Integr Equat Oper Th Vol. 19 (1994) pp. 65{104

Group Convolution Operators on Standard CR{manifolds. I. Structural Properties.

N. L. Vasilevski, R. Trujillo

Right, left and two–sided group convolution operators for a class of step two nilpotent Lie groups are considered. To understand the structure of these operators the direct integral construction and symplectic changes of variables are used.

As the application to the complex analysis the simple isomorphic description of the Hardy space and of the Szegö projector associated with the type II Siegel domains is given.

Introduction

In the paper we deal with the convolution operators on R^N = R^m × C^n, endowed with the following group operation

(t_1, z_1) · (t_2, z_2) = (t_1 + t_2 + 2 Im F (z_1, z_2), z_1 + z_2), (0.1)

where (t_k, z_k) ∈ R^m × C^n, k = 1, 2, and F (z_1, z_2) is some Hermitian form defined on C^n and valued in C^m.

Let us denote by H_F the space R^m × C^n with the operation (0.1). It is known (see, for instance, [20, 28]) that H_F is a step two nilpotent Lie group and its (two-sided) Haar measure coincides with the Lebesque measure on R^N . For m = 1 and F (z_1, z_2) = z_1 · z_2 H_F is just the Heisenberg group.

Objects of this kind appear naturally in complex analysis. Let us consider the so–called standard CR–manifold M which is selected in C^{m+n} by the rule

M = {(w, z) ∈ C^m × C^n : Im w − F (z, z) = 0}. (0.2)

The mapping κ_0 : (t, z) ∈ R^m × C^n −→ (t + iF (z, z), z) ∈ M identifies R^m × C^n with the CR-manifold M. If, in addition, the form F is nondegenerate then the manifold (0.2) coincides with the distinguished boundary of the following type II Siegel domain (see [9, 21]) D = {(w, z) ∈ C^m × C^n : Im w − F (z, z) ∈ V }, where a convex pointed cone V (⊂ R^m) is the cone of values of the form F, i.e.

V = {t ∈ R^m : t = F (z, z) for some z ∈ C^n}.

The group of the biholomorphic automorphisms of the domain D [9, 21] of the form ω_{(a,c)} : (w, z) −→ (w + a + 2iF (z, c) + iF (c, c), z + c), for all (a, c) ∈ R^m × C^n, preserves the distinguished boundary M and allots it with the Lie groups structure. If we transfer this structure from M to R^m × C^n with the help of the mapping κ_0 we obtain the operation (0.1) exactly.

The noncommutativity of the operation (0.1) induces (in contrast to the standard summation operation in R^N ) the existence of two shift operators: the right and the left shift operators are defined on L_2(H_F ) by the rule

(π_r(g)φ)(h) = φ(hg), (0.3)

(π_l(g)φ)(h) = φ(g^{−1}h). (0.4)

Integrating these shift operators with some kernel functions we obtain the right and the left group convolution operators

B = (2π)^{− N2} ∫ H F b(g) π_r(g) dg, (0.5)

C = (2π)^{− N2} ∫ H F c(g) π_l(g) dg. (0.6) The investigation of group convolution operators on H_F and pseudodifferential operators connected with them has sufficiently long history by this time. We mention here the works [1, 6-8, 10, 13, 14, 16, 18-20, 22, 27, 28] only, which have extensive bibliography.

As a rule the study of the convolution operators has been based on the use of the group Fourier transformation and that is why it has necessarily exploited the description of the irreducible representations the group H_F .

Note, that the using of the Fourier transformation allows to consider the one (“right” or “left”) case of shift and of convolution operators only.

The method of the investigation in this paper is based on another idea and allows to study the operators (0.5) and (0.6) simultaneously. Moreover it turns out to be useful to consider the two–sided convolution operator K = (2π)^{−N} ∫ H F ×H F k(g_1, g_2) π_r(g_1) π_l (g_2) dg_1 dg_2. (0.7)

The operators (0.3) and (0.4) are mutually commuting thus they may be written in (0.7) in an arbitrary order.

The main idea of the investigation as follows. The operators (0.5), (0.6) and (0.7) commute with the (left) shift operator π_l(t, 0) on elements g = (t, 0) of the center of H_F . Thus they commute also with all elements of the von Neumann algebra A generated by these shift operators π_l. Thus these convolution operators belong to the commutant

A^′ = F^{−1}L∞(R^n)F ⊗ B(L2(C^n))

of the algebra A. Here B(X) is an algebra of all bounded linear operators acting on a Hilbert space X. Thus all of them have the form

(F^{−1} ⊗ I)(I ⊗ K(λ))(F ⊗ I) (0.8)

for some essentially bounded measurable operator–function

K(·) : R^m −→ B(L_2(C^n)).

And in fact we come to the investigation of operators K(λ) acting on the space L_2(C^n). Selecting then the appropriate symplectic change of variables in T^∗(C^n) it is possible to reduce the operators K(λ) to a simple canonical form.

The paper is organized in the following way: Section 1 contains all (mainly known) facts being necessary later on and describing the structure of the standard CR-manifolds.

In Section 2 the two–sided group convolution operators (0.7) with L_1-kernels are considered. The representation (0.8) is justified with the help of the direct integral construction. The formulas for the Weyl symbols of the operators K(λ) and K are given.

Section 3 contains the reduction of K(λ) to some simple canonical form. In Section 4 the boundedness on L_2(H_F ) of the group convolution operators is proved. The results of this Section extend the known ones (see, for example, [2, 13, 14] ) onto the case of the noncontinuous Fourier image of the convolution operator kernel with respect to the “real” variable λ ∈ R^m.

Section 5 contains some applications to the complex analysis. We give here the simple and more evident than, for example, in [9, 17, 20] isomorphic description of the Hardy space and of the Szegö projector associated with the type II Siegel domains.

Some results of this paper were announced in [30-32].

1 Standard CR–manifolds 1.1 Let us denote by M(⊂ C^N ) the standard Cauchy–Riemann manifold *) of the following form M = {(w, z) ∈ C^m × C^n : Im w − F (z, z) = 0}, (1.1)

where N = m + n, F is a C^m–valued Hermitian form in C^n.

The notation ~z = (w, z) = (t, s, x, y) will be used for the points of the space C^N = C^m × C^n = R^{2m} × R^{2n}.

Denote by T (C^N ) and by T^∗(C^N ) the tangent and the cotangent bundles over C^N . As usual we take the system { ∂ ∂t_v , ∂ ∂s_v , ∂ ∂x_j , ∂ ∂y_j } ({dt_ν, ds_ν, dx_j, dy_j}), ν = 1, m, j = 1, n, *) For references see, for instance, [29].

for the orthonormalized basis in fibres of the bundle T (C^N ) (T^∗(C^N )). The existence of the complex structure in fibres of T (C^N ) is displayed in the existence of an automorphism

J : T (C^N ) −→ T (C^N ), J^2 = −id,

which continues the operator of multiplication by i onto fibres of T (C^n).

The operator J acts on the basis vectors by the rule J ( ∂ ∂s ) = − ∂ ∂t , J ( ∂ ∂t ) = ∂ ∂s , J ( ∂ ∂y ) = − ∂ ∂x , J ( ∂ ∂x ) = ∂ ∂y . Then the adjoint operator J^∗ acts on the dual basis by the rule J^∗(ds) = dt, J^∗(dt) = −ds, J^∗(dy) = dx, J^∗(dx) = −dy. The imbedding of the manifold M into C^N generates an injection

in: T (M) −→ T (C^N )|_M .

We will identify T (M) with its image in T (C^N )|_M . The adjoint morphism

in* : T (C^N )|_M −→ T^∗(M)

is a surjection. Its kernel coincides with the conormal bundle N^∗(M) of the manifold M. Thus a vector field X of the bundle T (C^N )|_M belongs to Γ(T (M)) if and only if Θ(X) = 0 for all forms Θ ∈ Γ(N^∗(M)).

There exists a maximal subbundle of T (M) among all subbundles which are invariant under the action of the operator J. This subbundle is called a complex tangent bundle of M and is denoted by T C (M). We have

T C (M) = T (M)^⋂ JT (M) = {^⋂ ker Θ : Θ ∈ Γ(N ∗(M) + J ∗N ∗(M))}.

Recall that each smooth section X of the bundle T (M) generates an operator (which we will denote by the same letter) acting on the space C^∞(M) by the rule: (Xf)(~z) is the derivative of f ∈ C^∞(M) along the direction X(~z), ~z ∈ M.

The operator J has a complex spectrum (sp J = {±i}), therefore it is appropriate to pass to the complexification T C (M)⊗R C of the bundle T C (M). The bundle T C (M)⊗R C is decomposed into the direct sum T^{(1,0)} ⊕ T^{(0,1)} of its “holomorphic” and “antiholomorphic parts, where

T^{(1,0)}(M) = {X − iJX : X ∈ T C (M)}, T^{(0,1)}(M) = {X + iJX : X ∈ T C (M)}. (1.2)

In this context the operator J acts invariantly on the space of sections of each subbundle (1.2) and is reduced there to the multiplication (by i and −i respectively) operator.

Finally a function f ∈ C^∞(M) is called a CR–function if Xf = 0 for all X ∈ Γ(T^{(0,1)}(M)).

1.2 The geometry of the standard CR–manifold M (1.1) is closely connected with the vector Hermitian form F .

The set V (F ) = {t ∈ R^m : t = F (z, z), z ∈ C^n} is a cone, obviously. Denote by E(F ) the vector subspace in R^m generated by the cone V (F ) (we will write E and V later on).

The decomposition R^m = E ⊕ E^⊥ generates the representation of M in the direct product form M = M_0 × M_1, where

M_0 = {w_0 ∈ E^⊥ ⊗R C : Im w_0 = 0}, M_1 = {(w_1, z) ∈ (E ⊗R C ) × C^n : Im w_1 − F (z, z) = 0}.

The manifold M_1 is a standard CR–manifold with smaller dimension (if M_0 ≠ {0}), and M_0 is a completely real manifold. Further we will assume that coordinates in C^m are compatible with the decomposition

C^m = R^m ⊗R C = (E ⊗R C ) ⊕ (E^⊥ ⊗R C ).

Let (F_1, F_2, . . . , F_m) be the coordinate notation of the vector form F . Here F_ν , ν = 1, m, are the scalar Hermitian forms in C^n and thus they have the form

F_ν(z_1, z_2) = z^′_1F_νz_2, ν = 1, m. (1.3)

As usual a form and a corresponding matrix are denoted by the same letter. From (1.3) we have ∂F_ν ∂z_j = e^′_jF_νz = F_ν (e_j, z) = F_ν(z, e_j), ∂F_ν ∂z_j = z^′F_νe_j = F_ν (z, e_j), ∂^2F_ν(z, z) ∂z_j ∂z_k = F_ν(e_j, e_k),

where e_j = (0, . . . , 0, 1_jth place , 0, . . . , 0) ∈ R^n.

Then ∂F_ν (z, z) ∂x_j = ( ∂ ∂z_j + ∂ ∂z_j ) F_ν(z, z) = 2 Re F_ν (z, e_j), (1.4) ∂F_ν (z, z) ∂y_j = 1 i ( ∂ ∂z_j − ∂ ∂z_j ) F_ν (z, z) = 2 Im F_ν (z, e_j). (1.5)

Now let λ ∈ R^m. Denote by L(λ) the following Hermitian form

L(λ)(z_1, z_2) = λ · F (z_1, z_2) = m∑ ν=1 λ_ν · F_ν(z_1, z_2). (1.6)

It can be shown that L(λ) coincides with the Levi form of the manifold M along the direction λ. This form will play an important role further.

1.3 Rewrite the definition of the manifold M in the form M = {~z ∈ C^N ; r(~z) = 0}, where r(~z) = (r_1, . . . , r_m) and r_ν = Im w_ν − F_ν(z, z), ν = 1, m.

The conormal bundle N^∗(M) of the manifold M is generated by the vector form dr. We have dr_ν = m∑ k=1 ( ∂r_ν ∂t_k dt_k + ∂r_ν ∂s_k ds_k ) + n∑ j=1 ( ∂r_ν ∂x_j dx_j + ∂r_ν ∂y_j dy_j ) . It is easy to see that^{∂rν}_{∂tk} = 0 and^{∂rν}_{∂sk} = δ_{ν,k}, where δ_{ν,k} is the Kronecker delta. According to (1.4) and (1.5) we have dr_ν = ds_ν − 2 n∑ j=1 {Re F_v(z, e_j) dx_j + Im F_ν(z, e_j ) dy_j} = ds_ν − 2 Re F_ν(z, dz).

Thus dr = ds + 2 Re F (z, dz). (1.7) The equality J^∗dz = i dz implies J^∗dr = dt − 2 Re F (z, idz) = dt + 2 Re iF (z, dz) = dt − 2 Im F (z, dz). (1.8) The formulas (1.7) and (1.8) show that N^∗~_z (M) ⋂ J^∗N^∗~_z (M) = {0}.

