2(R^n ), where

(F f)(y) = (2π)^{− n2} ∫ R^n e^{−iη·y}f(η)dη; and the isomorphism W = W^∗ = W^{−1} : L_2(R^{2n} ) → L_2(R^{2n} ), where (W f)(x, y) = f( 1 √ 2 (x + y), 1 √ 2 (x − y)). Then the unitary operator K = W (I ⊗ F )U is an isomorphism K : L_2(C^n , dμ_n) → L_2(R^n , dx) ⊗ L_2(R^n , dy).

We have for the generators of the algebra R(X_1, X_2): KP K^{−1} = I ⊗ P_0, where (P_0f)(y) = π^{− n2} ∫ R^n e^{− 12 (y2+u2)}f(u)du is the one–dimensional orthogonal projection of L_2(R^n , dy) onto the one–dimensional space L_0 generated by l_0(y) = π^{− n}4 e^{− y2}2 ;

KQ_kK^{−1} = = W (I ⊗ F )Uχ_X 0_k U^{−1}(I ⊗ F^{−1})W = = W (I ⊗ F )χ_{Xk} (x)(I ⊗ F^{−1})W =

= W χ_{Xk} (x)W = χ_{Xk} ( 1 √ 2 (x + y))I = = χ^√_{2Xk −x}(y)I, k = 1, 3, where X_3 = R^n \(X_2 ∪ X_2).

Thus the algebra KRK^{−1} splits into the direct integral of algebras R(x), x ∈ R^n , generated by the orthogonal projections P (x) = P_0, Q_k(x) = χ^√_{2Xk−x}(y)I, k = 1, 2, acting on L_2(R^n , dy).

3.3 Lemma The algebra R(x), x ∈ R^n , is isomorphic to C^3 ⊕Mat_3(C ). The isomorphism

ν_x : R(x) → C^3 ⊕ Mat_3(C )

is generated by the following mapping of the generators of the algebra R(x):

ν_x : P (x) −→ ((0, 0, 0), γ_1(x) √ γ_1(x)γ_2(x) √ γ_1(x)γ_3(x) √ γ_1(x)γ_2(x) γ_2(x) √ γ_2(x)γ_3(x) √ γ_1(x)γ_3(x) √ γ_2(x)γ_3(x) γ_3(x) ),

ν_x : Q_1(x) −→ ((1, 0, 0),

1 0 0 0 0 0 0 0 0 ),

ν_x : Q_2(x) −→ ((0, 1, 0),

0 0 0 0 1 0 0 0 0 ),

where γ_1(x) =‖ Q_1(x)l_0 ‖^2, γ_2(x) =‖ Q_2(x)l_0 ‖^2, γ_3(x) = 1 − γ_1(x) − γ_2(x).

Proof. Follows directly from Theorem 2.3.

3.4 Denote by S(X_1, X_2) the C^∗–algebra with identity generated by the following 3 × 3 matrix–valued functions p(x) = γ_1(x) √ γ_1(x)γ_2(x) √ γ_1(x)γ_3(x) √ γ_1(x)γ_2(x) γ_2(x) √ γ_2(x)γ_3(x) √ γ_1(x)γ_3(x) √ γ_2(x)γ_3(x) γ_3(x) ,

q_1(x) =

1 0 0 0 0 0 0 0 0

, q_2(x) =

0 0 0 0 1 0 0 0 0 ,

where x ∈ R^n and γ_1(x), γ_2(x), γ_3(x) are as in Lemma 3.3.

3.5 Corollary The algebra R = R(X_1, X_2) is isomorphic to the algebra C^3 ⊕ S(X_1, X_2). The isomorphism ν_0 : R −→ C^3 ⊕ S(X_1, X_2)

is generated by the following mapping of the generators of the algebra R: ν_0 : P −→ ((0, 0, 0), p(x)), ν_0 : Q_1 −→ ((1, 0, 0), q_1(x)), ν_0 : Q_2 −→ ((0, 1, 0), q_2(x)),

where x ∈ R^n .

3.6 To describe the algebra S(X_1, X_2) we need to introduce some kind of “maximal” algebra. Let

Δ_{max} = {t = (t_1, t_2) ∈ R^2 : 0 ≤ t_1 ≤ 1, 0 ≤ t_2 ≤ 1, 0 ≤ t_1 + t_2 ≤ 1}

be the standard two–dimensional simplex.