Thus the vector space N^∗~_z (M)+J^∗N^∗~_z (M) is a 2m–dimensional one and is generated by the vectors dr_v(~z) and J^∗dr_ν(~z), v = 1, m.

Set now

X^0_j =^1_2^∂_{∂xj} +^{m∑}_{v=1} (Im Fν(z, ej)^∂_{∂zν} + Re Fν (z, ej )^∂_{∂sν} ), j = 1, n. (1.9)

It is obvious that vector fields X^0_j are the smooth sections of the bundle T (C^N )|_M and the system {X^0_j }^n_{j=1} is linearly independent in each point ~z ∈ M.

Lemma 1.1 The following inclusions

X^0_j ∈ Γ(T^C (M)), j = 1, n,

hold.

The proof of the lemma is reduced to the verification of the following equalities:

dr(X^0_j ) = 0 and J^∗dr(X^0_j ) = 0.2 Let X^0 = (X^0_1, X^0_2, . . . , X^0_n), then (1.9) shows that X^0 =^1_2^∂_{∂x} − 2 Im L(^∂_{∂w} )z.

Introduce

Υ^0 = JX^0 = 1 2 ∂ ∂y − 2 Im L(i ∂ ∂w )z = 1 2 ∂ ∂y − 2 Re L( ∂ ∂w )z. Lemma 1.1 implies that the system of the vector fields {X^0_j (~z), Υ^0_j (~z)}^n_{j=1} is a basis in T C~_z (M). 1.4 Let us consider the tangential Cauchy–Riemann equation on M. It is know that a function f ∈ C^∞(M) is a CR–function if it satisfies the tangential Cauchy–Riemann equation on M, i.e. (X + iJX)f = 0 (1.10)

for all X ∈ Γ(T C (M)).

It is obvious that (1.10) must be verified for X = X^0_j , j = 1, n, only. Let

Z = X^0 + iJX^0 = X^0 + iΥ^0,

then Z = ∂ ∂z − 2 Im L( ∂ ∂w )z − 2 i Re L( ∂ ∂w )z = = ∂ ∂z − 2i L( ∂ ∂w )z = ∂ ∂z − 2i( ∂ ∂w · F )z. The similar calculations give

Z = X^0 − iΥ^0 =^∂_{∂z} + 2iL(^∂_{∂w} )z.

The following theorem holds.

Theorem 1.2 A function f ∈ C^∞(M) is a CR–function on M if and only if ∂f ∂z − 2iL( ∂f ∂w )z = 0. 1.5 The mapping κ_0 : R^m × C^n −→ M defined by the rule κ_0(t, z) = (t + iF (z, z), z) identifies the space R^m × C^n with M. Then in usual way each bundle ξ on M generates the induced bundle κ^∗_0(ξ) on R^m × C^n. Thus all bundles on M mentioned above can be transferred onto R^m × C^n. Besides each function f on M generates the function f_0 = f ∘ κ_0

on R^m × C^n f_0(t, z) = f(t + iF (z, z), z), (t, z) ∈ R^m × C^n.

It easy to see that ∂f_0 ∂x = ∂f ∂x + m∑ ν=1 ∂f ∂s_ν · ∂F_ν (z, z) ∂x = ∂f ∂x + 2 Re L( ∂f ∂s )z, ∂f_0 ∂y = ∂f ∂y + m∑ ν=1 ∂f ∂s_0 · ∂F_ν (z, z) ∂y = ∂f ∂y − 2 Im L( ∂f ∂s )z and that ∂f_0 ∂t = ∂f ∂t . Thus

κ^∗_0(X^0) = κ^∗_0 ( 1 2 ∂ ∂x − Im L( ∂ ∂t )z + Re L( ∂ ∂s z) ) = 1 2 ∂ ∂x − Im L( ∂ ∂t )z. The similar calculation gives

κ^∗_0(Υ^0) = 1 2 ∂ ∂y − Re L( ∂ ∂t )z. We will preserve the notations X^0, Υ^0, Z and Z for their images under the mapping κ^∗_0. Thus

(on R^m × C^n):

X^0 =^1_2^∂_{∂x} − Im L(^∂_{∂t})z, (1.11)

Υ^0 = 1 2 ∂ ∂y − Re L( ∂ ∂t )z, (1.12) Z = ∂ ∂z − iL( ∂ ∂t )z, (1.13) Z = ∂ ∂z + iL( ∂ ∂t )z. (1.14)

1.6 Let us consider now the case when M coincides with the distinguished boundary of a type II Siegel domain. Recall that the Siegel domain of the type II has the following form D = {(w, z) ∈ C^{m+n} : Im w − F (z, z) ∈ V }, where V is a convex pointed cone in R^m, and a nondegenerate Hermitian form F has an additional property: for all z ∈ C^n F (z, z) ∈ V .

The distinguished boundary of the domain D is the following CR–manifold B = {(w, z) ∈ C^{m+n} : Im w − F (z, z) = 0}. Thus B is a special case of the standard CR–manifolds mentioned above. It is known (see, for instance, [13, §7]) that a function f defined on the distinguished boundary admits an analytic extension into the domain D if only it f is a CR–function (i.e. satisfies the tangential Cauchy–Riemann equations).

Identify B with R^m ×C^n with the help of the mapping κ_0 : (t, z) −→ (t+iF (z, z), z). Thus the tangential Cauchy–Riemann equations have the form

Zf_0 = ( ∂ ∂z − iL( ∂ ∂t )z ) f_0 = 0, (1.15)

where f_0(t, z) = f(t + iF (z, z), z).

Consider the space L_2(R^m × C^n) and its subspace H^2(R^m × C^n) which is a closure in L_2(R^m × C^n) of a linear vector space of the functions satisfying the equations (1.15). The operator F_I = F_t ⊗I of the partial Fourier transformation with respect to the variable t gives an isometric isomorphism of the space L_2(R^m × C^n) under which the space H^2(R^m × C^n) turns into a definite space H^2_1 .

The space H^2_1 is a closure in L_2(R^m × C^n) of a linear vector space of the functions ~f(λ, z) satisfying the following equations F_I ZF^{−1}_I ~f = ( ∂ ∂z + L(λ)z ) ~f = 0. Introduce the space L_2(R^m × C^n, dμ_n) with the measure dμ_n = e^{−2λ·F (z,z)} d Re z d Im z dλ, and the isometric isomorphism

ν_1 : L_2(R^m × C^n) −→ L_2(R^m × C^n, dμ_n)

defined by the rule ν_1( ~f) = ~fe^{λ·F (z,z)} = ~fe^{z′ L(λ)z} = φ(λ, z). Using the equality z^′ L(λ)z = (L(λ)z) · z we get ∂φ ∂z = ∂ ~f ∂z e^{z′ L(λ)z} + ~f L(λ) · ze^{z′ L(λ)z} = e^{z′ L(λ)z} ( ∂ ∂z + L(λ)z ) ~f. Thus ~f ∈ H^2_1 if and only if ~f ∈ L_2(R^m × C^n) and the function φ(λ, z) = ~fe^{λ·F (z,z)} is an entire function with respect to z for all λ ∈ R^m. In particular it implies supp ~f(λ, z) ⊂ {(λ, z) : z ∈ C^n, λ ∈ V^∗}. And we have

Theorem 1.3 (S. Gindikin [9], A. Koranyi, E. Stein [17]). The operator v_1 ∘ F_I gives an isometric isomorphism of the space H^2(R^m × C^n) onto the space L^a_2(V^∗ × C^n) of all the functions φ(λ, t) being entire with respect to z and with the norm

‖φ‖^2 = ∫ V^∗ ∫ C^n |φ(λ, z)|^2dμ_n. A function f(w, z) ∈ H^2(R^m × C^n) is reestablished from φ(λ, z) by the rule f(w, z) = (2π)^{− m2} ∫ V^∗ e^{iλ·w}φ(λ, z) dλ. Really we have ( F^{−1}_I ∘ ν^{−1}_1 ) φ = (2π)^{− m2} ∫ V^∗ e^{iλ·t}e^{−λ·F (z,z)}φ(λ, z) dλ = = (2n)^{− m2} ∫ V^∗ e^{iλ·(t+iF (z,z))}φ(λ, z) dλ = = (2π)^{− m2} ∫ V^∗ e^{iλ·w}φ(λ, z) dλ. 2 Corollary 1.4 Let f(w, z) ∈ H^2(R^m × C^n). Then for all s ∈ V we have ∫ B |f(t + is + iF (z, z), z)|^2db ≤ ‖f‖^2_{L2(B)}. In fact f(t+is+iF (z, z), z) = (2π)^{− m2} ∫ V^∗ e^{iλ·t−λ·s}e^{−λ·F (z,z)} φ(λ, z) d λ = (2π)^{− m2} ∫ R^m e^{iλ·t−λ·s} ~f(λ, z) d λ. For all s ∈ V (and λ ∈ V^∗) we have λ · s ≥ 0 and e^{−λs} ≤ 1, thus ‖f(t + is + iF (z, z), z)‖^2 = ‖e^{−λs} ~f(λ, z)‖^2 ≤ | ~f(λ, z)‖^2 = ‖f‖^2. 2 2 Group convolution operators with L_1–kernels 2.1 It is known (see, for instance, [29]) that standard CR–manifolds (1.1) are homogeneous. The group of affine transformations of the form ω_{(a,b)} : (w, z) −→ (w + a + 2iF (z, b) + iF (b, b), z + b), where (a, b) ∈ R^m × C^n, acts transitively on the manifold M M = {(w, z) ∈ C^m × C^n : Im w − F (z, z) = 0}.

The mapping κ_0 : (t, z) −→ (t + iF (z, z), z), which identifies R^m × C^n with M, allows to transfer the described group of transformations onto R^m × C^n. The calculations show that ω_{(a,b)}(t, z) = (t + a − 2 Im F (z, b), z + b), (a, b) ∈ R^m × C^n. The identification of points (t, z) ∈ R^m × C^n with transformations ω_{(t,z)} provides the space R^m × C^n with the Lie group structure with the operation (t_1, z_1) · (t_2, z_2) = (t_1 + t_2 + 2 Im F (z_1, z_2), z_1 + z_2). (2.1)

Denote this group by H_F . Note that in the case m = 1 and when the scalar Hermitian form F is defined by the unit n × n matrix e_n, the group H_F = H_{en} coincides with the n–dimensional Heisenberg group H_n.

It is known that the group H_F is an unimodular nilpotent Lie group of step two and its (two–sided) Haar measure coincides with the Lebesgue measure in R^m × C^n = R^N , N = m + 2n.

Introduce the group convolution operators on H_F . Let π_r and π_l be the right and the left regular representations of the group H_F on L_2(H_F ), respectively. The operators π_r(g) and π_l(g), for g ∈ H_F , have the following form (π_r(g)f)(h) = f(hg), (π_l(g)f)(h) = f(g^{−1}h). As usual the representations π_r and π_l are extended up to the representations of the group algebra of H_F . In particular the right and the left group convolution operators which correspond to the functions b, c ∈ L_1(H_F ) have the following form

B = π_r(b) = (2π)^{− N2} ∫ H F b(g) π_r(g) dg, (2.2)

C = π_l(c) = (2π)^{− N2} ∫ H F c(g) π_l(g) dg. (2.3) Parallel with “one–sided” group convolution operators introduce the “two–sided” group convolution operator, i.e. for a function k ∈ L_1(H_F × H_F ) define K = (2π)^{−N} ∫ H F ×H F k(g_1, g_2) π_r(g_1) π_l(g_2) dg_1 dg_2. (2.4)

Note, that the operators π_r(g_1) and π_l(g_2) are mutually commuting, thus they may be written in (2.4) in an arbitrary order. Note also, that putting in (2.4), for instance, k(g_1, g_2) = (2π)^{− m}2 b(g_1) · δ(g_2), where δ is the Dirac δ–function, we obtain (2.2).

The operators of the right and of the left regular representations admit simple decompositions. In fact, let g = (τ, w) = (τ, u, v), where τ ∈ R^m, w ∈ C^n, u, v ∈ R^n. Introduce the operators (π^′_gφ)(t, z) = φ(t + 2 Im F (z, w), z), (π^{′′}_g φ)(t, z) = φ(t + τ, z + w). Then we have π_r(g) = π^′_g · π^{′′}_g , π_l(g) = π^′_g · π^{′′}_{−g}, (2.5) and the operators π^′_g and π^{′′}_g are mutually commuting.

Now introduce the (unbounded on L_2) operators T = 1 i · ∂ ∂t , D_x = 1 i · ∂ ∂x , D_y = 1 i · ∂ ∂y .

Then it is obvious that

π^′_g = e^{2i Im F (z,w)·T} , π^{′′}_g = e^{i(τ·T +u·Dx+v·Dy)}, (2.6) π^{′′}_{−g} = e^{−i(τ·T +u·Dx+v·Dy)}. The formulas (2.6) together with (2.5) allow to represent the right and the left group shift operators in the terms of the exponential of vector fields.

Remind (see, for instance, [10]) that the Campbell–Hausdorff formula establishes in the algebra of the formal power series of two non–commutative variables X and Y the following equality:

e^X · e^Y = e^{A(X,Y )}, (2.7) where A(X, Y ) = X + Y +^1_2 [X, Y ] +^1_{12} [X, [X, Y ]] +^1_{12} [Y, [X, Y ]] + . . . .

Thus taking into account the directly verifiable equality [2i Im F (z, w) · T, i(τ · T + u · D_x + v · D_y)] = 0 we have π_r(g) = e^{i[(τ+2 Im F (z,w))·T +u·Dx +v·Dy ]}, (2.8) π_l(g) = e^{−i[(τ−2 Im F (z,w))·T +u·Dx +v·Dy ]}, (2.9) where w = u + iv ∈ C^n, τ ∈ R^m, g = (τ, w).

Let us transform the representations (2.8) and (2.9). From Im F (z, w) = Im (F (z, u) − i F (z, v)) = Im F (z, u) − Re F (z, v) it follows that

2 Im F (z, w) · T = 2 i · Im z^′ L( ∂ ∂t )u − 2 i · Re z^′ L( ∂ ∂t )v = = 2 i u · Im ( L( ∂ ∂t )^′ z ) − 2 i v · Re ( L( ∂ ∂t )^′ z ) = = − 2 i u · Im ( L( ∂ ∂t )z ) − 2 i v · Re ( L( ∂ ∂t )z ) , here, as in Section 1, L(λ) = λ · F .

Let us introduce now vector fields

X^′_r =^1_i ( 1 2 · ∂ ∂x − Im ( L( ∂ ∂t )z )) , Υ^′_r = 1 i ( 1 2 · ∂ ∂y − Re ( L( ∂ ∂y )z )) , X^′_l =^1_i ( 1 2 · ∂ ∂x + Im ( L( ∂ ∂t )z )) , Υ^′_l = 1 i ( 1 2 ∂ ∂y + Re ( L( ∂ ∂t )z )) .

Then it is easy to see that the expressions (2.8) and (2.9) obtain the following form π_r(g) = e^{i(τ·T +2u·}X ′ r+2v·Υ^′_r), (2.10) π_l(g) = e^{−i(τ·T +2u·}X ′ l +2v·Υ^′_l ). (2.11)

Remark 2.1 The vector fields X^′_r and Υ^′_r up to the constant^1_i coincide with the basis {X^0, Υ^0} of the complex cotangent bundle of a manifold M (see (1.11), (1,12) ).

Let us substitute now (2.10) and (2.11) in (2.4), with the help of Campbell– Hausdorff formula we obtain K = (2π)^{−N} ∫ R^{2N}

k(τ_1, u_1, v_1, τ_2, u_2, v_2) · · e^{i[(τ1−τ2)·T +2u1·}X^{′r−2u2·}X ′ l+2v_1·Υ^′_r−2v_2·Υ^′_l]dτ

1 du_1 dv_1 dτ_2 du_2 dv_2. (2.12) 2.2 Let us consider now one general construction based on the notion of the direct integral (for references see, for instance, [23, 25]).

Let R^N = R^m × R^l, denote by (t, x) and (λ, ξ) the so–called direct and dual coor-

dinates in R^N . For t_0 ∈ R^m introduce a shift operator (τ_{t0} φ)(t) = φ(t − to), acting on the space L_2(R^m). On the space L_2(R^N ) = L_2(R^m) ⊗ L_2(R^l) let us introduce an operator V_{t0} = τ_{t0} ⊗ I.

Lemma 2.2. Let K ∈ B(L_2(R^N )) be an operator commuting with all the operators V_{t0} , for t_0 ∈ R^m. Then:

1. K ∈ (F^{−1} ⊗ I)(L_∞(R^m) ⊗ B(L_2(R^l)))(F ⊗ I);

2. there exists an essentially bounded measurable operator–function K(·) : λ ∈ R^m −→ K(λ) ∈ B(L_2(R^l)), which is determined by the operator K with respect to a zero–measure set and which determines the following operator acting on the space L_2(R^N ) = L_2(R^m) ⊗ L_2(R^l): ~Kf(λ, x) = (I ⊗ K(λ))f(λ, x); 3. K = (F^{−1} ⊗ I)~K(F ⊗ I); 4. ‖K‖ = ess − sup_{λ∈}R^m ‖K(λ)‖. Really if the operator K commutes with all operators of the form V_{t0} then it commutes with all elements of the von Neumann algebra A generated by them. And thus K ∈ A^′ . Hörmander results [11] imply

A = F^{−1}L∞(R^m)F ⊗ C · I.

Then (see [5; A. 18], [21; 3.2])

A^′ = F^{−1}L∞(R^m)F ⊗ B(L2(R^l)) = (F^{−1} ⊗ I)(L∞(R^m) ⊗ B(L2(R^l)))(F ⊗ I).

Thus the first part of the lemma has been proved. The other statements of the lemma are obtained by the application to the operator ~K = (F ⊗ I)K(F^{−1} ⊗ I) of the results from [25; Ch. IV, §7]. 2

Remark 2.3 The values of an operator–function K(λ) almost everywhere in R^m are obtained by applying the partial Fourier transformation with respect to t (t → λ) and by fixing then the value of λ i.e. I ⊗ K(λ) = ((F ⊗ I)K(F^{−1} ⊗ I))(λ). Remark 2.4 Let Z ⊂ H_F be the following set:

Z = {(t, z) ∈ H_F : z = 0}.

It is easy to see that Z coincides with the center of the group H_F . Thus the operators of the form π_l (g_0), g_0 ∈ Z, commute with both the right and the left shift operators. And then they commute with bounded on L_2(H_F ) = L_2(R^N ) right, left and two–sided convolution operators.

is easy to see also that for g_0 = (t_0, 0) ∈ Z we have

(π_l(g_0)f)(t, z) = f(t − t_0, z) = V_{t0} f,

here H_F = R^N = R^m × C^n = R^m × R^{2n}. Thus bounded on the space L_2(H_F ) = L_2(R^m) ⊗ L_2(R^{2n}) the right, the left and the two–sided convolution operators satisfy the conditions of Lemma 2.2.

Let us describe now the operators K(λ) for the two–sided convolution operator (2.4) or (2.12).

Introduce the operators

Xr = FI X^′_rF^{−1}_I =^1_2Dx − Im (L(λ)z),

Υ_r = F_I Υ^′_rF^{−1}_I = 1 2 D_y − Re (L(λ)z), Xl = FI X^′_lF^{−1}_I =^1_2Dx + Im (L(λ)z),

Υ_l = F_I Υ^′_lF^{−1}_I = 1 2 D_y + Re (L(λ)z),

where F_I = F ⊗I is a partial Fourier transformation with respect to t. And let X_r(λ) (X_l(λ), Υ_r(λ), Υ_l(λ), respectively) be the (unbounded) operator on L_2(R^{2n}) obtained from X_r(X_l, Υ_r, Υ_l) by fixing a value λ ∈ R^m.

If there will be no any confusion we will write just X_r (instead of X_r(λ)). From (2.12) we have K(λ) = (2π)^{−N} ∫ R^{2N}

k(τ_1, u_1, v_1; τ_2, u_2, v_2)· ·e^{i[(τ1−τ2)·λ+2u1·}X^{r−2u2·}X^{l+2v1·Υr−2v2·Υl]}dτ_1 du_1 dv_1 dτ_2 du_2 dv_2, or after the applying of the Fourier transformation

K(λ) = (2π)^{−2n} ∫ R^{4n}

k̂_I (−λ, u_1, v_1; λ, u_2, v_2) · e^{2i(u}1^·Xr^{−u}2^·Xl^{+v}1^{·Υ}r^{−v}2^{·Υ}l^)du_1 dv_1 du_2 dv_2, (2.13) where k̂_I is the Fourier transform of the function k with respect to the variables τ_1 and τ_2. Let us recall that the operator K(λ) acts on the space L_2(R^{2n}).

We will calculate now the Weyl symbol (see, for instance, [12, 24]) of the operator K(λ). Let us introduce the 2n × 2n matrix Λ(λ) = ( Im L(λ) −Re L(λ) Re L(λ) Im L(λ) ) . Note that the matrix Λ(λ) is skew–symmetric and homogeneous of the first order with respect to λ, in particular, Λ(λ) = |λ| · Λ ( λ |λ| ) . Let us introduce the following vectors in R^{2n} ~x = (x, y), ~ξ = (ξ, η), p = (u_1, v_1), q = (u_2, v_2), and let

~X− =^~X−(λ) = (Xr(λ), Υr(λ)), ~X+ =^~X+(λ) = (Xl(λ), Υl(λ)).

The direct verification shows that

~X± =^1_2D_{~x} ± Λ(λ) ~x (2.14)

and that

2i(u_1 · X_r − u_2 · X_l + v_1 · Υ_r − v_2 · Υ_l) = i((p − q) · D~_x − 2(p + q) · Λ~x). Then the operator (2.13) takes the form

K(λ) = (2π)^{−2n} ∫ R^{4n} k̂_I (−λ, p, λ, q)e^{−2i(p+q)·Λ}~^{x+i(p−q)·D}~^xdp dq. (2.15)

With the help of skew–symmetry of Λ(λ) let us calculate the commutator [−2i(p+q)·Λ~x, i(p−q)·D ~x] = −2[(p−q)·D~_x, Λ^′(p+q)· ~x] = i2(p−q)·Λ^′(p+q) = −4ip·Λq. From the Campbell–Hausdorff formula and with regard to the scalarness of the commutator we have ( e^{−2i(p+q)·Λ}~^{x+i(p−q)·D}~x φ ) (~x) = = ( e^{−2i(p+q)·Λ}~^x · e^{i(p−q)·D}~x · e^{2ip·Λq} ·φ) (~x) = e^{−2i(p+q)·Λ}~^{x+2ip·Λq}φ(~x + p − q). (2.16) From the obvious equality (2π)^n ∫ R^{2n} e^i~^{x·}~^ξφ̂( ~ξ − ~h) d ~ξ = e^i~^{x·}~^hφ(~x), where φ̂ is a Fourier transform of φ, it follows that (2π)^{−n} ∫ R^{2n} e^{i(}~^{x+p−q) ·}~^ξφ̂( ~ξ − Λ(p + q)) d ~ξ = e^i~^{x·Λ(p+q)+i(p−q)Λ(p+q)}φ(~x + p − q) = = e^{−i(p+q)·Λ}~^{x+2ip· Λq}φ(~x + p − q). (2.17) Substituting (2.17) into (2.16) we obtain e^{−2i(p+q)·Λ}~^{x+2ip·Λq}φ(~x + p − q) = = e^{−i(p+q)·Λ}~^x · (2π)^{−n} ∫ R^{4n} e^{−i(}~^{x+p−q)·}~^ξφ̂( ~ξ − Λ(p + q)) d ~ξ = = e^{i(p+q)·Λ}~^x(2π)^{−2n} ∫ R^{4n} e^{i(}~^{x+p−q)·}~^ξ · e^−~^{y·(}~^{ξ−Λ(p+q))}φ(~y) d~y d ~ξ = = (2π)^{−2n} ∫ R^{4n} e^{−ip·(−}~^{ξ+Λ(}~^{x+}~^{y))−iq·(}~^{ξ+Λ(}~^{x+}~^{y))}e^{i(}~^{x−}~^{y)·}~^ξφ(~y) d~y d ~ξ. Finally substituting this formula in (2.16) and computing the Fourier transformation with respect to p and q we obtain (K(λ)φ)(~x) = (2π)^{−2n} ∫ R^{4n} k̂(−λ, − ~ξ + 2Λ ( ~x + ~y 2 ) , λ, ~ξ + 2Λ ( ~x + ~y 2 ) ) · e^{i(}~^{x−}~^{y)·}~^ξφ(~y) d~y d ~ξ. (2.18) Thus K(λ) is a pseudodifferential operator with the following Weyl symbol ω_{K(λ)}(~x, ~ξ), = k̂(−λ, − ~ξ + 2Λ(λ)~x; λ, ~ξ + 2Λ(λ)~x), (2.19) where k̂ is the Fourier transform of the kernel k of the two–sided convolution operator (2.4).

The Weyl symbols of the operators ~X_± = ~X_±(λ) (see (2.14) ) have the form ω ~X±^{(~x, ~ξ) = 1}2^{~ξ ± Λ(λ)~x.} Thus the following theorem holds.