Denote by S(Δ_{max}) the C^∗–algebra with identity generated by the following matrix– valued functions p(t) = t_1 √ t_1t_2 √ t_1t_3 √ t_1t_2 t_2 √ t_2t_3 √ t_1t_3 √ t_2t_3 t_3 ,

q_1(t) =

1 0 0 0 0 0 0 0 0

, q_2(t) =

0 0 0 0 1 0 0 0 0 ,

where t = (t_1, t_2) ∈ Δ_{max}, t_3 = 1 − t_1 − t_2.

Now denote by S_{max} the C^∗–algebra (with identity) of all 3×3 matrix–valued functions σ(t) = (σ_{kj}(t))^3_{k,j=1} continuous on Δ_{max} and having the following properties:

(i) they are diagonal at the vertices (0, 0), (0, 1) and (1, 0) of Δ_{max}:

(ii) σ_{12}(t) = σ_{13}(t) = σ_{21}(t) = σ_{31}(t) ≡ 0, σ_{11}(t) ≡ const on the side t_1 = 0 of the triangle Δ_{max};

(iii) σ_{21}(t) = σ_{23}(t) = σ_{12}(t) = σ_{32}(t) ≡ 0, σ_{22}(t) ≡ const on the side t_2 = 0 of the triangle Δ_{max};

(iv) σ_{31}(t) = σ_{32}(t) = σ_{13}(t) = σ_{23}(t) ≡ 0, σ_{33}(t) ≡ const on the side t_1 + t_2 = 1 (t_3 = 0) of Δ_{max}.

Standard arguments lead directly to the following lemma.

3.7 Lemma Up to unitary equivalence all irreducible representations of the algebra S_{max} are included in the following list:

(i) the family {π_t} of three–dimensional representations parametrized by the points t ∈ Int Δ_{max} and defined by the rule π_t : σ ∈ S_{max} −→ σ(t) ∈ Mat_3(C );

(ii) the three families {π^{(1)}_t }, {π^{(2)}_t } and {π^{(3)}_t } of two–dimensional representations parametrized by the interior parts of the sides t_1 = 0, t_2 = 0 and t_1 +t_2 = 1 (t_3 = 0) of the triangle Δ_{max} respectively; these representations (for the corresponding points t) are defined by the rule π^{(1)}_t : σ ∈ S_{max} −→ ( σ_{22}(t) σ_{23}(t) σ_{32}(t) σ_{33}(t) ) ∈ Mat_2(C ), π^{(2)}_t : σ ∈ S_{max} −→ ( σ_{11}(t) σ_{13}(t) σ_{31}(t) σ_{33}(t) ) ∈ Mat_2(C ), π^{(3)}_t : σ ∈ S_{max} −→ ( σ_{11}(t) σ_{12}(t) σ_{21}(t) σ_{22}(t) ) ∈ Mat_2(C );

(iii) the six one–dimensional representations defined as follows: π_{(1)} : σ ∈ S_{max} −→ σ_{11}(1, 0), π_{(2)} : σ ∈ S_{max} −→ σ_{11}(0, τ), π_{(3)} : σ ∈ S_{max} −→ σ_{22}(0, 1), π_{(4)} : σ ∈ S_{max} −→ σ_{22}(τ, 0), π_{(5)} : σ ∈ S_{max} −→ σ_{33}(0, 0), π_{(6)} : σ ∈ S_{max} −→ σ_{33}(τ, 1 − τ), where t = (t_1, t_2) ∈ ∂Δ_{max}.

3.8 Theorem The algebra S(Δ_{max}) coincides with the C^∗–algebra S_{max}. Proof. The algebra S(Δ_{max}) is obviously a C^∗–subalgebra of S_{max}. We will prove that

S(Δmax) is a massive [4] subalgebra of Smax, and then by the Stone–Weierstrass theorem

for GCR–algebras [4] we will have S(Δ_{max}) = S_{max}. To prove that, we need to check two properties:

(i) for each irreducible representation π of S_{max} the representation π|S_{(Δmax)} is irreducible;

(ii) for each two nonequivalent irreducible representations π_1 and π_2 of S_{max} their restrictions π_1|S_{(Δmax)} and π_2|S_{(Δmax)} are nonequivalent as well.