Theorem 2.5 The Weyl symbol of the operator (2.13) has the form ω_{K(λ)}(~x, ~ξ) = k̂(−λ, −2ω ~X_− ; λ, 2ω ~X_+ ), (2.20) where ω ~_{X±}(~x, ~ξ) = − 1 2 ~ξ ± Λ(λ)~x are the Weyl symbols of the operators

~X− = (Xr, Υr),^~X+ = (Xl, Υl).

Corollary 2.6 The Weyl symbols of the operators B(λ) and C(λ) (corresponding to the right (2.2) and the left (2.3) convolution operators on H_F ) have the forms ω_{B(λ)}(~x, ~ξ) = b̂(−λ, −2ω ~X_− ), ω_{C(λ)}(~x, ~ξ) = ĉ(λ, 2ω ~X_+ ). Or returning to original coordinates ω_{B(λ)}(x, y, ξ, η) = b̂(−λ, −ξ + 2Im (L(λ)z), −η + 2Re (L(λ)z)), ω_{C(λ)}(x, y, ξ, η) = ĉ(λ, ξ + 2Im (L(λ)z), η + 2Re (L(λ)z)), where z = x + iy.

Note that Lemma 2.2 and the formula (2.18) allow to obtain the representation of the initial two-sided convolution operator (2.4). We have (Kf)(t, ~x) = (2π)^{−N} ∫ R^{2N} e^{i(}~^{x−}~^{y)·}~^ξ · e^{i(t−τ)·λ} · ω_{K(λ)}( 1 2 (~x + ~y), ~ξ)f(τ, ~y) dτ d~y dλ d ~ξ. Thus

Corollary 2.7 In the coordinates (t, ~x) = (t, x, y) and (λ, ~ξ) = (λ, ξ, η) the two– sided convolution operator K is a pseudodifferential operator on L_2(R^N ) with the following Weyl symbol ω_K(t, ~x, λ, ~ξ) = ω_{K(λ)}(~x, ~ξ) = = k̂(−λ, − ~ξ + 2Λ(λ)~x, λ, ~ξ + 2Λ(λ)~x) = = k̂(−λ, −ξ + 2 Im (L(λ)z), −η + 2 Re (L(λ)z), λ, ξ + 2 Im (L(λ)z), η + + 2 Re (L(λ)z)).

Corollary 2.8 The Weyl symbols of the right (2.2) and the left (2.3) convolution operators have the following form ω_B = ω_{B(λ)}(~x, ~ξ) = b̂(−λ, − ~ξ + 2Λ(λ)~x) = = b̂(−λ, −ξ + 2 Im (L(λ)z), −η + 2Re (L(λ)z)), ω_C = ω_{C(λ)}(~x, ~ξ) = ĉ(λ, ~ξ + 2Λ(λ)~x) = = ĉ(λ, ξ + 2 Im (L(λ)z), η + 2 Re (L(λ)z)).

3 The structure of operators K(λ) 3.1 Let a point λ ∈ R^m \ {0} be fixed. And let (K(λ)φ)(~x) = (2π)^{−2n} ∫ R^{4n} e^{i(}~^{x−}~^{y)·}~^ξω_{K(λ)}( 1 2 (~x + ~y), ~ξ) φ(~y) d~y d ~ξ (3.1) be a bounded on L_2(R^{2n}) = L_2(C^n) operator with the Weyl symbol (see (2.19)) ω_{K(λ)}(~x, ~ξ) = k̂(−λ, − ~ξ + 2Λ(λ)~x; λ, ~ξ + 2Λ(λ)~x), (3.2) or (in the complex form) ω_{K(λ)}(z, ζ) = k̂(−λ, 2i( 1 2 iζ + L(λ)z); λ, 2i(− 1 2 iζ + L(λ)z)), where z = x + iy, ζ = ξ + iη ∈ C^n for ~x = (x, y), ~ξ = (ξ, η) ∈ R^{2n}.

Let us introduce (unbounded on L_2(C^n)) operators Z_r = Z_r(λ) =^∂_{∂z} + L(λ)z and Z_l = Z_l(λ) = −^∂_{∂z} + L(λ)z, then we have ω_{Zr} = ω_{Zr(λ)}(z, ζ) = 1 2 iζ + L(λ)z, ω_{Zl} = ω_{Zl(λ)}(z, ζ) = − 1 2 iζ + L(λ)z. And thus ω_{K(λ)}(z, ζ) = k̂(−λ, 2i ω_{Zr(λ)}(z, ζ); λ, 2i ω_{Zl(λ)}(z, ζ)). (3.3) Let U = U_1 + iU_2 be a unitary matrix. In the space T^∗(C^n) = T^∗(R^{2n}) let us carry out the following symplectic change of variables x = U^′_1x_1 − U^′_2y_1, y = U^′_2x_1 + U^′_1y_1, ξ = U^′_1ξ_1 − U^′_2η_1, η = U^′_2ξ_1 + U^′_1η_1, or in the complex form of notation z = U^′z_1, ζ = U^′ζ_1.

The operator (ν_1φ)(z_1) = φ(U^′z_1) : L_2(C^n) → L_2(C^n) realizes this change of variables. It is easy to see that ν_1 ∘ Z_r ∘ ν^{−1}_1 = U^′Z^1_r , ν_1 ∘ Z_l ∘ ν^{−1}_1 = U^′Z^1_l , where Z^1_r = ∂ ∂z_1 + L_1(λ)z_1, Z^1_l = − ∂ ∂z_1 + L_1(λ)z_1, L_1(λ) = U L(λ) U^∗.

Really, let us calculate on the level of Weyl symbols ω_{Zr} = 1 2 iζ + L(λ)z = 1 2 iU^′ζ_1 + L(λ)U^′z_1 =

= U^′ ( 1 2 iζ_1 + U L(λ) U^∗z_1 ) = U^′ ( 1 2 iζ_1 + U L(λ) U^∗z_1 ) = = ω_{ν1∘Zr∘ν}−1_1 = U^′ω_Z1_r .

The similar calculation can be done for ω_{Zl} . Then the Weyl symbol of the operator

K_1(λ) = ν_1 ∘ K(λ) ∘ ν^{−1}_1

is calculated by the formula

ω_{K1(λ)}(z_1, ζ_1) = k̂(−λ, 2iU^′ω_Z1_r (z_1, ζ_1); λ, 2iU^′ω_Z1_l (z_1, ζ_1)). (3.4) The Hermitian matrix L(λ) is homogeneous of the first order, thus L(λ) = |λ| · L ( λ |λ| ) . The matrix L(λ) can be reduced with the help of some unitary matrix U = U ( λ |λ| ) to a diagonal form

U( λ |λ| ) L( λ |λ| ) U( λ |λ| )^∗ = E( λ |λ| ) = E = diag ε^2_1, . . . , ε^2_{p,} − ε^2_{p+1}, . . . , −ε^2_{n−k,} 0, . . . , 0 k .

For this matrix U = U(^λ_{|λ|} ) we have

Z^1_r = ∂ ∂z_1 + |λ|E( λ |λ| )z_1, Z^1_l = − ∂ ∂z_1 + |λ|E( λ |λ| )z_1,

and thus (3.4) takes the form

ω_{K1(λ)}(z_1, ζ_1) = k̂(−λ, 2iU^′( 1 2 iζ_1 + |λ|E( λ |λ| )z_1); λ, 2iU^′(− 1 2 iζ_1 + |λ|E( λ |λ| )z_1)).

Let us introduce the following symplectic in T^∗(C^n) = T^∗(R^{2n}) change of variables:

for j = 1, p

x_j = − 1 2 √ |λ|ε_j η_{1,j} + √ |λ|ε_jx_{1,j}, y_j = 1 2 √ |λ|ε_j η_{1,j} + √ |λ|ε_jx_{1,j}, ξ_j = 1 2 √ |λ|ε_j ξ_{1,j} + √ |λ|ε_jy_{1,j}, η_j = 1 2 √ |λ|ε_j ξ_{1,j} − √ |λ|ε_jy_{1,j}, for j = p + 1, n − k

x_j = − 1 2 √ |λ|ε_j η_{1,j} − √ |λ|ε_jx_{1,j}, y_j = 1 2 √ |λ|ε_j η_{1,j} − √ |λ|ε_jx_{1,j}, ξ_j = − 1 2 √ |λ|ε_j ξ_{1,j} + √ |λ|ε_jy_{1,j}, η_j = − 1 2 √ |λ|ε_j ξ_{1,j} − √ |λ|ε_jy_{1,j},

for j = n − k + 1, n

x_j = 1 2 √ |λ| ξ_{1,j}, y_j = 1 2 √ |λ| η_{1,j},

ξ_j = −2 √ |λ|x_{1,j}, η_j = −2 √ |λ|y_{1,j}. The formulas of inverse change have the form:

for j = 1, p

x_{1,j} = 1 2 √ |λ|ε_j (x_i + y_i), y_{1,j} = 1 2 √ |λ|ε_j (ξ_j − η_j), ξ_{1,j} = √ |λ|ε_j(ξ_j + η_j), η_{1,j} = √ |λ|ε_j(−x_j + y_i),

for j = p + 1, n − k x_{1,j} = − 1 2 √ |λ|ε_j (x_j + y_i), y_{1,j} = 1 2 √ |λ|ε_j (ξ_j − η_j), ξ_{1,j} = − √ |λ|ε_j(ξ_j + η_j), η_{1,j} = √ |λ|ε_j(−x_i + y_i), for j = n − k + 1, n x_{1,j} = − 1 2 √ |λ| ξ_i, y_{1,j} = − 1 2 √ |λ| η_i,

ξ_{1,j} = 2 √ |λ|x_j, η_{1,j} = 2 √ |λ|y_j. Let ν_2 be an (unitary) operator which realizes the above mentioned symplectic change of variables. The direct calculations show that the components of the operators Z^{(2)}_r = ν_2 ∘ Z^1_r ∘ ν^{−1}_2 , Z^{(2)}_l = ν_2 ∘ Z^1_l ∘ ν^{−1}_2 and their Weyl symbols have the following form:

Z^{(2)}_{r,j} = √ |λ|ε_j ( ∂ ∂x_j + xi ) , j = 1, p √ |λ|ε_j, ( −^∂_{∂xj} + x_j ) , j = p + 1, n − k , √ |λ|i(x_j + iy_j), j = n − k + 1, n

Z^{(2)}_{l,j} = √ |λ|ε_j ( −^∂_{∂yj} + y_j ) , j = 1, p √ |λ|ε_j ( ∂ ∂y_j + yi ) , j = p + 1, n − k , − √ |λ|i(x_j + iy_j), j = n − k + 1, n

ω_Z(2)_{r,j} = √ |λ|ε_j(iξ_j + x_j), j = 1, p √ |λ|ε_j(−iξ_j + x_j), j = p + 1, n − k , √ |λ|i(x_j + iy_j), j = n − k + 1, n

ω_Z(2)_{l,j} = √ |λ|ε_j(−iη_j + y_j), j = 1, p √ |λ|ε_j(iη_j + y_j), j = p + 1, n − k . − √ |λ|i(x_i + iy_j), j = n − k + 1, n Let z = x+iy ∈ C^n, introduce x = (x^′, x^{′′}), y = (y^′, y^{′′}) ∈ R^{n−k} ×R^k. Let us denote by ξ^′, η^′ ∈ R^{n−k} the dual coordinates for x^′ and y^′ respectively. The space L_2(C^n) = L_2(R^{2n}) can be represented as the following tensor product

L_2(C^n) = L_2(R^{n−k}) ⊗ L_2(R^{2k}) ⊗ L_2(R^{n−k}).

In this context a point

(x^′, x^{′′}, y^{′′}, y^′) ∈ R^{n−k} × R^k × R^k × R^{n−k} = R^{n−k} × R^{2k} × R^{n−k}

corresponds to the point z = x + iy ∈ C^n.

Let us introduce further n–dimensional complex vectors ẑ_r and ẑ_l with the following coordinates

ẑ_{r,j} = x_j + iξ_j = x^′_j + iξ^′_j, j = 1, p x_j − iξ_j = x^′_j − iξ^′_j, j = p + 1, n − k, x_j + iy_j = x^{′′}_{j−(n−k)} + iy^{′′}_{j−(n−k)}, j = n − k + 1, n (3.5)

ẑ_{l,j} = y_i − iη_j = y^′_j − iη^′_j, j = 1, p y_i + iη_j = y^′_j + iη^′_j, j = p + 1, n − k. x_j + iy_j = x^{′′}_{j−(n−k)} + iy^{′′}_{j−(n−k)}, j = n − k + 1, n (3.6)

Finally let us introduce n × n complex matrices

Û_r = Û_r ( λ |λ| ) = 2i U^′diag (ε_1, . . . , ε_{n−k}, i, . . . , i) (3.7)

Û_l = Û_l ( λ |λ| ) = 2i U^′diag (ε_1, . . . , ε_{n−k}, −i, . . . , −i). (3.8) It is easy to see that in these notations the Weyl symbol of the operator K_2(λ) = ν_2K_1(λ)ν^{−1}_2 has the following form

ω_{K2(λ)} = k̂ ( −λ, √ |λ|Û_r ( λ |λ| ) ẑ_r, λ, √ |λ|Û_l ( λ |λ| ) ẑ_l ) .