We check these two statements for three–dimensional representations only.

Fix a point t_0 ∈ Δ_{max} and consider the corresponding representation π_{t0} . To prove the first statement it is sufficient to find for each matrix m = (m_{kj})^3_{k,j=1} ∈ Mat_3(C ) an element a ∈ S(Δ_{max}) such that π_{t0} (a) = m.

It is easy to see that we can take a to be of the form a = (m_{kj} 1 (p(t_0))_{kj}

(q_kp(t_0)q_j)_{kj})^3_{k,j=1}.

To prove the second statement it is sufficient to find for each two fixed different points t^′ = (t^′_1, t^′_2) and t^{′′} = (t^{′′}_1, t^{′′}_2) of Int Δ_{max} an element a ∈ S(Δ_{max}) such that π_t0 (a) = 0, π_t00 (a) ≠ 0.

The corresponding element, for example, is a = q_1(p − t^′_2e)q_1 + q_2(p − t^′_2e)q_2.

3.9 Introduce the set Δ = Δ(X_1, X_2) = = clos{t = (t_1, t_2) ∈ Δ_{max} : ∃x ∈ R^n with t_1 = γ_1(x), t_2 = γ_2(x)}, and denote by S(Δ) the restriction of the algebra S_{max} = S(Δ_{max}) to the set Δ; i.e., S(Δ) = {σ|Δ : σ ∈ Smax}.

3.10 Theorem The algebra S(X_1, X_2) is isomorphic to the algebra S(Δ).

Proof. Denote for a moment by S_Δ the C^∗–algebra with identity generated by p(t), q_1(t) and q_2(t), t ∈ Δ.

The set Δ = Δ(X_1, X_2) is obviously the set of maximal ideals of the C^∗–algebra with identity R(C ; γ_1 , γ_2) generated by the two functions γ_1(x) and γ_2(x), x ∈ R^n . By the Gelfand transformation, the algebra R(C , γ_1 , γ_2) is isomorphic to C(Δ), and t_k is the image of γ_k(x), k = 1, 2, under this transformation.

Further, the algebras R(C ; γ_1 , γ_2) ⊗ Mat_3(C ) and C(Δ) ⊗ Mat_3(C ) are naturally isomorphic, and their subalgebras S(X_1, X_2) and S_Δ are isomorphic as well.

Finally, the Stone–Weierstrass theorem shows, as in the proof of Theorem 3.8, that

SΔ = S(Δ).

3.11 Corollary The algebra R(X_1, X_2) is isomorphic to the algebra C^3 ⊕ S(Δ). The isomorphism ν : R(X_1, X_2) −→ C^3 ⊕ S(Δ) is generated by the following mapping of the projections: ν : P −→ ((0, 0, 0), p), ν : Q_1 −→ ((1, 0, 0), q_1), ν : Q_2 −→ ((0, 1, 0), q_2),

where

p = p(t) = t_1 √ t_1t_2 √ t_1t_3 √ t_1t_2 t_2 √ t_2t_3 √ t_1t_3 √ t_2t_3 t_3 ,

q_1 = q_1(t) =

1 0 0 0 0 0 0 0 0

, q_2 = q_2(t) =

0 0 0 0 1 0 0 0 0 , t = (t_1, t_2) ∈ Δ = Δ(X_1, X_2), t_3 = 1 − t_1 − t_2.

3.12 Denote by P C(X_1, X_2) the algebra of all piecewise constant functions of the form

a(x) = α_1χ_1(x) + α_2χ_2(x) + α_3χ_3(x),

where α_1, α_2, α_3 ∈ C ; i.e., the algebra of all three–valued functions constant on the sets X_k, k = 1, 3.

Now the algebra R(X_1, X_2) can be introduced as the algebra generated by the Bargmann projection P and piecewise constant functions from P C(X_1, X_2), i.e., by all operators of the form A = a(x)P + b(x)(I − P ), with a(x) =

∑_3 1 α_kχ_k(x), b(x) =

∑_3

1 β_kχ_k(x) ∈ P C(X_1, X_2).