Thus the following theorem has been obtained. Theorem 3.1 Let λ ∈ R^m \ {0} and let K(λ) be a bounded on L_2(C^n) = L_2(R^{2n}) operator of the form (3.1) with the Weyl symbol (3.2) (see, also (3.3) ). Then there exist non-singular matrices Û_r = Û_r ( λ |λ| ) , Û_l = Û_l ( λ |λ| ) and unitary on L_2(C^n) operator ν(= ν_2 ∘ ν_1) such that the Weyl symbol of the operator ν K(λ) ν^{−1} is calculated by the formula

ω_{K2(λ)} = k̂ ( −λ, √ |λ|Û_r ( λ |λ| ) ẑ_r; λ, √ |λ|Û_l ( λ |λ| ) ẑ_l ) , where the coordinates of the n–dimensional complex vectors ẑ_r and ẑ_l are given by the formulas (3.5) and (3.6) .

Lemma 3.2 The components of the matrices Û_r(λ) and Û_l(λ) are uniformly bounded on S^{m−1}.

The statement of the lemma follows directly from the boundedness of elements of an unitary matrix U^′, the continuity of the eigen–values of the Hermitian matrix L(λ) on S^{m−1}, and from the compactness of the sphere S^{m−1}. 2

Lemma 3.3 Let B_j(λ) and C_j(λ) (j = 1, q) be bounded on L_2(C^n) = L_2(R^{2n}) operators with the following Weyl symbols ω_{Bj (λ)}(~x, ~ξ) = b̂_j(−λ, − ~ξ + 2Λ(λ)~x), ω_{Cj (λ)}(~x, ~ξ) = ĉ_j(λ, ~ξ + 2Λ(λ)~x). Then the operators B_j(λ) and C_k(λ) mutually commute and the Weyl symbol of the operator K(λ) = q∑ j=1 B_j(λ) · C_j(λ) is calculated by the formula

ω_{K(λ)} = q∑ j=1 ω_{Bj (λ)} · ω_{Cj (λ)}. The statements of the lemma are evident for the operators νB_j(λ)ν^{−1} and νC_j(λ)ν^{−1}.

Then we use the inverse changes for described symplectic changes of variables.2

4 The boundedness of convolution operators 4.1 As in the theory of pseudodifferential operators it is more convenient to define and to study the right and the left convolution operators on the group H_F in the terms of their (pseudodifferential) symbols, not in the terms of their kernels. A. Nagel and E. Stein [19] for the case of Heisenberg group and M. Taylor [27] for general step 2 nilpotent Lie groups have calculated the (pseudodifferential) symbol for convolution operators. Their constructions show that in the case of our H_F group the symbols σ_B and σ_C of the right (2.2) and the left (2.3) convolution operators have the following forms σ_B = b̂(−λ, − ~ξ + 2Λ(λ)~x) = b̂(−λ, −ξ + 2 Im (L(λ)z), −η + 2 Re (L(λ)z)), (4.1)

σ_C = ĉ(λ, ~ξ + 2Λ(λ)~x) = ĉ(λ, ξ + 2 Im (L(λ)z), η + 2 Re (L(λ)z)), (4.2) where as earlier for z = x + iy, ζ = ξ + iη ∈ C^n we put ~x = (x, y), ~ξ = (ξ, η) ∈ R^{2n}.

The some formulas have been obtained in Section 2 for Weyl symbols of the right and the left convolution operators (see Corollary 2.8). This coincidence is not accidental. The following lemma describe a class of operators for which all τ–symbols coincide.

Let us recall at first (see, for instance, [24]), that for operator (Aφ)(x) = (2π)^{−l} ∫ R^{2l} e^{i(x−y)·ξ}σ_τ ((1 − τ)x + τy, ξ) φ(y) dy dξ the function σ_τ (x, ξ) is called its τ–symbol, τ ∈ [0,1]. For τ = 0 we have a usual pseudodifferential or a left symbol, for τ =^1_2 we have a Weyl symbol.

Lemma 4.1 Let A be a bounded on L_2(R^{m+l}), m ≥ 0, operator with a symbol σ(t, x, λ, ξ) = σ_0(t, x, λ, xi) = a(ελ, εξ + Λ(λ)x) (σ(x, ξ) = a(εξ + Λx) if m = 0) , where ε = ±1, Λ = Λ(λ) is a skew-symmetric matrix, (t, x), (λ, ξ) ∈ R^m × R^l.

Then for all τ ∈ [0,1] the τ–symbol of operator A does not depend on τ and coincides with σ(t, x, λ, ξ).

In particular, the Weyl symbol (τ =^1_2 ) of the operator A coincides with its left (τ = 0) symbol.

Let us show at first that (x − y) · (η − Λ(λ)x) = (x − y)(η − Λ(λ) ((1 − τ)x + τy)). Indeed, the skew–symmetry of Λ implies (x − y) · (η − Λ(λ)x) = (x − y) · η − xΛ(λ)y, (x − y) · (η − Λ(λ)((1 − τ)x + τy)) = (x − y) · η − xΛ(λ)τy + yΛ(τ)(1 − τ)x = = (x − y) · η − xΛ(λ)y. Then (Aφ)(t, x) = (2π)^{−(m+l)} ∫ R^{2(m+l)} e^{i(t−u)·λ}e^{i(x−y)·ξ}a(ελ, εξ + Λ(λ)x) φ(u, y) du dy dλ dξ = = (2π)^{−(m+l)} ∫ R^{2(m+l)} e^{i(t+u)·λ}e^{iε(x−y)·(η−Λ(λ)x)}a(ελ, η) φ(u, y) du dy dλ dη = = (2π)^{−(m+l)} ∫ R^{2(m+l)} e^{i(t−u)·λ}e^{iε(x−y)·(η−Λ(λ)((1−τ)x+τy))} a(ελ, η) φ(u, y) du dy dλ dη = = (2π)^{−(m+l)} ∫ R^{2(m+l)} e^{i(t−u)·λ}e^{i(x−y)·ξ}a(ελ, ε ξ + Λ(λ)((1 − τ)x + τy)) φ(u, y) du dy dλ dξ. Remark 4.2 The coincidence of all τ–symbols for one–sided convolution operators on H_F has been obtained by V. Kisil (see, [16] ).

4.2 Let us consider now some auxiliary statements. Let as usual (t, x) and (λ, ξ) be the direct and the dual coordinates in R^N = R^m × R^l. And let a(x, λ, ξ) be a function defined

in R^l × R^m × R^l such that for all λ_0 ∈ R^m

a_{λ0} (x, ξ) = a(x, λ_0, ξ) ∈ C_b(R^{2l}).

Recall (see, for instance, [25; Ch. IV, § 7]) that the mapping

λ ∈ R^m −→ a_λ(x, ξ) ∈ C_b(R^{2l}) (4.3)

is called measurable (with respect to the Lebesque measure μ = dλ in R^m), if the mapping

λ ∈ R^m −→ a_λ(x, ξ)I ∈ B(L_2(R^{2l}))

is strongly measurable, i.e. if for all f ∈ L_2(R^{2l}) the mapping

λ ∈ R^m −→ a_λf ∈ L_2(R^{2l}) (4.4)

is measurable.

The last statement means (see [25; Ch. IV, §7]) that for all compact set K ⊂ R^m and for all ε > 0 there exists a compact subset K_0(⊂ K) such that μ(K − K_0) < ε and the mapping (4.4) is continuous on K_0 (with respect to the L_2–norm).

Lemma 4.3 Let E be a measurable subset in R^m, μ(E) = 0 and

a(x, λ, ξ) ∈ C_b(R^l × (R^m \ E) × R^l).

Then the mapping (4.3) is measurable.

Let K be an arbitrary compact in R^m, ε > 0. And let G be an open set in R^m such that E ⊂ G and μ(G) < ε. Then for K_0 = K \G we have: K_0 is compact and μ(K \K_0) < ε.

To prove the lemma we will show that for an arbitrary function f(x, ξ) ∈ L_2(R^{2l}) the mapping λ ∈ K_0 −→ a(x, λ, ξ) f(x, ξ) ∈ L_2(R^{2l}) is continuous.

Denote by B^N (r) the closed ball in R^N with a radius r and centered in the origin. And let χ_r be a characteristic function of a ball B^N (r).

It is known that the sequence of the orthogonal projectors {P_r}, where r ∈ N , P_r = χ_r(x, ξ)I, strongly converges to the identity operator I on L_2(R^{2l}).

For λ_0, λ ∈ K_0 we have ‖a(x, λ_0, ξ) f(x, ξ) − a(x, λ, ξ)f(x, ξ)‖ ≤ ≤ ‖a(x, λ_0, ξ) (I − P_r)f‖ + ‖a(x, λ, ξ) (I − P_r)f‖ + (4.5) + ‖ [a(x, λ_0, ξ) − a(x, λ, ξ) ]P_rf‖. Let ε_0 be an arbitrary positive number. Then taking into account the boundedness of the functions a(x, λ_0, ξ), a(x, λ, ξ) and the strong convergence of P_r to the identity operator we select (and fix) a number r such that ‖a(x, λ_0, ξ) (I − P_r)f‖ + ‖a(x, λ, ξ) (I − P_r)f‖ < ε_0 2 .

Now let us estimate the last summand in (4.5) ‖ [a(x, λ_0, ξ) − a(x, λ, ξ)] P_rf‖ ≤ ‖a(x, λ_0, ξ)χ_r(x, ξ) − a(x, λ, ξ)χ_r(x, ξ)‖ · ‖f‖. We have

a(x, λ, ξ) χ_r(x, ξ) ∈ C(K_0 × B^N (r)) ∼= C(K_0, C(B^N (r))) ∼= C(K_0) ⊗ C(B^N (r)).

Thus for^{ε0}_{2‖f‖} there exists δ > 0 such that for all λ ∈ K_0 with the property |λ_0 −λ| < δ we have ‖a(x, λ_0, ξ) χ_r(x, ξ) − a(x, λ, ξ) χ_r(x, ξ)‖ < ε_0 2‖f‖ .2 Let a(x, λ, ξ) be a function on R^l × R^m × R^l such that for all λ ∈ R^m a pseudodifferential operator (A_λφ)(x) = (2π)^{− l2} ∫ R^l e^{ix·ξ}a(x, λ, ξ) φ̂(ξ) dξ (4.6) with the symbol a_λ(x, ξ) = a(x, λ, ξ) is bounded on L_2(R^l). Lemma 4.4. Let a(x, λ, ξ) be a function on R^l × R^m × R^l such that

1. for all λ ∈ R^m a_λ(x, ξ) = a(x, λ, ξ) ∈ C_b(R^{2l});

2. the mapping (4.3) is measurable;

3. for all λ ∈ R^m the operator (4.6) is bounded on L_2(R^l) and the function λ −→ ‖A_λ‖ is bounded on compacts in R^m.

Then the operator-function

λ ∈ R^m −→ A_λ ∈ B(L_2(R^l))

is (strongly) measurable.

Let us fix a function φ(x) ∈ L_2(R^l), a compact K ⊂ R^m and ε < 0. The sequence {P_r} of the orthogonal projectors P_r = χ_r(x)I, where r ∈ N , χ_r(x) is a characteristic function of the ball B^l(r), converges strongly to the identity operator. Then the sequence {Q_r}, where Q_r = F^{−1}P_rF , has the same property.

For the points λ_0 and λ form K we have ‖A_{λ0} φ − A_λφ‖ ≤ ‖A_{λ0} φ − A_{λ0} Q_{r1} φ‖ + + ‖A_λφ − A_λQ_{r1} φ‖ + ‖A_{λ0} Q_{r1} φ − A_λQ_{r1} φ‖ ≤ ≤ { ‖A_{λ0} φ − A_{λ0} Q_{r1} φ‖ + ‖A_λφ − A_λQ_{r1} φ‖ + ‖A_{λ0} Q_{r1} φ − (4.7) − P_{r2} A_{λ0} Q_{r1} φ‖ + ‖A_λQ_{r1} φ − P_{r2} A_λQ_{r1} φ‖ } + + ‖P_{r2} A_{λ0} Q_{r1} φ − P_{r2} A_λQ_{r1} φ‖.