It is easy to see that the image of A under the isomorphism

ν : R(X_1, X_2) −→ C^3 ⊕ S(Δ) is ν : A −→ ((β_1, β_2, β_3), a(t)), where a(t) = α_1t_1 + β_1(1 − t_1) (α_1 − β_1) √ t_1t_2 (α_1 − β_1) √ t_1t_3 (α_2 − β_2) √ t_1t_2 α_2t_2 + β_2(1 − t_2) (α_2 − β_2) √ t_2t_3 (α_3 − β_3) √ t_1t_3 (α_3 − β_3) √ t_2t_3 α_3t_3 + β_3(1 − t_3) ,

with t = (t_1, t_2) ∈ Δ = Δ(X_1, X_2), t_3 = 1 − t_1 − t_2.

4 The set Δ = Δ(X_1;X_2)

4.1 Recall that by definition Δ = Δ(X_1, X_2) =

= clos{t = (t_1, t_2) ∈ Δ_{max} : ∃x ∈ R^n with t_1 = γ_1(x), t_2 = γ_2(x)},

where γ_k(x) =‖ Q_k(x)l_0 ‖^2= ∫_√ 2X_k−x |l0(y)| 2dy, k = 1, 2.

The functions γ_k(x), k = 1, 2, are continuous on R^n and thus Δ is a connected compact subset of Δ_{max}.

4.2 Let us give some examples of sets X_1, X_2 and the corresponding set Δ = Δ(X_1, X_2). For simplicity we will consider the two–dimensional case (X_k ⊂ R^2 ) only.

Example 1. A complete simplex Δ_{max}.

X_k = {x = re^{iφ} ∈ R^2 : r ∈ R_+ , φ ∈ [ 2(k − 1)π 3 , 2kπ 3 )}, k = 1, 2. It is easy to see that Δ = Δ_{max}.

Example 2. A polygon.

First recall [10] how to construct for given 0 ≤ α < β ≤ 1 the set X ⊂ R with the properties

inf_{x∈} R ∫ √ 2X−x |l_0(y)|^2dy = α, sup_{x∈} R ∫ √ 2X−x |l_0(y)|^2dy = β.

It is clear that for each γ ∈ [0, 1] there exists a_γ ∈ [0, 1] such that for the set

Q_γ = 1 √ 2 ⋃ n∈Z [−a_γ + 2n, a_γ + 2n]

we have ∫ √ 2Qγ |l_0(y)|^2dy = γ. For the set X = ((R \ Q_{1−α}) ⋂ (−∞, 0)) ⋃ (Q_β ⋂ (0, +∞)) and γ(x) = ∫ √ 2X−x |l_0(y)|^2dy we have inf_{x∈} R γ(x) = lim inf_{x→−∞} γ(x) = α, sup_{x∈} R γ(x) = lim sup x→+∞ γ(x) = β. Now, for given γ ∈ (0, 1 − α) let Y ⊂ R be a set (constructed as above) with

inf_{x∈} R ∫ √ 2X−x |l_0(y)|^2dy = lim inf_{x→−∞} ∫ √ 2X−x |l_0(y)|^2dy = γ. Introduce:

X_1 = ((R \ X) × R_+ ) ∪ (Y × (R \ R_+ )), X_2 = (R \ (X ∪ Y )) × (R \ R_+ ).

Then, if γ < α we have that Δ is the trapezoid bounded by the lines x_1 + x_2 = α, x_1 + x_2 = β, x_2 = 0, x_1 = γ;

if α ≤ γ we have that Δ is the triangle bounded by the lines x_1 = γ, x_2 = 0, x_1 + x_2 = β.

Of course, one can modify this example to move this trapezoid or triangle in Δ_{max} and to change Δ for a pentagon or a hexagon.

Example 3. A closed curve.

Let X_1 = ( ∞⋃ k=−∞ [k, k + 1 3 )) × R,

X_2 = ( ∞⋃ k=−∞ [k + 1 3 , k + 2 3 )) × R.

Then the set Δ is a simple closed curve passing through the following points of Δ_{max}: (α, γ), (γ, α), (δ, β), (β, δ), where

α = γ_1( 2 3 ) = γ_2(0), β = γ_1( 1 6 ) = γ_2( 1 2 ), γ = γ_2( 2 3 ) = γ_1(0), δ = γ_1( 1 6 ) = γ_2( 1 2 ). Example 4. A double spiral.