Let ε_0 be a positive number. Then taking into account the strong convergence of the sequences {Q_r} and {P_r} to the identity operator and the boundedness of norm of A_λ we select r_1 and r_2 such that the first summand in (4.7) (in curly brackets) would be less than^{ε0}_2 .

Now let us estimate the last summand in (4.7)

‖P_{r2} A_{λ0} Q_{r1} φ − P_{r2} A_λQ_{r1} φ‖ = = ‖(2π)^{− l2} ∫ B^l(r_1) e^{ix·ξ}χ_Bl_{(r2)}(x) [a(x, λ_0, ξ) − a(x, λ, ξ)] φ̂(ξ ) dξ‖ = = (2π)^{− l2} (∫ B^l(r_2) dx ∫ B^l(r_1) e^{ix·ξ} [a(x, λ_0, ξ) − a(x, λ, ξ)] φ̂(ξ) dξ|^2 ) 1_2 ≤ ≤ (2π)^{− l2} (∫ B^l(r_2) dx ∫ B^l(r_1) | [a(x, λ_0, ξ) − a(x, λ, ξ)] φ̂(ξ)|^2dξ · ∫ B^l(r_1) dξ ) 1_2 = = M · ‖a(x, λ_0, ξ) f(x, ξ) − a(x, λ, ξ) f(x, ξ)‖, where M = (2π)^{− 1}2 μ(B^l(r_1))^12 , f(x, ξ) = χ_{r2} (x) φ̂(ξ) χ_{r1} (ξ) ∈ L_2(R^{2l}).

The mapping (4.4) is measurable so we can select (for given f ∈ L_2(R^{2l}), K and ε) a compact subset K_0 of a set K such that μ(K \K_0) < ε and the mapping (4.4) is continuous on K_0. Thus for^{ε0}_{2M} we can select δ > 0 such that for all λ_0, λ ∈ K_0 and |λ_0 − λ| < δ the last summand in (4.7) would be less than^{ε0}_2 .2

Lemma 4.5 Let E be a measurable subset in R^m, μ(E) = 0 and

a(x, λ, ξ) ∈ C_b(R^l × (R^m \ E) × R^l).

If for all λ ∈ R^m \ E the operator A_λ of the form (4.6) is bounded and the function λ −→ ‖A_λ‖ is bounded on compacts in R^m then the operator function

λ ∈ R^m \ E −→ A_λ ∈ B(L_2(R^l))

is strongly continuous in R^m \ E.

Let λ_0 ∈ R^m \ E and V be some compact neighborhood of λ_0 in R \ E (which is constructed, for example, by the following way: let B^m(λ_0, 1) be a closed ball centered in the point λ_0 and of the radius 1, and let G_0 be an open set which contains E and such that μ(G) < ε_0 for some small ε_0; for each point τ ∈ E denote by U_τ an open ball centered in τ and with the radius^1_2 |λ_0 − τ|, and let G_1 = ∪_{τ∈E}U_τ , then

V = B^m(λ_0, 1) \ (G_0 ∩ G_1) ).

For an arbitrary function φ ∈ L_2(R^l) and for any λ ∈ V let us estimate ‖A_{λ0} φ − A_λφ‖ ≤ { ‖A_{λ0} φ − A_{λ0} Q_{r1} φ‖ + ‖A_λφ − A_λQ_{r1} φ‖ + + ‖A_{λ0} Q_{r1} φ − P_{r2} A_{λ0} Q_{r1} φ‖ + ‖A_λQ_{r1} φ − P_{r2} A_λQ_{r1} φ‖ } + + ‖P_{r2} A_{λ0} Q_{r1} φ − P_{r2} A_λQ_{r1} φ‖.

For ε < 0 it is possible to select (as it has been done in Lemma 4.4) r_2 and r_1 such that the first summand (in curly bracket) would be lees than^ε_2 .

Now estimate (see the proof of Lemma 4.4)

‖P_{r2} A_{λ0} Q_{r1} φ − P_{r2} A_λQ_{r1} φ‖ ≤ ≤ ‖ (2π)^{− l2} ∫ B^l(r_1) e^{ix·ξ}χ_Bl_{(r2)}(x) [a(x, λ_0, ξ) − a(x, λ, ξ)] φ̂(ξ) dξ ‖ ≤

≤ (2π)^{− l2} (∫ B^l(r_2) dx ∫ B^l(r_l) | [a(x, λ_0, ξ) − a(x, λ, ξ)] φ̂(ξ)|^2 dξ · ∫ B^l(r_1) dξ ) 1_2 ≤ ≤ M · ‖a(x, λ_0, ξ) f(x, ξ) − a(x, λ, ξ) f(x, ξ)‖ ≤ ≤ M · ‖f(x, ξ)‖ · ‖a(x, λ_0, ξ)χ_{r2} (x)χ_{r1} (ξ) − a(x, λ, ξ)χ_{r2} (x)χ_{r1} (ξ)‖, where M = (2π)^{− 1}2 μ(B^l(r_1))^{1/2}, f(x, ξ) = χ_{r2} (x) φ̂(ξ) χ_{r1} (ξ).

Further a(x, λ, ξ) χ_{r2} (x)χ_{r1} (ξ) ∈ C(V × B^l(r_l) × B^l(r_2)) ∼= C(V ) ⊗ C(B^l(r_2) × B^l(r_1)).

Thus for^ε_{2M·‖f(x,ξ)‖} there exists δ > 0 such that for all λ ∈ V with the property |λ_0 − λ| < δ we have

‖a(x, λ_0, ξ) χ_{r2} (x) χ_{r1} (ξ) − a(x, λ, ξ) χ_{r2} (x) χ_{r1} (ξ)‖^2 < ε 2M · ‖f(x, ξ)‖ .2 Lemma 4.6 Let E be a measurable subset in R^m, μ(E) = 0, and A_λ be some measurable essentially bounded operator–function in R^m \ E. If the function A_λ is strongly continuous in R^m \ E, then ess-sup R^m_{\E} ‖A_λ‖ = sup R^m_{\E} ‖A_λ‖.

At first let us prove that there exists a set E_0 ⊂ M = R^m \ E, μ(E_0) = 0 such that ess–sup_M ‖A_λ‖ = C = sup_{M\E0} ‖A_λ‖.

In fact, by the definition of an essential supremum for all n ∈ N there exists a measurable set E_n ⊂ M such that μ(E_n) = 0 and C ≤ sup_{M\En} ‖A_λ‖ < C + 1 n . Than for E_0 = ∪_nE we have μ(E_0) = 0 and for all n ∈ N C ≤ sup_{M\E0} ‖A_λ‖ < C + 1 n , thus sup_{M\E0} ‖A_λ‖ = C.

To complete the proof we show that for strongly continuous operator–function A_λ ‖A_{λ0} ‖ ≤ C for all λ_0 ∈ E_0. The set E_0 has a zero measure, thus for all λ_0 ∈ E_0 there exists a sequence {λ_n} such that for all n ∈ N λ_n ∈ M \ E_0 and lim_{n→∞}λ_n = λ_0. Then the sequence of the operators A_{λn} strongly converges to the operator A_{λ0} , and for all

n ∈ N ‖A_{λn} ‖ ≤ C. The uniform boundedness theorem completes the proof.2

Lemma 4.7 Let a(x, λ, ξ) be a function on R^l × R^m × R^l such that 1. for all λ ∈ R^m a_λ(x, ξ) = a(x, λ, ξ) ∈ C_b(R^{2l}); 2. the mapping (4.3) is measurable;

3. for all λ ∈ R^m the operator A_λ of the form (4.6) is bounded on L_2(R^l); 4. the norms of A_λ are uniformly bounded.

Then the operator (Af)(t, x) = (2π)^{− N2} ∫ R^N e^{ix·ξ}e^{it·λ}a(x, λ, ξ) f̂(λ, ξ) dξ dλ with the symbol a(x, λ, ξ) is bounded on L_2(R^N ) and ‖A‖ = ess–sup_{λ∈}R^m ‖A_λ‖.

Moreover the operator A is decomposable, i.e. A = (F^{−1} ⊗ I) ~A (F ⊗ I), where the operator ~A ∈ B(L_2(R^m) ⊗ L_2(R^l)) is defined by the rule ~A f(λ, x) = (I ⊗ A_λ)f(λ, x). By Lemma 4.4 the operator–function

λ ∈ R^m −→ A_λ ∈ B(L_2(R^l))

is measurable. Then (see, for example, [25]) the operator ~Af(λ, x) = (I ⊗ A_λ)f(λ, x) is well–defined and is bounded on L_2(R^{m+l}), and ‖ ~A‖ = ess–sup_{λ∈}R^m ‖A_λ‖.

Therefore the operator (F^{−1} ⊗ I) ~A (F ⊗ I) (which is unitary equivalent to ~A) has just the same properties.

Let as calculate (F^{−1} ⊗ I) ~A(F ⊗ I)f = = (2π)^{− m2} ∫ R^m e^{it·λ}dx (2π)^{− l2} ∫ R^l e^{ix·ξ}a(x, λ, ξ) dξ (2π)^{− l2} ∫ R^l e^{−iy·ξ}dy · · (2π)^{− m2} ∫ R^m e^{−iτ·λ}f(τ, y)dτ = = (2π)^{− N2} ∫ R^{m+l} e^{ix·ξ}e^{it·λ}a(x, λ, ξ) f̂(λ, ξ) dξ dλ = (Af)(t, x).2

4.3 Introduce on H_F = R^m × C^n = R^m × R^{2n} the one–parameter group of the nonisotropic dilations δ_τ , τ > 0, (see, for example, [10, 27]) by the rule δ_τ (λ, ζ) = (τλ, τ^{12} ζ), (λ, ζ) ∈ R^m × C^n, or δ_τ (λ, ~ξ) = (τλ, τ^{12} ~ξ), (λ, ~ξ) ∈ R^m × R^{2n}. The action of this group is transferred onto H_F × H_F in a natural way δ_τ (g_1, q_2) = (δ_τ (g_1), δ_τ (g_2)), for all (g_1, q_2) ∈ H_F × H_F .

A function ψ on H_F (or on H_F × H_F ) is called a δ_τ –homogeneous function of the degree s if ψ ∘ δ_τ = τ^s · ψ. The values of an arbitrary δ_τ –homogeneous function ψ (on H_F ) are determined uniquely by its values on the non–isotropic unit sphere Ω in H_F Ω = {(λ, ~ξ) ∈ H_F = R^m × R^{2n} : ‖ (λ, ~ξ) ‖ = 1}, where ‖(λ, ~ξ)‖^2 = ∑m j=1 |λ_j|^2 + ∑n k=1(|ξ_k|^4 + |η_k|^4).

Theorem 4.8 Let E be a closed subset in R^m with the measure zero and with the following ”cone“ property ∀λ ∈ E ∀τ > 0 τ · λ ∈ E, and let E_Ω = Ω ∩ (E × R^{2n}). Further let ~b(−λ, ~ξ) be a δ_τ –homogeneous function of the degree zero in H_F = R^m × R^{2n} having C^∞(Ω \ E_Ω) restriction onto Ω.

Then a pseudodifferential operator B with the Weyl symbol ω_B(~x, λ, ~ξ) = ~b(−λ, − ~ξ + 2Λ(λ)~x) is bounded on L_2(H_F ). Moreover the operator B generates an operator–function B(·) : R^m −→ B(L_2(R^{2n})), which is essentially bounded and measurable in R^m and is strongly continuous in R^m \ E. The operator ~B f(λ, ~ξ) = (I ⊗ B(λ)) f(λ, ~ξ) defined by B(·) is bounded on L_2(R^m × R^{2n}) and is unitary equivalent to the operator B: B = (F^{−1} ⊗ I) ~B(F ⊗ I). And in addition ‖B‖ = sup_{λ∈}R^m_{\E} ‖B(λ)‖.

For λ ∈ R^m \ E let us introduce a pseudodifferential operator B^′(λ) with the following Weyl symbol ω_B′_{(λ)}(ẑ_r) = ~b(−λ, √ |λ|Û_rẑ_r) = ~b(− λ |λ| , Û_rẑ_r), where the n–dimensional complex vector ẑ_r and the n × n complex matrix Û_r are given by the formulas (3.4) and (3.6) respectively. The operator B^′(λ) is bounded on L_2(R^{2n}) by the Calderón–Vaillancourt–Cordes theorem [2, 3, 26]. And the norms of the operators B^′(λ) for

λ ∈ R^m \ E uniformly bounded (Lemma 3.2 has been used here).

Further if we apply the inverse to described in Section 3 symplectic changes of variables we obtain uniformly bounded on L_2(R^{2n}) pseudodifferential operators B(λ), λ ∈

R^m \ E, with the Weyl symbol ω_{B(λ)}(~x, ~ξ) = ~b(−λ, − ~ξ + 2Λ(λ)~x). The arguments of Lemma 4.1. shows that this Weyl symbol coincides, in fact, with an arbitrary τ–symbol of B(λ) and in particular, with its left (τ = 0) symbol.

Then by Lemma 4.7 a pseudodifferential operator B with the (left) symbol ~b(λ, − ~ξ + 2Λ(λ)~x) is bounded on L_2(R^m × R^{2n}),

‖B‖ = ess–sup_{λ∈}R^m ‖B(λ)‖

and the operator B is decomposable, i.e. B = (F^{−1} ⊗ I) ~B (F ⊗ I), where ~B f(λ, ~x) = (I ⊗ B(λ)) f(λ, ~x). By Lemma 4.1 the (left) symbol of B coincides with its Weyl symbol. By Lemma 4.5 the operator–function B(λ) is strongly continuous in R^m \ E. And, finally, by Lemma 4.6 ‖B‖ = sup_{λ∈}R^m_{\E} ‖B(λ)‖.2 The similar proof can be done for the following theorem for the left convolution operators.

Theorem 4.9 Let E and E_Ω be as in Theorem 4.8 . And let ~c(λ, ~ξ) be a δ_τ – homogeneous function of the degree zero in H_F = R^m × R^{2n} having C^∞(Ω \ E_Ω) restriction onto Ω.

Then a pseudodifferential operator C with the Weyl symbol ω_C (~x, λ, ~ξ) = ~c(λ, ~ξ + 2Λ(λ)~x) is bounded on L_2(H_F ). Moreover the operator C generates an operator–function

C(·) : R^m −→ B(L_2(R^{2n})), which is essentially bounded and measurable in R^m and is strongly continuous in R^m \ E. The operator ~C f(λ, ~ξ) = (I ⊗ C(λ)) f(λ, ~ξ) defined by C(·) is bounded on L^2(R^m × R^{2n}) and is unitary equivalent to the operator C: C = (F^{−1} ⊗ I) ~C (F ⊗ I). And in addition ‖C‖ = sup_{λ∈}R^m_{\E} ‖C(λ)‖. Let A (⊂ L_∞(Ω)) be some algebra of functions on Ω. Denote by H^s_δ (A) the algebra of δ_τ –homogeneous of the degree s functions in H_F having A restrictions onto the non–isotropic unit sphere Ω in H_F .

Corollary 4.10 Let E and E_Ω be as in Theorem 4.8. And let k̂(g_1, q_2) ∈ H^0_δ (C^∞(Ω \ E_Ω)) ⊗ H^0_δ (C^∞(Ω \ E_Ω)).^∗

Then a pseudodifferential operator K with the Weyl symbol (2.20) ω_K(~x, λ, ~ξ) = ~k(−λ, − ~ξ + 2Λ(λ)~x; λ, ~ξ + 2Λ(λ)~x) is bounded on L_2(H_F ).

Moreover the operator K generates an operator–function K(·) : R^m −→ B(L_2(R^{2n})), which is essentially bounded and measurable in R^m and is strongly continuous in R^m \ E. The Weyl symbol of an operator K(λ) is calculated by the formula ω_{K(λ)} = ~k(−λ, − ~ξ + 2Λ(λ)~x; λ, ~ξ + 2Λ(λ)~x). The operator ~K f(λ, ~ξ) = (I ⊗ K(λ)) f(λ, ~ξ) defined by K(·) is bounded on L_2(R^m × R^{2n}) and is unitary equivalent to the operator K: K = (F^{−1} ⊗ I) ~K (F ⊗ I). And in addition ‖K‖ = sup_{λ∈}R^m_{\E} ‖K(λ)‖. The proof follows directly from Theorems 4.8, 4.9, from the arguments of Lemma 3.3 and from the properties of the direct integral construction (see, for example, [25, Ch IV]).2

*)Here we consider an algebraic (non{closed) tensor product.

5 Structure of the Hardy space and the Szegö projector associated with the Siegel domain 5.1 Let us introduce (see Subsection 1.6) the type II Siegel domain D = {(w, z) ∈ C^{m+n} : Im w − F (z, z) ∈ V }. The standard CR–manifold B = {(w, z) ∈ C^{m+n} : Im w − F (z, z) = 0} is a distinguished boundary of the domain D. And thus the Hardy space H_2(D) is a subspace of L_2(B).

The mapping κ_0 : (t, z) ∈ R^m × C^n −→ (t + iF (z, z), z) ∈ B identifies R^m × C^n = H_F with B, and the corresponding mapping of the functional spaces κ : L_2(B) −→ L_2(R^m × C^n) = L_2(H_F ), where (κf)(t, z) = f(κ_0(t, z)), transfers isometrically the Hardy space H^2(D) onto some subspace H_2(H_F ) = κ(H^2(D)) of the space L_2(H_F ).

We can give the following equivalent definition of the space H^2(H_F ) (see Subsection 1.6): the space H^2(H_F ) is the closure in L_2(H_F ) of a linear vector space of the functions which satisfy the following tangential Cauchy–Riemann equations on H_F : Zf_0 = ( ∂ ∂z − i L( ∂ ∂t ) z ) f_0 = 0. (5.1) Recall [9, 21], that the domain D has a group of the biholomorphic automorphisms of the form ω_{(a,c)} : (w, z) ∈ D −→ (w + a + 2iF (z, c) + iF (c, c), z + c) ∈ D, for all (a, c) ∈ R^m × C^n. These automorphisms preserve the distinguished boundary B and act on B transitively. The mapping κ_0 transfers this group of automorphisms onto R^m × C^n. In this context we have ω_{(a,c)} : (t, z) ∈ R^m × C^n −→ (a, c) · (t, z) ∈ R^m × C^n, where the multiplication means the group multiplication in the group H_F . Biholomorphic automorphisms ω_g, g = (a, c) ∈ R^m × C^n, generate unitary on L_2(B) shift operators (W^0_g f)(w, z) = f(ω^{−1}_g (w, z)).

These operators preserve the Hardy space H^2(D) and thus commute with Sego projector P_D of the space L_2(B) onto H^2(D):

W^0_g · P_D = P_D · W^0_g ,

for all g ∈ R^m × C^n. Then the operators W_g = κW^0_g κ^{−1} preserve the space H^2(H_F ) and commute with the orthogonal projector P of the space L_2(H_F ) onto H^2(H_F ).

The operator

(W_gf)(h) = f(ω^{−1}_g (h)) = f(g^{−1}h) = (π_l(g)f)(h)

coincides with the left shift operator in the group structure of H_F , and thus it is natural that the operator P is a right–side group convolution operator on H_F (see, for instance, [4, 10]), i.e. P = (2π)^{− N2} ∫ H F p(g) π_r(g) dg. (5.2) From (4.1) and Lemma 4.1 if follows that the Weyl symbol of the operator (5.2) is calculated by the formula ω_P (~x, λ, ~ξ) = p̂(−λ, − ~ξ + 2Λ(λ)~x), (5.3) where p̂ is a Fourier transformation of p.

Putting z = x + iy, ζ = ξ + iη we can rewrite the Weyl symbol (5.3) in the complex form ω_P (z, λ, ζ) = p̂(−λ, 2i ω_Z(z, λ, ζ)), where ω_Z(z, λ, ζ) =^1_2 iζ+L(λ)z is a Weyl symbol of the tangential Cauchy–Riemann operator (5.1).

By Lemma 2.2 the operator P generates essentially bounded measurable operator– function P (·) : R^m −→ B(L_2(C^n))

such that P = (F^{−1} ⊗ I) (I ⊗ P (λ)) (F ⊗ I). The results of Subsection 1.6 show that for all λ ∈ R^m \ V^∗ P (λ) = 0. The Weyl symbol of the operator P (λ) for λ ∈ Int V^∗ has the form ω_{P (λ)}(z, ζ) = p̂(−λ, 2i ω_{Z(λ)}(z, ζ)), where ω_{Z(λ)}(z, ζ) =^1_2 iζ + L(λ)z is a Weyl symbol of the operator Z(λ) = ∂ ∂z + L(λ)z. Moreover the operator P (λ) is an orthogonal projector of L_2(C^n) onto the space H^2(λ) which is a closure in L_2(C^n) of a linear vector space of the functions satisfying the equation Z(λ)φ = 0.

For all λ ∈ Int V^∗ the Hermitian matrix L(^λ_{|λ|} ) can be reduced to a diagonal form UL( λ |λ| )U^{−1} = diag (ε^2_1, ε^2, . . . , ε^2_n) = e^2(ε)

with the help of some unitary matrix U = U(^λ_{|λ|} ).

Let us introduce now the following symplectic in T^∗(C ) = T^∗(R^{2n}) changes of variables (see Section 3) z = U^′z_1, ζ = U^′ζ_1, and x_1 = 1 2 √ |λ| e^{−1}(ε) (x + y), y_1 = 1 2 √ |λ| e^{−1}(ε) (ξ − η),

ξ_1 = √ |λ| e(ε) (ξ + η), η_1 = √ |λ| e(ε) (−x + y). Denote by ν_1 = ν_1(λ) and unitary on L_2(C^n) operator which realizes the composition of these symplectic changes of variables. Then (see Section 3) we have

ν_1(λ) ∘ Z(λ) ∘ ν^{−1}_1 (λ) = √ |λ| e(ε) ( ∂ ∂x + x ) . And thus the operator ν_1(λ) maps isometrically the space H^2(λ) onto the space ν_1(λ) (H^2(λ)) = H^2_1 (λ) which is the closure in L_2(C^n) of a linear vector space of the functions satisfying the equation ( ∂ ∂x + x ) φ(x, y) = 0. (5.4)

And the operator P_1(λ) = ν_1(λ)P (λ)ν^{−1}_1 (λ) is the orthogonal projector from L_2(C^n) onto H^2_1 (λ), and its Weyl symbol is calculated by the formula ω_{P1(λ)} = p̂(−λ, 2i √ |λ| U^′e(ε) (x + iξ)). (5.5) The equation (5.4) can be solved easily. Its general solution has the form π^{− n4} e^{− x22} · g(y), where g(y) is an arbitrary function from L_2(R^n). The function l(x) = π^{− n}4 e^{− x2}2 belongs to L_2(R^n) and ‖l(x)‖ = 1.

Denote by L_0 the one–dimensional subspace of L_2(R^n) generated by l(x). Then

H^2_1 (λ) = L_0 ⊗ L_2(R^n) and P_1(λ) = P_0 ⊗ I, where (P_0f)(x) = π^{− n2} ∫ R^n

e^{− 12 (x2+u2)}f(u) du (5.6) is the one–dimensional orthogonal projector of L_2(R^n) onto L_0. Introduce now the (unitary) operator ν_2 : L_2(R^m × C^n) −→ L_2(R^m × C^n) by the following rule: ν_2 f(λ, z) = (I ⊗ χ_V ∗ (λ)ν_1(λ) + (1 − χ_V ∗ (λ))I)f(λ, z).

The following theorem gives the result we have obtained.

Theorem 5.1 The unitary operator ν = ν_2 (F ⊗I) gives an isometrical isomorphism of the space L_2(R^m × C^n) = L_2(R^m) ⊗ L_2(R^n) ⊗ L_2(R^n) under which

1. the space H^2(H_F ) is mapped onto L_2(V^∗) ⊗ L_0 ⊗ L_2(R^n);

2. νP ν^{−1} = χ_V ∗ (λ)I ⊗ P_0 ⊗ I, where χ_V ∗ (λ) is a characteristic function of a dual cone V^∗, P_0 is the one–dimensional orthogonal projector (5.6) onto the one–dimensional subspace L_0 in L_2(R^n) generated by the function l(x) = π^{− n}4 e^{− x2}2 .

The following corollary gives an explicit isomorphic description of the Hardy space H^2(D) and the Szegö projector P_D for the type II Siegel domain.

Corollary 5.1 The operator ν_D = ν ∘ κ maps isometrically L_2(B) onto L_2(R^m) ⊗ L_2(R^n) ⊗ L_2(R^n) and under this mapping we have

1. ν_D(H^2(D)) = L_2(V^∗) ⊗ L_0 ⊗ L_2(R^n); 2. ν_DP_Dν^{−1}_D = χ_V ∗ (λ)I ⊗ P_0 ⊗ I. 5.2 We will calculate now the Weyl symbol of the projector P (5.2). Let us start from the Weyl symbol of the operator P_0 (5.6).