A small change of the X_k, k = 1, 2, in the previous Example with

X_1 = ( ∞⋃ k=−∞ [k, k + k(2 + sign k) 3(2k + 1)

)) × R,

X_2 = ( ∞⋃ k=−∞ [k + k(2 + sign k) 3(2k + 1) , k + 2 3 )) × R.

changes Δ to a double spiral.

5 Algebra of Toeplitz operators

5.1 Denote by T (P C(X_1, X_2)) the C^∗–algebra generated by all the Toeplitz operators T_a : φ → P aφ with symbols a(x) =

∑_3

1 α_kχ_k(x) ∈ P C(X_1, X_2), acting on the Fock space F^2(C^n ) Corollary 3.11 and Subsection 3.12, together with standard considerations, lead directly to the following theorem.

5.2 Theorem The algebra T (P C(X_1, X_2)) is isomorphic and isometric to the algebra C(Δ(X_1, X_2)). The isomorphism τ : T (P C(X_1, X_2)) −→ C(Δ(X_1, X_2)) is generated by the following mapping: τ : T_a −→ α_1t_1 + α_2t_2 + α_3t_3, where t = (t_1, t_2) ∈ Δ = Δ(X_1, X_2), t_3 = 1 − t_1 − t_2.

5.3 Corollary The spectrum of the Toeplitz operator T_a is calculated by the formula sp T_a = {α_1t_1 + α_2t_2 + α_3t_3 : (t_1, t_2) ∈ Δ(X_1, X_2), t_3 = 1 − t_1 − t_2}.

5.4 Remark The examples for the set Δ(X_1, X_2) given in Section 4 show how complicated sp T_a can be for general X_1, X_2 and arbitrary a(x) =

∑_3 1 α_kχ_k(x) ∈ P C(X_1, X_2). But if we restrict ourselves to two–valued symbols (α_2 = α_3), then matters simplify greatly and we come to the known result:

The spectrum of T_a is a line segment sp T_a = {α_1t_1 + α_2(1 − t_1) : t_1 ∈ [α, β] }, where α = inf_{x∈}Rn γ_1(x), β = sup_{x∈}Rn γ_1(x).

Acknowledgements. This work was partially supported by CONACYT Project 4069- E9404, México.

References

[1] V. Bargmann, On a Hilbert space of analytic functions, Comm. Pure Appl. Math. 3 (1961), 215–228.

[2] F. A. Berezin, Wick and anti–Wick symbols of operators, Math. USSR Sbornik 84 (1971), 578–610.

[3] F. A. Berezin, Covariant and contravariant symbols of operators, Math. USSR Izvestia 6 (1972), 1117–1151.

[4] J. Dixmier, Les C*-algebres et leurs represéntations, Gauthier-Villars, Paris, 1964.

[5] R. G. Douglas, Banach algebra techniques in operator theory, Academic Press, 1972. [6] V. A. Fock, Konfigurationsraum und zweite Quantelung, Z. Phys. 75 (1932), 622–647. [7] P. Halmos, Two subspaces, Trans. Amer. Math. Soc. 144 (1969), 381–389. [8] V. V. Kisil, E. Ramírez de Arellano, R. Trujillo, and N. L. Vasilevski, Toeplitz operators with discontinuous presymbols on the Fock space, Reporte Interno #155, Departamento de Matemáticas, CINVESTAV del I.P.N., Mexico City, 1994.

[9] G. K. Pedersen, Measure theory for C*-algebras, II, Mat. Scand. 22 (1968), 63–74. [10] E. Ramírez de Arellano and N. L. Vasilevski, Toeplitz operators on the Fock space with presymbols discontinuous on a thick set, Reporte Interno #164, Departamento de Matemáticas, CINVESTAV del I.P.N., Mexico City, 1994.

[11] I. E. Segal, Lectures at the summer seminar on appl. math., Boulder, Colorado, 1960. [12] J. Varela, Duality of C*-algebras, Memories Amer. Math. Soc., vol. 148, 97–108, AMS, Providence, Rhode Island, 1974, pp. 97–108.

[13] N. L. Vasilevski, Banach algebras generated by two-dimensional integral operators with Bergman kernel and piece-wise continuous coefficients. I, Soviet Math. (Izv. VUZ) 30 (1986), no. 3, 14–24.

[14] N. L. Vasilevski and I. M. Spitkovsky, On the algebra generated by two projectors, Dokl. Akad. Nauk. UkSSR A (1981), no. 8, 10–13.