We have

π^{n2} = ∫ R^n

Π^n_{j=1}e^{−((xj −uj )/2))2} dξ = ∫ R^n e^{−ξ2+i(x−u)·ξ+((x−u)/2)2} dξ = = ∫ R^n e^{−ξ2+i(x−u)·ξ+(x2+u2)/2−((x+u)/2)2} dξ· Substitute it into (5.6)

(P_0f)(x) = π^{−n} ∫ R^n π^{n2} e^{−(x2+u2)/2}f(u) du = = (2π)^{−n} ∫ R^n e^{i(x−u)·ξ} · 2^ne^{−((x+u)/2)2−ξ2} f(u) du dξ. Thus we have ω_{P0} (x, ξ) = 2^n · e^{−(x2+ξ2)}. (5.7)

Comparing (5.7) with (5.5) we obtain p̂(−λ, 2i √ |λ|U^′e(ε)(x + iξ)) = 2^n · e^{−(x2+ξ2)}, or p̂(−λ, 2iU^′e(ε)(x + iξ) = 2^n · e^{− x} 2+ξ2 |λ| . Taking into account that p̂ = 0 for λ ∈ R^m \ V^∗ we have p̂(λ, 2iU^′e(ε)(x + iξ)) = χ_V ∗ (λ) · 2^n · e^{− x} 2+ξ2 |λ| . (5.8) In particular it implies that the function p̂ is a δ_τ –homogeneous one of the degree zero.

Let us put α = 2 iU^′e(ε)(x + iξ), then x + iξ = −^i_2 e^{−1}(ε)Uα and

x^2 + ξ^2 = (x + iξ)^′ · (x − iξ) = 1 4 α^′U^{−1}e^{−1}(ε) · e^{−1}(ε)Uα = = 1 4 α^′U^{−1}e^{−2}(ε)Uα = 1 4 α^′L^{−1}( λ |λ| )α. Thus p̂(−λ, α) = χ_V ∗ (λ) 2^n e^− α′L−1( λ|λ| )α 4|λ| , and ω_{P (λ)}(z, λ) = p̂(−λ, 2i( 1 2 iζ + L(λ)z)) = p̂(−λ, −(ζ − 2i|λ|L( λ |λ| )z)) =

= χ_V ∗ (λ) 2^n e^− (ζ−2i|λ|L( λ|λ| ))′L−1( λ|λ| )(ζ−2i|λ|L( λ|λ| )z) 4|λ| . Taking into account L^∗ = L^′ = L we have (ζ^′ − 2i|λ|z^′L)L^{−1}(ζ + 2i|λ|Lz) = = ζ^′L^{−1}ζ + 4|λ|^2z^′Lz + 2i|λ|(ζ^′z − z^′ζ) = = ζ^′L^{−1}( λ |λ| )ζ^′ + 4|λ| λ · F (z, z) + 4|λ|(xη − yξ). Recall that z = x + iy, ζ = ξ + iη. And finally ω_{P (λ)}(x, y, ξ, η) = χ_V ∗ (λ) · 2^n · e^{−λ·F (z,z)−(xη−yξ)} · e^− ζ′L−1( λ|λ| )ζ 4|λ| . Putting E = ∂V^∗(⊂ R^m) in Theorem 4.8 we obtain Theorem 5.2 The Weyl symbol of the orthogonal projector P : L_2(H_F ) −→ H^2(H_F ) is calculated by the formula ω_P (x, u; λ, ξ, η) = χ_V ∗ (λ) · 2^n · e^{−z′L(λ)z−(xη−yξ)} · e^{14 ζ′L−1(λ)ζ} = = χ_V ∗ (λ) · 2^n · e^{−λ·F (z,z)−(xη−yξ)} · e^{− 14 ζ′(λ·F )−1ζ} . Corollary 5.3 For the Heisenberg group H_n = R × C^n the Weyl of the orthogonal projector P : L_2(H_n) → H^2(H_n) is calculated by the formula ω_P (x, y; λ, ξ, η) = χR_+ (λ) · 2^n · e^{−λ|z|2−(xη−yξ)} · e^{− |ζ|24λ} .

5.3 We will give now a formula for partial (with respect to t) Fourier transformation p̂_I (−λ, z) of the kernel of the projector P (5.2).

Put w = x + iξ ∈ C^n and ~w = (x, ξ) ∈ R^{2n}, then (5.8) p̂(−λ, 2iU^′e(ε)w) = χ_V ∗ (λ) · 2^n · e^{− |w|} 2 |λ| , or ”in the real form“ p̂(−λ, A ~w) = X_V ∗ (λ) · 2^n · e^{− |} ~w|^2_{|λ|} , (5.9) where (for U = U_1 + iU_2)) A = −2 ( U^′_2 U^′_1 −U^′_1 U^′_2 ) ( e(ε) 0 0 e(ε) ) . We have [ (I ⊗ F^{−1}~_{w→}~_ω)p̂(−λ, A ~w) ] (~ω) = |det A^{−2}| [ (I ⊗ F^{−1}~_{w→}~_ω)p̂(−λ, ~w) ] (A^{−1′} ~ω) = = |det A^{−1}| · p̂_I (−λ, A^{−1′} ~ω), (5.10) where p̂_I = (F ⊗ I)p = (I ⊗ F^{−1})p̂.

The matrix U is unitary, thus

|det A| = det ( 2e(ε) 0

0 2ε(ε) ) = det 4e^2(ε) = det 4L( λ |λ| ). On the other hand, putting B =^1√_{|λ|} e_{2n} we have [ (I ⊗ F^{−1}~_{w→}~_ω)χ_V ∗ (λ) · 2^n · e^{− |} ~w|^2_{|λ|} ] (~ω) =

= [ (I ⊗ F^{−1}~_{w→}~_ω)χ_V ∗ (λ) · 2^n · e^{−|B} ~^{w|2} ] (~ω) = (5.11) = |det B^{−1}| · [ (I ⊗ F^{−1}~_{w→}~_ω) · 2^n · χ_V ∗ e^{−|} ~^{w|2} ] ( √ |λ|~ω) = = |λ|^ne^{− 14 |λ|·|}~^{ω|2} · χ_V ∗ (λ). Formulas (5.9), (5.10) and (5.11) imply p̂_I(−λ, A^{−1′} ~ω) = |det A| · e^{− 14 |λ|·|}~^{ω|2} · χ_{V ∗}(λ). (5.12) Put now A^{−1′} ~ω = (x, y) = ~x, then ~ω = A^′ ~x, where

A^′ = −2 ( e(ε) 0 0 e(ε) ) ( U_2 −U_1 U_1 U_2 ) . And thus ω = −2ie(ε)Uz, where z = x + iy.

Then

|~ω|^2 = ω^′ · ~ω = 4z^′U^′e(ε)^2Uz = 4z^′L( λ |λ| )z = 4 · λ |λ| · F (z, z). Substituting it into (5.12) we have p̂_I (λ, z) = χ_{V ∗}(λ)e^{−λ·F (z,z)} · det (4λ · F ) = χ_{V ∗}(λ) · e^{−z′L(λ)z} · det 4L(λ). Theorem 5.4 The partial (with respect to t) Fourier transformation p̂_I (−λ, z) of the kernel of the projector P (5.2) is calculated by the formula p̂_I (−x, z) = χ_{V ∗}(λ)e^{−λ·F (z,z)}det (4λ · F ) = χ_{V ∗}(λ)e^{−z′L(λ)z}det 4L(λ). Remark This result has been obtained in [4] in a different way.

References

[1] Beals, R., Greiner, P.: Calculus on Heisenberg Manifolds. Princeton Univ. Press, Princeton 1988.

[2] Calderón, A., Vaillancourt, R.: A class of bounded pseudodifferential operators, Proc.

Nat. Acad. Sci. U. S. A., 69, 1185–1187 (1972).

[3] Cordes, H.: On compactness of commutators and convolution, and boundedness of pseudo–differential operators, J. Funct. Anal. 18, 115–131 (1975).

[4] Cuellar, J., Dynin, A.: Irreducibility of Toeplitz C*–algebras. Integral Equations, Operator Theory, 9, 613–622 (1986).

[5] Dixmier, J.: Lez C*–Algébres et Leurs Représentations, Ganthier–Viilars Éditeur, Paris 1969.

[6] Folland, G.: Harmonic Analysis is Phase Space, Princeton Univ. Press, Princeton 1989.

[7] Folland, G., Stein, E.: Estimates for the ∂_b complex and analysis on the Heisenberg group, Comm. Pure and Appl. Math. 27, 429–522 (1979).

[8] Geller, D.: Analytic Pseudodifferential Operators for the Heisenberg Group and Local Solvability, Princeton Univ. Press, Princeton 1990.

[9] Gindikin, S.: Analysis on homogeneous domain, Uspehi Math. Nauk, 19 , 3–92 (1969) (Russian), English translation: Russian Math. Surveys 19 , 1–89 (1969).

[10] Goodman, R.: Nilpotent Lie Groups: Structure and Applications to Analysis, Lecture Notes in Math., No. 562, Berlin Heidelberg New York: Springer 1976.

[11] Hörmander, L.: Estimates for translation invariant operators in L^p spaces, Acta Math.

104, 93–140 (1960).

[12] Hörmander, L.: The Weyl calculus of pseudodifferential operators, Comm. Pure and Appl. Math. 32, 355–443 (1979).

[13] Howe, R: Quantum mechanics and partial differential equations, Journal Func. Analysis, 34, 188–254 (1980).

[14] Howe, R: The oscillator semigroup, In: Proceedings Symp. Pure Math., 48, 61–132 (1988).

[15] Khenkin, G. M.: The Method of Integral Representations in Complex Analysis, Itogi nauki i tekhniki, Sovremennye problemy mathematiki, Fundamental’mye napravleniya, Vol. 7, VINITI, Moscow 1986, 23–124 (Russian). English translation Several Complex variables I, Encyclopedia of Math. Sciences v. 7, Berlin Heidelberg New York: Springer.

[16] Kisil, V.: The algebra of two–sided convolutions on the Heisenberg Group, Russian Academy of Sciences. Doklady, 46, No. 1, 12–16 (1993).

[17] Korányi, A., Stein, E.: H^2 spaces of generalized half–spaces, Studia Math. 44, 379–388 (1972).

[18] Korányi, A., Vagi, S.: Singular integrals is homogeneous spaces and some problems of classical analysis, Ann. Scuola Norm. Sup. Pisa, 25, 575–648 (1971).

[19] Nagel, A., Stein, E.: Lectures on Pseudodifferential Operators: Regularity Theorems and Application to Non–Elliptic Problems, Princeton Univ. Press, Princeton 1979.

[20] Ogden, R., Vági, S.: Harmonic analysis of a nilpotent group and function theory on Siegel domains of type II, Adv. in Math. 33 , 31–92 (1979).

[21] Pjateckii–Shapiro, I.: Geometry of Classical Domains and Theory of Automorphic Function, Fizmatyiz, Moscow 1961, (Russian). English translation: Gordon and Breach, New York 1969.

[22] Schempp, W.: Harmonic Analysis on the Heisenberg Nilpotent Lie Group, Pitman, London 1986.

[23] Sakai, S.: C^∗–Algebras and W^∗–Algebras, Berlin Heidelberg New York: Springer 1971.

[24] Shubin, M. A.: Pseudodifferential Operators and Spectral Theory, Nauka, Moscow 1978 (Russian), English translation: Berlin Heidelberg New York: Springer 1987.

[25] Takesaki, M.: Theory of Operator Algebras I, Berlin Heidelberg New York: Springer 1979.

[26] Taylor, M.: Pseudodifferential Operators, Princeton Univ. Press, Princeton 1981.

[27] Taylor, M.: Noncommutative Microlocal Analysis, Part 1, Memoirs Amer.. Math. Soc., No. 313, 1984.

[28] Taylor, M.: Noncommutative Harmonic Analysis, A. M. S., Providence, R. I. 1986.

[29] Tumanov, A. E.: The Geometry of CR–Manifolds, Itogi nauki i techniki, Sovremennye problemy matematiki, Fundamentalnye napravleniya, vol. 9, VINITI, Moscow 1986, 225–286 (Russian). English translation: Several Complex Variables III, Encyclopedia of Math. Sciences V.9, Berlin Heidelberg New York: Springer 1989.

[30] Vasilevski, N. L.: Pseudodifferential and Toeplitz Operators on Heisenberg group. Complex Analysis and Mathematical Physics, Abstracts, Krasnojavsk, 17 (1987) (Russian).

[31] Vasilevski, N. L.: Toeplitz operators associated with the Siegel domains, Matematicki Vesnik, 40, 349–354 (1988).

[32] Vasilevski, N. L., Trujillo, R.: Group convolution operators on standard Cauchy– Riemann manifolds. Preprint No. 17, Seria B. Institute of Math. Polish Academy of Sciences, 1988, 73 p. (Russian).

Department of Mathematics Instituto Superior Odessa State University Minero–Metalúrgico de Moa Petr Veliki St. 2 Moa 27000, Odessa CUBA UKRAINE

Current address of the first author:

Departamento de Matemáticas CINVESTAV del I.P.N. Apartado Postal 14-740 07000, México, D.F. MEXICO

AMS Classification: 47B, 32A